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Abstract

Let W be a self-orthogonal class of left R-modules which is closed under extensions.

In this article, the notion of right (left) W-Gorenstein complexes is introduced, and
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we show that a complex M is right (left)W-Gorenstein if and only if each Mn is right

(left) W-Gorenstein module for any n ∈ Z. As applications, some properties of right

(left) W-Gorenstein complexes are deduced from those of right (left) W-Gorenstein

modules.
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1. Úó

GorensteinÓN�ê
u AuslanderÚ Bridge'uV> Notherian�þ G-�ê� 0�k�)

¤��ïÄ [1]. 1995c, EnochsÚ Jenda3���þÚ\
 GorensteinÝ��Ú GorensteinS�

��Vg [2].Cc5,± GorensteinÝ�!S���Ì�ïÄé�� GorensteinÓN�êÉ�
Ã

õÆö�'5.��GorensteinÝ��ÚGorensteinS���Ú�í2, Sather-Wagstaff, SharifÚ

White [3], GengÚ Ding [4] ©OÚ\¿ïÄ
W-Gorenstein�, Ù¥W ´��g��� R-�a.

2020c, ��W-Gorenstein��í2, Song � [5]ïÄ
m (�)W-Gorenstein�.

E/�Æ´��kv
Ý�é�Úv
S�é�� Abel�Æ, ���Æ�w¤E/�Æ�

�f�Æ. Ïd3E/�Æ¥��mÐÓN�êÚ GorensteinÓN�ênØ. 1998c, EnochsÚ

Garcia-Rozasr GorensteinÝ�!S���VgÿÐ�
E/�Æ¥, 3©z [6]¥Ú\
 Goren-

steinÝ�E/Ú GorensteinS�E/�Vg, y²
3 Gorenstein�þE/M ´ GorensteinÝ

� (GorensteinS�)���=�M �¤k�gþ��´ GorensteinÝ� (GorensteinS�)�.

Yang3©z [7]¥y²
ù�(Ø3?¿�þÑ´¤á�. Xin, ChenÚ Zhang3©z [8]¥òW-

Gorenstein��VgÿÐ�
E/�Æ¥,Ú\
W-GorensteinE/�Vg,y²
W-Gorenstein

E/Ò´W-Gorenstein ��E/.

É±þïÄ�éu, �©òm (�)W-Gorenstein��VgÿÐ�E/�Æ¥, Ú\m (�)W-

GorensteinE/�Vg, ïÄm (�)W-GorensteinE/�Ù���gþ��m (�)W-Gorenstein

5�m�éX, ¿/Ïu¤�(Ødm (�)W-Gorenstein��5��ïÄm (�)W-GorensteinE

/�5�.
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2. ý��£

�©¥, RÚ S ´kü ��(Ü�,¤�9��´� R-½ S-�,m R-½ S-�w��� Rop

½ Sopþ��. ^ P(R), I(S), PC(R)Ú IC(S)©OL«Ý�� R-�, S�� S-�, C-Ý�� R-�

Ú C-S�� S-��a, �� [9].

E/

· · · −→Mn+1
dn+1−−−→Mn

dn−→Mn−1
dn−1−−−→ · · ·

P� (M , d)½M .E/M 1 n��gþ�Ì� (>.,ÓN )P� Zn(M) (Bn(M),Hn(M)). ^

C L«��E/�Æ. �M ´���,^M L«E/:

· · · −→ 0 −→M
id−→M −→ 0 −→ · · ·

Ù¥ M 31 1 Ú1 0 �g. �M ∈ C �é?¿�ê m, M �²£½Â�E/M [m], Ù¥

(M [m])n = Mn−m� d
M [m]
n = (−1)mdn−m. �M , N ∈ C, HomE/ Hom(M ,N)½Â�

Hom(M ,N)n =
∏
k∈Z

Hom(Mk,Nn+k),

>��f�

dHom(M ,N)
n ((fk)k∈Z) = (dNn+1f

k − (−1)nfk−1dMk )k∈Z.

^ HomC(M ,N)L«M �N �¤kE/���¤� Abel+, m�Ñ¼f HomC(−,−)(½�

1 i�ÓN+P� ExtiC(M ,N).^ Ext1dw(M ,N)L« Ext1C(M ,N)�d¤k�g���á�Ü�

0 −→ L −→M −→N −→ 0�¤�f+.

� X ´���a, M ´��E/. XJM �Ü, ¿�é?¿� n ∈ Z, Zn(M) ∈ X ,K¡M

´ X - E/ [3],P� X̃ ; XJé?¿� n ∈ Z, Mn ∈ X ,K¡E/M ´ ]-X E/ [4], P� ]̃X .

� A ´�� Abel �Æ, X ´ A ��f�Æ, U ´ A ¥���S�. XJé?¿� X ∈ X ,

HomA(X,U)�Ü(HomA(U, X)�Ü ),K¡ U´ HomA(X ,−)-�Ü� (HomA(−,X )-�Ü�).

� X Ú Y ´ü��a.XJé?¿� X ∈ X , Y ∈ Y, ÑkExt>1(X,Y ) = 0 ,K¡ X Ú Y �
�, P�X ⊥ Y. AO/, XJ X ⊥ X §@o¡ X ´g���. .

e©¥, ob½W ´��g����a, �W 'u*Üµ4.

½Â 1.1 [3, 4] � M ´���. ¡ M ´ W-Gorenstein �, XJ�3 Hom(W,−)-�ÜÚ

Hom(−,W)-�Ü��ÜS�:

· · · −→W1 −→W0 −→W 0 −→W 1 −→ · · · ,

Ù¥Wi,W
i ∈ W, ¦�M ∼= Im(W0 −→W 0).
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W-Gorenstein��aP� G(W).

½Â 1.2 [5] ¡�M ´mW-Gorenstein�, XJ�3 Hom(−,W)-�Ü��ÜS�:

0 −→M −→W 0 −→W 1 −→ · · ·

Ù¥W i ∈ W. éó/, ¡�M ´�W-Gorenstein�, XJ�3 Hom(W,−)-�Ü��ÜS�:

· · · −→W1 −→W0 −→M −→ 0

Ù¥Wi ∈ W.

mW-Gorenstein��aP� rG(W), �W-Gorenstein��aP� lG(W). mW-Gorenstein

�Ú�W-Gorenstein�Ú¡�ü> Gorenstein�. d ( [4],·K 2.4)� G(W)=rG(W) ∩ lG(W).

½Â 1.3 [8] ¡E/M ´W-Gorenstein�, XJ�3 HomC(W̃,−)-�ÜÚ HomC(−, W̃)-�

Ü��ÜS�:

· · · −→W1 −→W0 −→W 0 −→W 1 −→ · · · ,

Ù¥W i ∈ W̃, ¦�M ∼= Im(W0 −→W 0).

W-GorensteinE/�aP� G(W̃).

3. ü> GorensteinE/�Æ

½Â 2.1 �M ´��E/.¡M ´mW-GorensteinE/,XJ�3 HomC(−, W̃)-�Ü�E

/��ÜS�:

0 −→M −→W 0 −→W 1 −→ · · ·

Ù¥W i ∈ W̃.

½Â 2.2 �M ´��E/.¡M ´�W-GorensteinE/,XJ�3 HomC(W̃,−)-�Ü�E

/��ÜS�:

· · · −→W1 −→W0 −→M −→ 0

Ù¥Wi ∈ W̃.

m W-Gorenstein E/�aP� rG(W̃), � W-Gorenstein E/�aP� lG(W̃). m W-

GorensteinE/Ú�W-GorensteinE/Ú¡�ü> GorensteinE/.

5 2.3 (1)W-E/´�W-Gorenstein E/�´mW-Gorenstein E/.

(2) G(W̃)=rG(W̃) ∩ lG(W̃).

(3)�W �Ý���a�, rG (W̃)� GorensteinÝ�E/�a [6], lG(W̃) = C.
(4)�W �S���a�, lG (W̃)� GorensteinS�E/�a [6], rG(W̃) = C.
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(5)� SCR ´� S-m R��éózV�. �W = PC(S)�, rG(W̃) � GC-Ý�E/�a [10];

�W = IC(R)�, lG(W̃) � GC-S�E/�a [10].

±e, ·��ïÄmW-GorensteinE/, é�W-GorensteinE/k��éó�(J.

e¡�Ún�Ñ
 Ext1dw(M ,N)� HomE/ Hom(M ,N)�m�éX.

Ún 2.4 ( [11], Ún 2.1) �M ÚN ´E/,Kk

Ext1dw(M ,N [−n− 1]) ∼= Hn(Hom(M ,N)) = HomC(M ,N [−n])/ ∼,

Ù¥ ∼´óÓÔ.AO/, Hom(M ,N)´�Ü���=�é?¿� n ∈ Z, �� f : M [n] −→ N

ÓÔu 0.

Ún 2.5 ( [11], Ún 3.1) �M ´��E/, N ´���, Kk±eg,Ó�:

(1) HomC(N [n],M) ∼= Hom(N,Mn+1).

(2) HomC(M , N [n]) ∼= Hom(Mn, N).

(3) Ext1C(N [n],M) ∼= Ext1(N,Mn+1).

(4) Ext1C(M , N [n]) ∼= Ext1(Mn, N).

Ún 2.6 ( [12], Ún 4.4) � X ,Y ´ü��a.XJ Y ⊥ Y,Ke¡�(Ø¤á:

(1) X ⊥ Y ��=� ]̃X ⊥ Ỹ.

(2) Y ⊥ X ��=� Ỹ ⊥ ]̃X .

dÚn 2.6, 2.4Ú ( [5],½Â 3.1), kXe(Ø.

íØ 2.7 �M ´��E/. XJ ∀n ∈ Z, Mn ∈ rG(W),KHom(M ,W )�Ü,Ù¥W ∈ W̃.

Ún 2.8 �

· · · −→M−1 −→M0 −→M1 −→ · · ·

´�� HomC(−, W̃)-�Ü�E/��ÜS�. Ké?¿� n ∈ Z, S�

· · · −→ (M−1)n −→ (M0)n −→ (M1)n −→ · · ·

´ Hom(−,W)-�Ü�.

y² �W ∈ W, n ∈ Z. KW [n] ∈ W̃. l
k�Ü�

· · · −→ HomC(M1,W [n]) −→ HomC(M0,W [n]) −→ HomC(M−1,W [n]) −→ · · · .

dÚn 2.5 (2)��Ü�

· · · −→ Hom((M1)n,W ) −→ Hom((M0)n,W ) −→ Hom((M−1)n,W ) −→ · · · .
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(Ø�y.

e¡·��Ñ�©¥�Ì�(Ø.

½n 2.9 �M ´��E/.KM ´mW-GorensteinE/��=�é?¿� n ∈ Z, Mn ´

mW-Gorenstein�.

y² =⇒)�M ∈ rG(W̃),K�3 HomC(−, W̃)-�Ü�E/��ÜS�:

0 −→M −→W 0 −→W 1 −→ · · ·

Ù¥W i ∈ W̃. dÚn 2.8, ·�k Hom(−,W)-�Ü��ÜS�:

0 −→Mn −→ (W 0)n −→ (W 1)n −→ · · ·

Ù¥ (W i)n ∈ W. u´��Mn ∈ rG(W).

⇐=) �é?¿� n ∈ Z, Mn ∈ rG(W). � n ∈ Z, Kd( [5],Ún3.5)��3�Ü�:

0 −→Mn
gn−→Wn −→ Gn −→ 0

Ù¥Wn ∈ W, Gn ∈ rG(W).u´ká�Ü�:

0 −→
⊕
n∈Z

Mn[n− 1]
⊕

n∈Z gn[n−1]−−−−−−−−−→
⊕
n∈Z

Wn[n− 1] −→
⊕
n∈Z

Gn[n− 1] −→ 0.

-W 0 =
⊕

n∈ZWn[n− 1].w,W 0 ∈ W̃. ,��¡,�Ä�g����Ü�:

0 −→M −→
⊕
n∈Z

Mn[n− 1]
(d,1)−−−→M [−1] −→ 0,

Ù¥ d´M ��©.- β : M −→W 0�e�ü����Ü¤:

M −→
⊕
n∈Z

Mn[n− 1]
⊕

n∈Z gn[n−1]−−−−−−−−−→
⊕
n∈Z

Wn[n− 1].

K β ´ü��.- C0=Cokerβ,Kd�Únká�Ü�:

0 −→M [−1] −→ C0 −→
⊕
n∈Z

Gn[n− 1] −→ 0.

Ï� M [−1] Ú
⊕

n∈ZGn[n − 1] z��g��´m W-Gorenstein �, ¤±d( [5],·K3.3) �,

(C0)n ∈ rG(W).
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�W ∈ W̃.Ké?¿� k ∈ Zk�Ü�

0 −→ Zk(W ) −→Wk −→ Zk−1(W ) −→ 0.

u´é?¿� n ∈ Zk

0 = Ext1((C0)n+k, Zk(W )) −→ Ext1((C0)n+k,Wk) −→ Ext1((C0)n+k, Zk−1(W )) = 0.

Ïd Ext1((C0)n+k,Wk) = 0.Ïdk�Ü�

0 −→ Hom((C0)n+k,Wk) −→ Hom((W 0)n+k,Wk) −→ Hom(Mn+k,Wk) −→ 0.

l
kE/��Ü�

0 −→ Hom(C0,W ) −→ Hom(W 0,W ) −→ Hom(M ,W ) −→ 0.

díØ 2.7, Hom(M ,W )�Ü. dÚn 2.6ÚÚn 2.4�� Hom(W 0,W )�Ü.Ïd Hom(C0,W )

�Ü. u´dÚn 2.4� Ext1C(C
0,W ) = 0. �S�

0 −→M −→W 0 −→ C0 −→ 0

´ Hom(−, W̃)-�Ü�. 5¿� C0 �M k�Ó�5�,¤±­EþãL§�� Hom(−, W̃)-�Ü

�E/��ÜS�

0 −→M −→W 0 −→W 1 −→W 2 −→ . . . ,

Ù¥W i ∈ W̃. �M ´mW-GorensteinE/.

e¡·�A^½n 2.9�ÑmW-GorensteinE/��
5�.

íØ 2.10 � 0 −→M1 −→M2 −→M3 −→ 0 ´E/�á�Ü�.

(1)XJM1,M3 ∈ rG(W̃), KM2 ∈ rG(W̃);

(2)XJM1,M2 ∈ rG(W̃), KM3 ∈ rG(W̃)��=�é?¿�W ∈ W̃, Ext1C(M3,W ) = 0.

y² (1)�M1,M3 ∈ rG(W̃), Ké?¿� n ∈ Z, k�ÜS�

0 −→ (M1)n −→ (M2)n −→ (M3)n −→ 0. (∗)

d½n 2.9 � (M1)n Ú (M3)n ´mW-Gorenstein�, ¤±d( [5],·K3.3)� (M2)n �´mW-

Gorenstein�. u´d½n 2.9�M2´mW-GorensteinE/.

(2)7�5dÚn 2.6ÚmW-Gorenstein��½Â��. ey¿©5.

� n ∈ Z. Ï�M1,M2 ∈ rG(W̃), ¤±d½n 2.9 �(M1)n Ú (M2)n ´mW-Gorenstein�.

� W ∈ W, Kd^�ÚÚn2.5(4) � Ext1((M3)n,W ) = 0. u´d( [5],·K3.6)� (M3)n ´m
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W-Gorenstein�. l
d½n 2.9��M3 ∈ rG(W̃).

íØ 2.11 rG(W̃)'u�Ú�µ4.

y² d½n 2.99 rG(W)'u�Ú�µ4��, �( [5],·K3.3).

íØ 2.12 �M ´��E/,Ke�Qã�d:

(1) M ∈ rG(W̃).

(2)é?¿÷v^� W̃ ⊆ X �E/a X , �3mW-GorensteinE/� HomC(−,X )-�Ü��

ÜS�0 −→M −→ G0 −→ G1 −→ · · · .

(3)�3mW-GorensteinE/� HomC(−, W̃)- �Ü��ÜS�0 −→M −→ G0 −→ G1 −→
· · · .

y² (1) =⇒ (2) =⇒ (3)w,.

(3)⇒ (1) ��3mW-GorensteinE/� HomC(−, W̃)-�Ü��ÜS�0 −→M −→ G0 −→
G1 −→ · · · . Ké?¿� n ∈ Z, dÚn 2.8Ú½n 2.9��3 Hom(−,W)-�Ü��ÜS�

0 −→Mn −→ (G0)n −→ (G1)n −→ · · · ,

Ù¥ (Gi)n ∈ rG(W). d( [5],½n3.7)�z�Mn ∈ rG(W). Ïdd½n 2.9 �M ∈ rG(W̃).

Ä7�8
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