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Abstract

This paper considers Gorenstein AC-projective dimensions over formal triangular ma-

trix rings. Let T =

(
A 0

U B

)
be a formal triangular matrix ring, where A and B are

rings and U is a (B,A)-bimodule, and let M =

(
M1

M2

)
ϕM

be a left T -module. By con-

structing exact sequences, we characterize Gorenstein AC-projective dimensions of a

left T -module TM with Gorenstein AC-projective dimensions of left A-module M1 and

left B-module M2. Moreover, we establish a relationship of left global Gorenstein AC-

projective dimensions of ring T and A, B. As an application of above conclusions, left

global Gorenstein AC-projective dimension of the ring T (R) =

(
R 0

R R

)
and Gorenstein

AC-projective dimension of the left T (R)-module are described.
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1. Úó

GorensteinÓNnØ�ïÄSNC
c5��É��éÓN�ê+�Æö��2�'5. §å

u1969cAuslanderÚBrigder�V>Noetherian�þ�k�)¤�Ú\�G-�ê�Vg(� [1]).

EnochsÚJenda÷XAuslanderÚBrigder�g´Ú\
GorensteinÝ�ÚS���Vg(� [2]). 3

[3] [4]¥, Ding�©OïÄ
GorensteinÝ�ÚS���AÏ�¹: Gorenstein²"ÚGorenstein

FP -S��. aquNoetherian�þ�GorensteinÝ�ÚS��, ùü«�3và�þkéõ`{�

5�(� [3–7]). ÏDingÚChen�#Ñó�, Gillespie ©Oò§�·¶�Ding Ý�ÚDingS��(�

[5]). �, Bravo ��
?�ÚïÄ���þ�GorensteinÓN�ê, Ú\¿ïÄ
Gorenstein AC-

Ý�ÚGorenstein AC-S��(� [8]).
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�A, B��, U�(B,A)-V�, T =

(
A 0

U B

)
. �Tþ�\{Ú¦{����Ý
\{Ú¦{,

ù�T/¤���, ·�¡��/ªn�Ý
�. ���«����, /ªn�Ý
�3�êL«Ø

Ú�nØ¥å��^. C
c5, ¯õ;[Æöé/ªn�Ý
�þ��ÓN5�?1
ïÄ, ¿

��
Nõ¤JµXZhang£ã
Artinn�Ý
�þ�GorensteinÝ��(� [9]), Li �3 [10]¥�

x
/ªn�Ý
��GorensteinÝ��, 2019c, Mao ïÄ
/ªn�Ý
�þ�Ding� [11], 

�Mou��Ñ
�½^�e/ªn�Ý
�þGorenstein AC-Ý����d�x(� [12]).2016c,

Zhu�£ã
n�Ý
�þ��GorensteinÓN�ê(� [13]), 3 [11]¥, Mao�Ñ
n�Ý
�Ú

Ùþ��DingÝ��ê�Xe�x:

max{Dpd(AM1),Dpd(BM2)} ≤ Dpd(TM) ≤ max{Dpd(AM1) + 1,Dpd(BM2)}.

±9��éó�DingS��ê��x.

ÉþãïÄ�éu, �©JÑ
�EGorenstein AC-Ý��ÚGorenstein AC-Ý��ÜS��

#�{, ¿�é/ªn�Ý
�þ�Gorenstein AC- Ý��êù���)û�¯K�Ñ
M#5

ïÄ. y²
eB��NGorenstein AC-Ý��êk�, UA�k�)¤Ý��, BU �Ý��, éu

�T -� M =

(
M1

M2

)
ϕM

, ·�kGorenstein AC-Ý��ê�Xe'X:

max{G
AC

pd(AM1),GAC
pd(BM2)} ≤ G

AC
pd(TM) ≤ max{G

AC
pd(AM1) + 1,G

AC
pd(BM2)}.

?, eB 6= 0, K�T ,A,B���NGorenstein AC-Ý��êmkXe'X:

max{lG
AC

PD(A), lG
AC

PD(B), 1} ≤ lG
AC

PD(T ) ≤ max{lG
AC

PD(A) + 1, lG
AC

PD(B)}.

2. ý��£

�©¥¤k�þ�kü ���"(Ü�, ¤k�þ�j�. éu�R, ·�^R-Mod (

Mod-R)L«�(m) R-��Æ, ^RM (MR) L«���(m)R-�.·�^pd(M), id(M) Úfd(M)©

OL«�M �Ý�, S�Ú²"�ê, ^G
AC

pd(RM)L«�R-�M�Gorenstein AC-Ý��ê.¿

^lG
AC

PD(R)ÚlLID(R)©OL«�R���NGorenstein AC-Ý��êÚ��NLevelS��ê.

e�R-�FkÝ�©)· · · → P2 → P1 → P0 → F → 0¦�Ù¥¤kÝ��R-�Piþ�k�

)¤�, K¡F��k�L«�. e�R-�Lé?¿�k�L«mR-�FþkTorR1 (F,L) = 0, K

¡L�Level�. éu�RÚ¤k�R-�RX,·�½ÂlLID(R) = sup{id(RX) |R X�?¿Level�R-

�}��R���NLevel S��ê.

�ÄÝ��R-���Ü�P : · · · → P1 → P0 → P 0 → P 1 → · · · , Ù¥M ∼= Ker(P 0 → P 1),

eéu?¿Level�R-�L, þkHomR(P, L)�Ü, ·�¡M�Gorenstein AC-Ý��. éu�R-

�X,½ÂG
AC

pd(RX) = inf{n| �3�R-��Ü�0 → Gn → · · · → G1 → G0 → X → 0, Ù

¥¤kGiþ�Gorenstein AC-Ý��}�X�Gorenstein AC-Ý��ê. e÷v^��nØ�3,

K-G
AC

pd(RX) = ∞; ½ÂlG
AC

PD(R) = sup{G
AC

pd(RX) | X �?¿�R-�}��R���
NGorenstein AC-Ý��ê.
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T =

(
A 0

U B

)
L«��/ªn�Ý
�, Ù¥AÚB��, U���(B,A)- V�. d [14][½

n1.5]��,�ÆT -Mod�du�ÆΩ,Ùé��n�|M =

(
M1

M2

)
ϕM

,Ù¥M1 ∈ A-Mod, M2 ∈ B-

Mod, ϕM : U ⊗A M1 → M2���B-Ó�; Ω¥���d

(
M1

M2

)
ϕM

�

(
N1

N2

)
ϕN

�

(
f1

f2

)
, Ù¥f1 ∈

HomA(M1, N1), f2 ∈ HomB(M2, N2), �÷veã��.

U ⊗AM1

ϕM

��

1⊗f1 // U ⊗A N1

ϕN

��
M2

f2 // N2.

�±uy, �T -�S� 0 →
(
M ′1

M ′2

)
ϕM′
→

(
M1

M2

)
ϕM

→
(
M ′′1

M ′′2

)
ϕM′′

→ 0�Ü��=��A-�S

�0→M ′1 →M1 →M ′′1 → 0Ú�B-�S�0→M ′2 →M2 →M ′′2 → 0 þ�Ü.

3. Ì�(J

·�k�Ñ±eÚn, �Ì�(J�y²�ÐÁ=.

Ún3.1. [12] [½n1] e T =

(
A 0

U B

)
�/ªn�Ý
�, Ù¥AÚB��, BU²", UA�k�)

¤Ý��, Kkeã·K�d:

(1) �T -� M =

(
M1

M2

)
ϕM

�Gorenstein AC- Ý��.

(2) M1�Gorenstein AC-Ý��A-�, M2/im(ϕM )�Gorenstein AC-Ý��B-�, BÓ�ϕM :

U ⊗AM1 →M2�üÓ�.

?�Ú, U ⊗AM1�Gorenstein AC-Ý��B-���=�M2�Gorenstein AC-Ý��B-�.

Ún3.2. [15] [Ún2.2.1] éu�R-�, eã·K�d:

(1) G
AC

pd(RM) ≤ n.

(2) XJé?¿�R-��ÜS�0 → Kn → Pn−1 → · · · → P1 → P0 → M → 0, Ù¥z�Piþ

�Gorenstein AC-Ý��R-�, @oKn�Gorenstein AC-Ý��R-�.

eãü^Ún©O�Ñ
�R���NLevelS��êÚ��NGorenstein AC-Ý��êm�

��'X, ±9�B-�U ⊗A P´Ý��B-����¿©^�.

Ún3.3. eR��, KklLID(R) ≤ lG
AC

PD(R).

Proof. �lG
AC

PD(R) = n < ∞.Ké?¿�R-�M , �3�R-��Ü�0 → Gn → Gn−1 →
· · · → G1 → G0 → M → 0, Ù¥¤kGiþ�Gorenstein AC-Ý��R-�. ?�Level�R-
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�L. Ï�Gn�Gorenstein AC-Ý��R�, ¤±7�3HomR(−, L)-�Ü�Ý��R-��Ü

�· · · → P 2 → P 1 → P 0 → Gn → 0. �é?¿i ≥ 1,kExtn+iR (M,L) ∼= ExtiR(Gn, L) = 0,d

d��id(RL) ≤ n, =klLID(R) ≤ lG
AC

PD(R) = n.

Ún3.4. eU�Ý��B-�, P�Ý��A-�, KU ⊗A P�Ý��B-�.

Proof. Ï�U�Ý��B-�, P�Ý��A-�, ¤±HomA(P,−), HomB(U,−)þ��Ü¼f, �

§��EÜ¼fHomA(P,HomB(U,−))½�Ü. d��Ó�½n, k¼fHomB(U ⊗A P,−)�Ü,

�U ⊗A P�Ý��B-�.

Ún3.5. �lG
AC

PD(B) < ∞, UA�²"�êk�, BU�Ý��. eX�Gorenstein AC-Ý�

�A-�, KU ⊗A X�Gorenstein AC-Ý��B-�.

Proof. Ï�X�Gorenstein AC-Ý��A-�,¤±�3Ý��A���Ü�

Λ : · · · → P−1 → P 0 → P 1 → P 2 → · · ·

¦�AX = ker(P 0 → P 1). Ï�BUÝ�, dÚn3.4, ���U ⊗A P iþ�Ý��B-�. qÏ

�fd(UA) <∞, ¤±�d [16] [Ún2.3]��Ý��B-���Ü�

U ⊗A Λ : · · · → U ⊗A P−1 → U ⊗A P 0 → U ⊗A P 1 → U ⊗A P 2 → · · ·

¦��B-�U ⊗AX ∼= ker(U ⊗A P 0 → U ⊗A P 1). dÚn3.3, é¤kLevel�B-�L, kid(BL) <∞.

�d [16] [Ún2.4]kHomB(U ⊗A Λ, L)�Ü. =kU ⊗A X�Gorenstein AC-Ý��B-�.

e¡�Ñ�©�Ì�(J.

½n3.6. �lG
AC

PD(B) <∞, UA�k�)¤Ý��, BU�Ý��. Kéu�T -� M =

(
M1

M2

)
ϕM

,

k

max{G
AC

pd(AM1),GAC
pd(BM2)} ≤ G

AC
pd(TM) ≤ max{G

AC
pd(AM1) + 1,G

AC
pd(BM2)}.

Proof. Äky²max{G
AC

pd(AM1),GAC
pd(BM2)} ≤ G

AC
pd(TM). �G

AC
pd(TM) = m < ∞. K

k�T -��Ü�

0→
(
Nm

1

Nm
2

)
ϕm

(
∂m1

∂m2

)
→

(
Nm−1

1

Nm−1
2

)
ϕm−1

→ · · · →
(
N0

1

N0
2

)
ϕ0

(
∂0
1

∂0
2

)
→

(
M1

M2

)
ϕM

→ 0,

Ù¥¤k

(
N i

1

N i
2

)
ϕi

þ�Gorenstein AC-Ý��T -�. dÚn3.1, ·���AN
i
1ÚB(N i

2/im(ϕi))þ

�Gorenstein AC- Ý��. qdÚn3.5,��U ⊗A N i
1þ�Gorenstein AC-Ý��B�. Ud

Ún3.1,kBN
i
2þ�Gorenstein AC-Ý��. ��3�A-��Ü�0 → Nm

1

∂m
1→ Nm−1

1 → · · · →

DOI: 10.12677/pm.2022.121015 113 nØêÆ

https://doi.org/10.12677/pm.2022.121015


o��§¡ÿ

N0
1

∂0
1→ M1 → 0Ú�B��Ü�0 → Nm

2

∂m
2→ Nm−1

2 → · · · → N0
2

∂0
2→ M2 → 0, ddG

AC
pd(AM1) ≤

mÚG
AC

pd(BM2) ≤ m�y.

�e5y²G
AC

pd(TM) ≤ max{G
AC

pd(AM1) + 1,G
AC

pd(BM2)}.

�max{G
AC

pd(AM1) + 1,G
AC

pd(BM2)} = n < ∞. K�3�A-��Ü�0 → Cn−1
fn−1→

Cn−2
fn−2→ · · · → C1

f1→ C0
f0→ M1 → 0, Ù¥¤kCiþ�Gorenstein AC-Ý��A-�. qk�B-�

�Ü�P0
g0→ M2 → 0, Ù¥P0�Ý��B-�. P�A-�ker(fi−1)�K

i
1. w,k÷Ó�πi : Ci → Ki

1

, i = 1, 2, · · · , n − 1. ½ÂB-Ó�h0 : (U ⊗A C0) ⊕ P0 → M2, éuu ∈ U, c0 ∈ C0, x0 ∈ P0,

h0(u ⊗ c0, x0) = ϕM (u ⊗ f0(c0)) + g0(x0). w,h0�÷Ó�, P�B-�ker(hi−1)�K
i
2, �±��

�T -��ÜS�

0→
(
K1

1

K1
2

)
ψ1

→
(

C0

(U ⊗A C0)⊕ P0

)
(
f0

h0

)
→

(
M1

M2

)
ϕM

→ 0.

Ón, �3�B-��Ü�P1
g1→ K1

2 → 0, Ù¥P1�Ý��B-�. ½ÂB-Ó�h1 : (U ⊗A C1)⊕ P1 →

K1
2 , éuu ∈ U, c1 ∈ C1, x1 ∈ P1, h1(u ⊗ c1, x1) = ψ1(u ⊗ π1(c1)) + g1(x1). Ï�h1÷, ���T -�

�ÜS�

0→
(
K2

1

K2
2

)
ψ2

→
(

C1

(U ⊗A C1)⊕ P1

)
(
π1

h1

)
→

(
K1

1

K1
2

)
ψ1

→ 0.

Eù�L§, ·����T -��ÜS�

0→
( 0

Kn−1
2

)
→

(
Cn−1

(U ⊗A Cn−1)⊕ Pn−1

)
→ · · ·

→
( C1

(U ⊗A C1)⊕ P1

)
→

(
C0

(U ⊗A C0)⊕ P0

)
→

(
M1

M2

)
ϕM

→ 0.

dÚn3.5, ¤kU ⊗A Ciþ�Gorenstein AC-Ý��B-�. d [15] [Ún2.1.8] �, Gorenstein AC-

Ý��aé�Úµ4, Ý��B-�Piþ�Gorenstein AC-Ý��, �¤k(U ⊗A Ci) ⊕ Pi½þ

�Gorenstein AC-Ý��B-�. qÏ�G
AC

pd(BM2) ≤ n, ¤±dÚn3.2�íÑKn−1
2 �Gorenstein

AC-Ý��B-�. �dÚn3.1�,

(
0

Kn−1
2

)
Ú

(
Ci

(U ⊗A Ci)⊕ Pi

)
þ�Gorenstein AC-Ý��T -�.

ÏdG
AC

pd(TM) ≤ n.

d½n3.6§·���Ñ±eíØ.
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íØ3.7. �BU 6= 0´Ý��, UA�k�)¤Ý��. K

max{lG
AC

PD(A), lG
AC

PD(B), 1} ≤ lG
AC

PD(T ) ≤ max{lG
AC

PD(A) + 1, lG
AC

PD(B)}.

Proof. Äk·�y²max{lG
AC

PD(A), lG
AC

PD(B), 1} ≤ lG
AC

PD(T ). �lG
AC

PD(T ) = m < ∞.

ÏB-Ó�U 6= 0, ϕM : U ⊗ A = U → 0Ø�üÓ�. �dÚn3.1�, �T -�X =

(
A

0

)
Ø

�Gorenstein AC-Ý��T -�. �m ≥ G
AC

pd(TX) ≥ 1.

?��B-�N , d½n3.6�, G
AC

pd(BN) ≤ G
AC

pdT

(
0

N

)
≤ lG

AC
PD(T ) = m. Ïd

klG
AC

PD(B) ≤ m. ?��A-�Y , d½n3.6�, G
AC

pd(AY ) ≤ G
AC

pdT

(
Y

0

)
≤ lG

AC
PD(T ) = m.

ÏdklG
AC

PD(A) ≤ m. nþ, {lG
AC

PD(A), lG
AC

PD(B), 1} ≤ lG
AC

PD(T ).

e¡·�5y²lG
AC

PD(T ) ≤ max{lG
AC

PD(A) + 1, lG
AC

PD(B)}.

�{lG
AC

PD(A) + 1, lG
AC

PD(B)} = m <∞. ´�lG
AC

PD(B) <∞. ��d½n3.6�, é?¿

�T -� M =

(
M1

M2

)
ϕM

k

G
AC

pd(TM) ≤ max{G
AC

pd(AM1) + 1,G
AC

pd(BM2)} ≤ max{lGAC
PD(A) + 1, lG

AC
PD(B)}.

ÏdlG
AC

PD(T ) ≤ max{lG
AC

PD(A) + 1, lG
AC

PD(B)}.

�©�ïÄé�þ��§����Ä���ê(�§éJ�ÑäN�äkê���ý�~f"

ØL���©�{k�5���`²§·��±A^½n3.6ÚíØ3.7�ÑXeíØ��«~.

íØ3.8. �R��, T (R) =

(
R 0

R R

)
. K

(1) elG
AC

PD(R) <∞, M =

(
M1

M2

)
ϕM

��T (R)-�,K

max{G
AC

pd(RM1),GAC
pd(RM2)} ≤ G

AC
pd(T (R)M) ≤ max{G

AC
pd(RM1) + 1,G

AC
pd(RM2)}.

(2) max{lG
AC

PD(R), 1} ≤ lG
AC

PD(T (R)) ≤ lG
AC

PD(R) + 1.
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