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Fu and Wen prove that the convolution of the infinite Bernoulli measure generated by
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the compression ratio of real numbers ρ and the sequence of bounded three-element

integers Dn = {0, an, bn} ⊂ Z is a sufficient and necessary condition for spectral mea-

sure. In this paper we study the spectrality of the self-similar measure generated by

the iterative function system defined by the compression ratio of real numbers ρ and

the set of three-element real digits D . We prove that the measure is spectral if and

only if ρ−1 is a non-zero integer with a factor of 3 and a(D − α) is congruence with

{0, 1, 2 } under (mod 3) for some a, where α ∈ D.
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1. Úó9Ì�(J

¡ Rd þ��� Borel VÇÿÝ µ ´��ÌÿÝ, XJ�3 Λ ⊂ Rd ¦��ê¼ê8 EΛ :=

{e2πi〈λ, x〉 : λ ∈ Λ}´ L2(µ)�����Ä,d�¡ Λ´ µ���Ì.� Ω´ Rd ¥äk� Lebesgue

ÿÝ�f8,XJ LebesgueÿÝ��3 Ωþ´��ÌÿÝ,K¡ Ω´��Ì8.3 [7]¥FugledeJ

Ñ
Í¶�Ì8ß�µ

Ì8ß� 8Ü Ω ´��Ì8��=� Ω ´��²£ tile, =�3 Γ ⊂ Rd ¦��ª∑
t∈Γ IΩ(x− t) = 1'u LebesgueÿÝA�??¤á.

3p��/ (d > 3)¥,®k(J [10] [11] [14]L²Tß�Ø¤á.� d = 1½ 2�,Tß�E,

´m�¯K.5¿�8Ü Ω´Ä�Ì8�ÿÝ�Ì5k',<�g,¬¯�o��ÿÝ´ÌÿÝ ?

1998c,JorgensenÚPedersen3 [9]¥uy
1��ÛÉ!��f�ÌÿÝ.¦�y²Ø '�
1
2k
�Ã¡ BernoulliòÈÿÝ´ÌÿÝ,¿�EÑ�A�Ì,�Ø '� 1

3
�Ã¡ BernoulliòÈ

ÿÝØ´ÌÿÝ.ù�¯<�uy¦<�k�Uò²;� Fourier©Ûïá3©/8þ,�mM


g�ÿÝÚMoran.g�ÿÝÌ5ïÄ�#+�.'uù�¡�ïÄ®k´L(J,X[1–15].

� 0 < |ρ| < 1, D = {d1, d2, d3} ⊂ R.K

µρ,D := δρD ∗ δρ2D ∗ · · · ∗ δρnD ∗ · · · (1.1)

½Â
�� Rþ�VÇÿÝ§·�¡��g�qÿÝ"�©�Ä µρ,D �Ì5�§y²
Xe(
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Jµ

½n1.1 � 0 < |ρ| < 1, D = {d0, d1, d2} ⊂ R´n�¢ê8, µρ,Dd(1.1)½Â.K µρ,D´ÌÿÝ�

�=� |ρ|−1 ∈ 3N+��3�ê k1, k2Ú¢ê a 6= 0,¦� {d1−d0, d2−d0} = {(3k1+1)a, (3k2+2)a}.

éuù�¯K,®²k�¤J´ : (1)� D = {0, 1, 2}�,©z[2], [4]y² : µρ,D ´ÌÿÝ�

�=� |ρ|−1 ∈ 3N+. (2)� D = {0, a, b} ⊂ Z�,©z [6], [13]y² : µρ,D ´ÌÿÝ��=�

|ρ|−1 ∈ 3N+��3�ê k1, k2Ú�ê γ 6= 0¦� {a, b} = {(3k1 + 1)γ, (3k2 + 2)γ} (ù´©z [6],

[13]�(J�AÏ�¹ ).

XJ D = {d0, d1, d2} ⊂ R´?¿�¢ê8 (nêi8 ),K µρ,D�Ì5��´���)û�

¯K.·�þã�½n)û
ù�¯K.I�5¿�,3 [6]¥,FuÚWen�Ä� {Dn}∞n=1 ´�¹"�

n��êS�,�ân��ê8�Mask¼ê�":8ÚØÓ�¹e ρ���õ�ª����(Ø.

·�ù�Ø©�Ä D�n�¢ê8,Äky²Moran.ÿÝ'uêi8²£Ú ��Ì5ØC5,

,�òÿÝ�Ì©)�n�8Ü,��¦^�y{��(Ø.

2. Ä�Ún

3ù�!,·�Ì�0�Ï^ÎÒÚ�
®��(J.

� D´k�¢ê8,¡

MD(x) =
1

#D

∑
d∈D

e−2πidx, x ∈ R

� D�Mask¼ê.� µρ,D ´ (1.1)½Â� BorelVÇÿÝ,K µρ,D � FourierC�� :

µ̂ρ,D(ξ) =

∫
e−2πiξx dµρ,D(x) =

∞∏
n=1

MD(ρnξ), ξ ∈ R. (2.1)

P Z(f)�¼ê f �":8,K

Z(µ̂ρ,D) =
∞⋃
n=1

(
ρ−nZ(MD)

)
. (2.2)

� Λ´�¢êf8,P EΛ := {e2πiλx : λ ∈ Λ}.K�ê¼ê8 EΛ´ L2(µρ,D)���8��=�

Λ− Λ ⊂ {0} ∪ Z(µ̂ρ,D). (2.3)

eP QΛ(ξ) :=
∑
λ∈Λ

|µ̂ρ,D(λ+ ξ)|2,|^ Parseval�ª,��e¡�ä EΛ��5��óä.

Ún2.1 [9] �ê¼ê8 EΛ ´ L2(µρ,D) ���8��=�é?¿ ξ ∈ R, k QΛ(ξ) 6 1. EΛ ´

L2(µρ,D)���Ä��=� QΛ(ξ) ≡ 1.

½Â2.2 � D, C ´ü�Äê���k�¢ê8,XJ

H :=
1√
#D

[
e2πidc

]
d∈D, c∈C
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´jÝ
,K¡ (D, C)´���Né.

�âÚn 2.1,��e¡�Né��äOK.

Ún2.3 � D, C ´k�¢ê8,K (D, C)´�Né��=� #D = #C �∑
c∈C

|MD(ξ + c)|2 ≡ 1, ξ ∈ R.

Ún2.4 � µ1, µ2 ´ BorelVÇÿÝ,Ù¥ |µ̂1(ξ)| = 1�)8´ R�lÑf8.XJ Λ´ µ1 ∗ µ2

�Ì,K�3 α, β ∈ Λ,¦� µ̂1(α− β) = 0.

y² Ï� Λ´ µ1 ∗ µ2�Ì,l

µ̂1 ∗ µ2(α− β) = 0, α 6= β ∈ Λ. (2.4)

2�âÿÝòÈÚÿÝ FourierC��½Â,k

µ̂1 ∗ µ2(x) = µ̂1(x)µ̂2(x). (2.5)

b�?¿ α, β ∈ Λ,k µ̂1(α − β) 6= 0,K�â (2.4)Ú (2.5)�� µ̂2(α − β) = 0,l EΛ ´ L2(µ2)

���8.Ïd,�âÚn 2.1��∑
λ∈Λ

|µ̂2(λ+ ξ)|2 6 1, ∀ξ ∈ R.

Ï� |µ̂1(ξ)| = 1�)8´ R�lÑf8� Λ´�ê8,l�3 ξ ∈ R,¦�

|µ̂1(λ+ ξ)|2 < 1, ∀λ ∈ Λ.

2d (2.5)��

1 = QΛ(x) =
∑
λ∈Λ

|µ̂1(λ+ ξ)|2|µ̂2(λ+ ξ)|2 <
∑
λ∈Λ

|µ̂2(λ+ ξ)|2 6 1,

ù´gñ�,lÚn�y. �

3�!���,·�0�Moran.ÿÝ'uêi8²£Ú ��Ì5ØC5.

·K2.5 � 0 < |ρ| < 1, D = {d0, d1, · · · , dn−1 } ⊂ R (n > 1), µρ,D ´d (1.1)½Â�g�qÿÝ.

XJ C = {0, a(d1 − d0), · · · , a(dn−1 − d0)},Ù¥ a 6= 0.K µρ,D ´ÌÿÝ��=� µρ,C ´ÌÿÝ.

y² é?¿¢ê8 Λ,� Γ = a−1Λ.Ï�é?¿ Borel8 Ak

µρ,D(A) = µρ,C(a(A−
∞∑
n=1

ρnd0)),

l |µ̂ρ,D(x)| = |µ̂ρ,C(a−1x)|.Ïd∑
λ∈Λ

|µ̂ρ,D(x+ λ)|2 =
∑
λ∈Λ

|µ̂ρ,C(a−1x+ a−1λ)|2 =
∑
γ∈Γ

|µ̂ρ,C(a−1x+ γ)|2.
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ùV«
3 Rþ
∑

λ∈Λ|µ̂ρ,D(x+λ)|2 ≡ 1��=�3 Rþ
∑

γ∈Γ|µ̂ρ,C(y+ γ)|2 ≡ 1.�âÚn 2.1½

n�y. �

3. Ì�½n�y²

�â [6]¥�(ØÚ·K 2.5,·�®²��
½n 1.1�y².�©�Ñ
,	�«y²�{.

½n3.1 � µρ,D d (1.1)½Â,Ù¥D = {d0, d1, · · · , dn−1} (n > 1)´�k�¢ê8,Ø ' ρ÷

v |ρ| = q
p
, gcd(p, q) = 1� 2 6 q < p.K�3~ê a > 0,¦�

sup
x∈R
{|µ̂ρ,D(x)| · (ln(3 + |x|))a} < +∞. (3.1)

y² Ø���5,·�Ø�- d0 = 0, d1 = 1.ÄK- C = {0, 1, d2−d0
d1−d0 , · · · ,

dn−1−d0
d1−d0 },Kk

|MD(x)| = | 1
n
e2πid0x

n−1∑
j=0

e2πi(dj−d0)x| = |MC((d1 − d0)x)|.

d (2.1)� |µ̂ρ,D((d1 − d0)−1x)| = |µ̂ρ,C(x)|.

�½¢ê x ∈ R,K�3�� h(x) ∈ (− 1
2
, 1

2
],¦� x− h(x)´�ê.·�ke¡�äó.

äó :�3~ê 0 < c < 1,¦�XJ÷v |ρx| > 1,K�3¢ê y,¦� |ρx| > |y| > |ρ|2 · |x|
ln q
ln p �

|µ̂ρ,D(x)| < c|µ̂ρ,D(y)|.

·�©ü«�/y²äó.

�/� : h(ρx) /∈ (− 1
2p
, 1

2p
).K

|MD(ρx)| = 1

n
|1 + e2πiρx +

n−1∑
j=2

e2πidjρx| 6 n− 2 + |1 + e2πi·h(ρx)|
n

6
n− 2 + |1 + e

πi
p |

n
. (3.2)

- c = n−2+|1+e
πi
p |

n
, y = ρx,=yäó.

�¹� : h(ρx) ∈ (− 1
2p
, 1

2p
).�â h(ρx)�½Â, ρx− h(ρx)ke�Ðmª

ρx− h(ρx) =
∑
j>0

zjp
j ,

Ù¥ zj ∈ {−1, 0, 1, · · · , p− 2}.Ï� |ρx| > 1,K·��- s > 0�����ê,¦� zs 6= 0.dd

��

h(ρs+2x) = h

(
ρs+1h(ρx) +

zsq
s+1

p

)
. (3.3)

Ï� h(ρx) ∈
(
− 1

2p
, 1

2p

)
� 0 < |ρ| < 1,�·�k ρs+1h(ρx) ∈

(
− 1

2p
, 1

2p

)
.5¿� gcd(p, q) = 1Ú

1 6 |zs| 6 p− 2,=�
∣∣∣h( zsqs+1

p

)∣∣∣ > 1
p
,l h(ρs+2x) /∈

(
− 1

2p
, 1

2p

)
.d (2.1)Ú(3.2)�

|µ̂ρ,D(x)| 6 |MD(ρs+2x)| · |µ̂ρ,D(ρs+2x)| 6 c|µ̂ρ,D(ρs+2x)|.
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Ï�

|ρx| = |h(ρx) +
∑
j>0

zjp
j | > ps − |h(ρx)| > ps − 1

2p
> |ρ|ps,

l s 6 logp|x|.- y = ρs+2x,Ïd

|ρx| > |y| = |ρs+2x| > |ρ|2|x| · |ρ|logp|x| = |ρ|2|x| · |x|logp|ρ| = |ρ|2|x|ln q/ ln p,

äó=y.

�½ x ∈ R÷v |ρx| > 1,�âäó�,�3k�¢ê� x1 = x, x2, · · · , xn,¦�

|ρxj | > |xj+1| > |ρ|2|xj |ln q/ ln p, |µ̂ρ,D(xj)| 6 c|µ̂ρ,D(xj+1)|, 1 6 j 6 n− 1

�k

|ρxn| 6 1 < |ρxn−1|.

�·�k

|µ̂ρ,D(x)| 6 cn−1|µ̂ρ,D(xn)| 6 cn−1 max{|µ̂ρ,D(y)| : |ρy| 6 1} (3.4)

�

1 > |ρxn| > |ρ| · |ρ|2|xn−1|ln q/ ln p > |ρ| · |ρ|2+2 ln q/ ln p · |xn−1|(ln q/ ln p)2

> · · · > |ρ| · |ρ|2+2 ln q/ ln p+···+2(ln q/ ln p)n−2

· |x|(ln q/ ln p)n−1

> |ρ| · |ρ|2(1−ln q/ ln p)−1

· |x|(ln q/ ln p)n−1

= |ρ| · p−2 · |x|(ln q/ ln p)n−1

> p−3 · |ρx|(ln q/ ln p)n−1

.

Ïd

3 ln p > (ln q/ ln p)n−1 · ln|ρx| = c(n−1) ln(ln q/ ln p)/ ln c · ln |ρx|,

¤±

[3 ln p]ln c/ ln(ln q/ ln p) > c(n−1) · [ln |ρx|]ln c/ ln(ln q/ ln p).

� a = ln c/ ln(ln q/ ln p),K a > 0� [3 ln p]a > c(n−1) · [ln |ρx|]a.�â (3.4)��,é x ∈ R,XJ
|ρx| > 1,K

|µ̂ρ,D(x)| · [ln |ρx|]a 6 [3 ln p]a max{|µ̂ρ,D(y)| : |ρy| 6 1} <∞.

qÏ� sup|ρx|>1

{
ln (3+|x|)

ln |ρx|

}
<∞� sup|ρx|61{|µ̂ρ,D(x) · [ln (3 + |x|)]a} <∞,ù¿�X

b := sup
x∈R
{|µ̂ρ,D(x)| · [ln (3 + |x|)]a} <∞. (3.5)

½n�y. �

Ún3.2 (i) � D = {d0, d1, d2}´n�¢ê8,K Z(MD) 6= ∅��=��3�ê k1, k2 Ú¢ê
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a 6= 0, ¦� {d1 − d0, d2 − d0} = {(3k1 + 1)a, (3k2 + 2)a}� gcd(3k1 + 1, 3k2 + 2) = 1.

(ii) � D = {0, 3k1 + 1, 3k2 + 2},Ù¥ k1, k2 ∈ Z.XJ gcd(3k1 + 1, 3k2 + 2) = 1,K Z(MD) =

± 1
3

+ Z = 1
3
(Z\3Z).

y² (i)�âMD(x)½Â�±wÑ

MD(x) =
1

3
(e−2πid0x + e−2πid1x + e−2πid2x) = 0,

⇔ cos(2π(d1 − d0)x) + cos(2π(d2 − d0)x) = −1,

sin(2π(d1 − d0)x) = −sin(2π(d2 − d0)x),

⇔�3�ê n1, n2, ¦� (d1 − d0)x = n1 ±
1

3
, (d1 + d2 − 2d0)x = n1 + n2,

⇔�3�ê n1, n2, ¦� {3(d1 − d0)x, 3(d2 − d0)x} = {3n1 + 1, 3n2 + 2}.

(3.6)

w,�3�ê k1, k2,¦�

1

gcd(3n1 + 1, 3n2 + 2)
{3n1 + 1, 3n2 + 2} = {3k1 + 1, 3k2 + 2}.

ùV«
 gcd(3k1 + 1, 3k2 + 2) = 1. (i)=y.

(ii) - x ∈ Z(MD), K (3.6) V«�3�ê n1, n2 Ú l ∈ {−1, 1},¦� (3k1 + 1)x = n1 + l
3
,

(3k2 + 2)x = n2 − l
3
.Ïd

x− l

3
=
n1 − lk1

3k1 + 1
=
n2 − lk2

3k2 + 2
.

�â gcd(3k1 +1, 3k2 +2) = 1�� (3k1 +1)|(n1− lk1)� (3k2 +2)|(n2− lk2).ù¿�X x ∈ ± 1
3

+Z.
Ïd Z(MD) ⊆ ± 1

3
+ Z.

� x = l
3

+ z ∈ ± 1
3

+ Z, Ù¥ z ∈ Z, l ∈ {−1, 1}. K (3k1 + 1)x = (3k1 + 1)z + lk1 + l
3
�

[(3k1 +1)+(3k2 +2)]x = (k1 +k2 +1)(l+3z).K�â (3.6)��MD(x) = 0.Ïd Z(MD) ⊇ ± 1
3

+Z,
l Z(MD) = ± 1

3
+ Z. �

�âÚn 3.2�� Z(MD)Ø¹ k1, k2,lkeãíØ.

íØ3.3 � D = {0, 3k1 + 1, 3k2 + 2} � gcd(3k1 + 1, 3k2 + 2) = 1, Ù¥ k1, k2 ∈ Z. XJ
C = {0, 1, 2},K µ̂ρ,C(x) = 0��=� µ̂ρ,D(x) = 0.

Ún3.4 � D = {0, 3k1 + 1, 3k2 + 2}� gcd(3k1 + 1, 3k2 + 2) = 1,Ù¥ k1, k2 ∈ Z.XJ µρ,D ´

ÌÿÝ,K�3�ê p, q,¦� |ρ| = q
3p
� gcd(q, 3p) = 1.

y² � Λ´ µρ,D �Ì,�âíØ 3.3�� EΛ ´ L2(µρ,C)�Ã¡��8,Ù¥ C = {0, 1, 2}.2
¦^ [4]¥½n 1.2���3��ê p, q, r,¦� |ρ| = ( q

3p
)1/r � gcd(q, 3p) = 1.Ø���5,b�

r ´¦ ( q
3p

)1/r ∈ Q�����ê,=?¿��ê k < r, ( q
3p

)1/k ´Ãnê,K |ρ|���õ�ª´
3pxr − q.Ï� µ = δρD ∗ [δρ2D ∗ δρ3D ∗ · · · ∗ δρnD ∗ · · · ], µ = δρ2D ∗ [δρD ∗ δρ3D ∗ · · · ∗ δρnD ∗ · · · ],�â
Ún 2.4��

(Λ− Λ) ∩ Z(MρD) 6= ∅, (Λ− Λ) ∩ Z(Mρ2D) 6= ∅.
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Ïd,ÏLÚn 3.2���3 λj ∈ Λ (j = 0, 1, 2, 3)Ú z1, z2 ∈ Z,¦�

λ0 − λ1 = ρ−1(±1

3
+ z1), λ2 − λ3 = ρ−2(±1

3
+ z2). (3.7)

,��¡,é λ ∈ Λ\{λ0, λ1},k λ− λ0, λ− λ1 ∈ Z(µ̂ρ,D) =
⋃∞
n=1 ρ

−nZ(MD).¤±,�3�ê

n0 > 0, n1 > 0, z3, z4,¦�

λ− λ0 = ρ−n0(±1

3
+ z3), λ− λ1 = ρ−n1(±1

3
+ z4).

Ïd

ρ−n1(±1

3
+ z4)− ρ−n0(±1

3
+ z3) = λ0 − λ1 = ρ−1(±1

3
+ z1).

Ø���5,b� n1 > n0 > 1,K ρ´�§

(±1 + 3z1)xn1−1 + (±1 + 3z3)xn1−n0 − (±1 + 3z4) = 0 (3.8)

�). � n1 − 1 = l1r + s1, n1 − n0 = l2r + s2, Ù¥ l1 > 0, l2 > 0, 0 6 s1, s2 < r. K (3.8) Ú

ρ = ±( q
3p

)1/r V«�3�êm1, m2, m3,Ù¥m3 6= 0,¦� ρ´�ª

m1x
s1 +m2x

s2 −m3 = 0

�). Ï� |ρ| ���õ�ª´ 3pxr − q � 0 6 s1, s2 < r, �±�� s1 = s2 = 0. l r|(n0 −
1), r|(n1 − 1)�

(Λ\{λ0, λ1})− λ0 ⊂ {0} ∪

(
∞⋃
n=0

ρ−(1+nr)Z(MD)

)
,

2�â (3.7)1��ªf,k

Λ− λ0 ⊂ {0} ∪

(
∞⋃
n=0

ρ−(1+nr)Z(MD)

)
. (3.9)

é α 6= β ∈ Λ\{λ0}, ÏL (3.9) ���3�ê n2, n3, z5, z6 ¦� α − λ0 = ρ−(1+n2r)(± 1
3

+

z5), β − λ0 = ρ−(1+n3r)(± 1
3

+ z6).qÏ� α− β ∈ Z(µ̂ρ,D) =
⋃∞
n=1 ρ

−nZ(MD),l�3�ê n, z7,

¦�

ρ−(1+n2r)(±1

3
+ z5)− ρ−(1+n3r)(±1

3
+ z6) = ρ−n(±1

3
+ z7).

�±aq��� r|(n− 1).Ïd, α− β ∈
⋃∞
n=0 ρ

−(1+nr)Z(MD),¤±

Λ− Λ ⊂ {0} ∪

(
∞⋃
n=0

ρ−(1+nr)Z(MD)

)
.

ÏL (3.7)1��ªf�� r = 1.Ïd,�3�ê p, q,¦� |ρ| = q
3p
� gcd(q, 3p) = 1. �

XÃAÏ`²,e©¥-D = {0, 3k1 +1, 3k2 +2}, |ρ| = q
3p
,Ù¥ k1, k2 ∈ Z, gcd(3k1 +1, 3k2 +
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2) = 1, p, q´�ê� gcd(q, 3p) = 1.

Ún3.5 XJ Λ´ µρ,D �Ì,Ù¥0 ∈ Λ.K

(Λ− Λ)\{0} ⊂
∞⋃
n=0

(3p)n(Z\3Z)

3|ρ|
. (3.10)

y² Ï� µ = δρD ∗ [δρ2D ∗ δρ3D ∗ · · · ∗ δρnD ∗ · · · ],ldÚn 2.4��

(Λ− Λ) ∩ Z(MρD) 6= ∅.

Ïd,ÏLÚn 3.2���3 λ0, λ1 ∈ ΛÚ k0 ∈ (Z\3Z),¦�

λ0 − λ1 =
k0

3|ρ|
.

Äk·�y² Λ − λ1 ⊂ {0} ∪
(⋃∞

n=0
(3p)n(Z\3Z)

3|ρ|

)
.é λ ∈ Λ\{λ0, λ1},�â (2.2), (2.3)ÚÚn

2.4���3�ê k1, k2 ∈ (Z\3Z)Ú n1, n2 > 0,¦� λ− λ1 = k1
3|ρ|n1

, λ− λ0 = k2
3|ρ|n2

.l

k1

3|ρ|n1
− k0

3|ρ|
= λ− λ0 =

k2

3|ρ|n2
.

qÏ� |ρ| = q
3p
,lþ¡�ªf�du

k1(3p)n1−1

qn1−1
− k0 =

k2(3p)n2−1

qn2−1
.

·�©n«�/?Ø :

�¹� : n1 > 1� n2 > 1.Ï� gcd(q, 3p) = 1,¤±þ¡Ø�ªV« 3p|k0,ù� k0 ∈ (Z\3Z)gñ.

�¹� : n1 > 1� n2 = 1.K k1(3p)n1−1

qn1−1 − k0 = k2,l
k1

qn1−1 ´�ê.ù¿�X�3�ê n > 0,¦

� λ− λ1 ∈ (3p)n(Z\3Z)
3|ρ| .

�¹n : n1 = 1.w, λ− λ1 ∈ (Z\3Z)
3|ρ| .nþ=�

Λ− λ1 ⊂ {0} ∪

(
∞⋃
n=0

(3p)n(Z\3Z)

3|ρ|

)
. (3.11)

,�·�y² (3.10).é Λ\{λ1}¥ü�ØÓ��� λ = λ1 + (3p)ml1
3|ρ| , λ

′
= λ1 + (3p)kl2

3|ρ| ,Ù¥

l1, l2 ∈ (Z\3Z), m, k ∈ Z.ÏL (2.3)���3�ê s > 0Ú l3 ∈ (Z\3Z),¦�

(3p)ml1
3|ρ|

− (3p)kl2
3|ρ|

=
(3p)sl3
3|ρ|qs

.
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Ïd qs|l3,ù¿�X λ− λ′ áu (3.11)mý,l

(Λ− Λ) ⊂ {0} ∪

(
∞⋃
n=0

(3p)n(Z\3Z)

3|ρ|

)
.

�

Ún3.6 � Λ´ µρ,D �Ì,Ù¥ 0 ∈ Λ.K�3�ê zj Ú Λj ⊂ Z (j = 0, 1, 2)� 0 ∈ Λj ,¦� Λj

´ µρ,D �Ì� ΛkXe©)

Λ =
2⋃
j=0

[
j + 3zj

3ρ
+ ρ−1Λj ]. (3.12)

y² �âÚn 3.5�� Λ ⊂ Z
3ρ
.é j ∈ {0, 1, 2},XJ Λ ∩ j+3Z

3ρ
6= ∅,K�3 λj = j+3zj

3ρ
∈ Λ,¦�

|j + 3zj
3ρ

| = min{|λ| : λ ∈ Λ ∩ j + 3Z
3ρ

}, j = 0, 1, 2.

-

Λj = ρ(Λ− λj) ∩ Z, j = 0, 1, 2. (3.13)

w, 0 ∈ Λj �

Λ =

2⋃
j=0

[λj + ρ−1Λj ] (3.14)

´Ø�¿,= i 6= j ∈ {0, 1, 2}�,k [λj + ρ−1Λj ] ∩ [λi + ρ−1Λi] = ∅.

�âÚn 2.1Ú (3.14)��,é?¿ x ∈ R,·�k

1 =
∑
λ∈Λ

|µ̂ρ,D(λ+ x)|2 =

2∑
j=0

∑
γj∈Λj

|µ̂ρ,D(λj + ρ−1γj + x)|2

=
2∑
j=0

|MD(
j

3
+ ρx)|2

∑
γj∈Λj

|µ̂ρ,D(
j + 3zj

3
+ γj + ρx)|2.

(3.15)

�½ j ∈ {0, 1, 2},e Λj 6= ∅,?� γj 6= γ
′

j ∈ Λj , (3.13)L² λj +ρ−1γj 6= λj +ρ−1γ
′

j ∈ Λ.Ïd

(λj +ρ−1γj)− (λj +ρ−1γ
′

j) ∈ Z(µ̂ρ,D),l�3�ê z ∈ (Z\3Z)Ú n > 0,¦� (λj +ρ−1γj)− (λj +

ρ−1γ
′

j) = z
3|ρ|n .Ïd γj−γ

′

j = z
3|ρ|n−1 ,qÏ� γj−γ

′

j´�ê,l n > 1.ù¿�X γj−γ
′

j ∈ Z(µ̂ρ,D),

l EΛj ´�8½ö´ L2(µρ,D)´��8.qÏ� (D, {0, 1
3
, 2

3
})´�Né,�âÚn 2.1Ú (3.15)

��

1 =

2∑
j=0

|MD(
j

3
+ ρx)|2

∑
γj∈Λj

|µ̂ρ,D(
j + 3zj

3
+ γj + ρx)|2 6

2∑
j=0

|MD(
j

3
+ ρx)|2 = 1.

qÏ�A�¤k x ∈ R,kMD( j
3

+ ρx) 6= 0,l

∑
γj∈Λj

|µ̂ρ,D(
j + 3zj

3
+ γj + ρx)|2 ≡ 1, ∀x ∈ R, j = 0, 1, 2.
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�âÚn 2.1�� Λj ´ µρ,D (j = 0, 1, 2)�Ì,Ún�y. �

y²½n1.1

¿©5 : d^�� |ρ|−1 ∈ 3N+ ��3�ê k1, k2 Ú¢ê a 6= 0, ¦� {d1 − d0, d2 − d0} =

{(3k1 + 1)a, (3k2 + 2)a}. � C = {0, 3k1 + 1, 3k2 + 2}, K (C, {− 1
3
, 0, 1

3
}) ´�Né. Ïd

(3p, C, {−p, 0, p})´Hadamardn�é,�â [5]�� µρ,C ´ÌÿÝ.��d·K 2.5�� µρ,D ´

ÌÿÝ.

7�5 :XJ µρ,D ´ÌÿÝ,K�3�ê8 Λ ⊂ R,¦� (µρ,D, Λ)´Ìé,Ø���5,·�b

� 0 ∈ Λ.K Λ\{0} ⊂ Z(µ̂ρ,D),l Z(MD) 6= ∅.dÚn 3.2y²
�3�ê k1, k2 Ú¢ê a 6= 0,

¦� {d1 − d0, d2 − d0} = {(3k1 + 1)a, (3k2 + 2)a}� gcd(3k1 + 1, 3k2 + 2) = 1.Ïd·K 2.5y²


 µρ,C ´ÌÿÝ,Ù¥ C = {0, 3k1 + 1, 3k2 + 2 }.ù¿�X�I��ÄD = {0, 3k1 + 1, 3k2 + 2 }
��¹e |ρ|−1 ∈ 3N+¤á=�.� D = {0, 3k1 + 1, 3k2 + 2 }�,�âÚn 3.4���3�ê p, q,

¦� |ρ| = q
3p
� gcd(q, 3p) = 1.Ún 3.6y²
�3�ê8 0 ∈ Λ ⊂ Z,¦� (µρ,D, Λ)´Ìé.

�
¦^�y{y² |ρ| = 1
3p
,·�I�k��
O�ó�.

�âÚn 3.6, ΛU©)¤

Λ =
2⋃

j′=0

[
j
′
+ 3zj′

3ρ
+ ρ−1Λj′

]
, (3.16)

Ù¥ zj′ ∈ Z, 0 ∈ Λj′ ⊂ Z. �
j
′
+3z

j
′

3ρ
=

p(j
′
+3z

j
′ )

q
∈ Λ ⊂ Z. ù¿�X ρ−1Λj′ ∈ Z, l Λj′ ⊂

qZ (j
′

= 0, 1, 2). qÏ� 0 < q < 3p � gcd(q, 3p) = 1, l�3 j ∈ {0, 1, 2}, nj ∈ Z, ¦�
j
′
+3z

j
′

q
= j + 3nj .dÚn 2.1��XJ Λj´ µρ,D�Ì,K −Λj �´ µρ,D �Ì.Ïd�3�ê nj Ú

µρ,D �Ì Γj ⊂ qZ,Ù¥ 0 ∈ Γj ,¦�

Λ =
2⋃
j=0

[
p(j + 3nj) +

3p

q
Γj

]
.

?�Ú,·��±ÀJmj ∈ Z,¦� p(j + 3mj) ∈ Λ�

|p(j + 3mj)| = min{|p(j + 3nj) +
3p

q
γ| : γ ∈ Γj}. (3.17)

Ó��3 µρ,D �Ì Γj ⊂ qZ,Ù¥ 0 ∈ Γj ,¦�

Λ =

2⋃
j=0

[
p(j + 3mj) +

3p

q
Γj

]
.

Ï� 0 ∈ Λ� 0 /∈
{[
p(1 + 3n1) + 3p

q
Γ1

]⋃[
p(2 + 3n2) + 3p

q
Γ2

]}
,l 0 ∈ p(3n0) + 3p

q
Γ0,ù¿�

X m0 = 0. Uìù�ö�, �±é����ê nj1,··· ,jn Ú�� µρ,D �Ì Γj1,··· ,jn (n > 1), Ù¥
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0 ∈ Γj1,··· ,jn ,¦�

Λ =
2⋃

j1,··· ,jn=0

(
n∑
l=1

p(3p)l−1(jl + 3nj1,··· ,jl) + (
3p

q
)nΓj1,··· ,jn

)
, n > 0.

�A/,�3�X��êmj1,··· ,jn Ú�� µρ,D �Ì Γj1,··· ,jn (n > 1),Ù¥ 0 ∈ Γj1,··· ,jn ,¦�

|
n∑
l=1

p(3p)l−1(jl + 3mj1,··· ,jl)|

= min

{
|
n∑
l=1

p(3p)l−1(jl + 3nj1,··· ,jl) + (
3p

q
)nγ| : γ ∈ Γj1,··· ,jn

}
, n > 0,

(3.18)

Λ =
2⋃

j1,··· ,jn=0

(
n∑
l=1

p(3p)l−1(jl + 3mj1,··· ,jl) + (
3p

q
)nΓj1,··· ,jn

)
, n > 0 (3.19)

�

jl = 0�mj1,··· ,jl = 0, l = 1, 2, 3 · · · .

�½S� j1, · · · , jn,� an =
∑n

l=1 p(3p)
l−1(jl + 3mj1,··· ,jl).Ï�

p(3p)n−1(jn + 3nj1,··· ,jn) + (
3p

q
)nΓj1,··· ,jn ⊂ (

3p

q
)n−1Γj1,··· ,jn−1

,

l |an−1| 6 |an|, ù¿�X an−1 � p(3p)n−1(jn + 3mj1,··· ,jn) �KÒ�Ó. Ïd jn 6= 0 �, k

|an| = |an−1|+ |p(3p)n−1(jn + 3mj1,··· ,jn)| > (3p)n−1.=

jn 6= 0�

∣∣∣∣∣
n∑
l=1

p(3p)l−1(jl + 3mj1,··· ,jl)

∣∣∣∣∣ > (3p)n−1, n = 1, 2, · · · . (3.20)

-

Vn =

{
n∑
l=1

p(3p)l−1(jl + 3mj1,··· ,jl) : j1, · · · , jn ∈ {0, 1, 2}

}
.

d (3.19)Ú 0 ∈ Γj1,··· ,jn (n > 1)�

Λ =
∞⋃
n=1

Vn, Vn ⊂ Vn+1.

5¿�� jl = 0 � mj1,··· ,jl = 0 (l > 1), IO�í��� Vn − Vn ⊂ {0} ∪ Z(µ̂n), Ù¥

µn = δρD ∗ δρ2D ∗ · · · ∗ δρnD.ù¿�X Vn´ L2(µn)���8,ldÚn 2.1��∑
λ∈Vn

|µ̂n(t+ λ)|2 6 1, t ∈ R. (3.21)
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�e5y² q = 1.�y{,b� 1 < q < 3p.ÀJ�ê N > a−1,Ù¥ ad½n 3.1�Ñ.�

Qk(t) :=
∑
λ∈VkN

|µ̂ρ,D(t+ λ)|2, k = 1, 2, 3, · · · . (3.22)

Ké t ∈ (−(3p)2, (3p)2),k

Qk+1(t)−Qk(t) =
∑

λ∈V(k+1)N \VkN

|µ̂ρ,D(t+ λ)|2

=
∑

λ∈V(k+1)N \VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2 · |µ̂ρ,D(ρ(k+1)N (t+ λ))|2

6b2
∑

λ∈V(k+1)N \VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2 · (ln (1 + |ρ(k+1)N (t+ λ)|))−2a

6b2
∑

λ∈V(k+1)N \VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2 · (ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a

6b2

1−
∑
λ∈VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2
 · (ln (1 + |ρ(k+1)N (3p)k

N−1|))−2a.

1���ª5g (3.22), 1���ª5g (2.1), 1��Ø�ª5g½n 3.1, 1��Ø�ª5g

(3.20),����Ø�ª5g (3.21),Ù¥ bd (3.5)�Ñ,= b = supx∈R{|µ̂ρ,D(x)| · [ln (3 + |x|)]a}.3
e¡�y²¥·��� t ∈ (−(3p)2, (3p)2).

d	,·�k

Qk(t) =
∑
λ∈VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2 · |µ̂ρ,D(ρ(k+1)N (t+ λ))|2

6
∑
λ∈VkN

(k+1)N∏
s=1

|MD(ρs(t+ λ))|2.

Ïd

1−Qk+1(t) > [1−Qk(t)] · [1− b2(ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a]. (3.23)

qÏ�

lim
k→∞

(ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a

k−2Na

= lim
k→∞

(
(k + 1)N ln |ρ|+ kN ln 3p

kN

)−2a

= (ln q)−2a > 0,

(3.24)
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w,�3 n0 > 0,¦�?¿ k > n0,k [1− b2(ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a] > 0.�â (3.23)��

1−QK+1(t) > [1−Qn(t)]
K∏
k=n

[1− b2(ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a] > 0, ∀K > n > n0. (3.25)

�âb� N > a−1,·�k
∑∞

k=1 k
−2Na < ∞.Ïd limK→∞

∏K
k=1[1− k−2Na]Âñ����¢

ê.Ïd,ÏL (3.24)·�Ué� k0 > n0 > 0,¦�

+∞∏
k=k0

[1− b2(ln (1 + |ρ(k+1)N (3p)k
N−1|))−2a] =: a0 ∈ (0, 1).

,�,�â (µρ,D, Λ)´ÌéÚ (3.25),é t ∈ (−(3p)2, (3p)2),k

0 = 1−
∑
λ∈Λ

|µ̂ρ,D(t+ λ)|2 = lim
K→∞

[1−QK+1(t)] > a0[1−Qk0(t)] > 0.

Ïd, é t ∈ (−(3p)2, (3p)2), k Qk0(t) = 1. qÏ� Qk0(t) Uòÿ�E²¡þ��¼ê, lé

t ∈ R, Qk0(t) ≡ 1.Ïd ΛkN0 ´Ì.�´ù� ΛkN0 ´k�8gñ.½n�y. �

�©·K 2.5y²
Moran.ÿÝ'uêi8²£Ú ��Ì5ØC5,,�Ún 3.6òÿ

Ý��¹"���?¿Ì©)�n��êÌ,�X¦^½n 3.1��� |µ̂ρ,D(x)|P~�ÝÚ�y{
����(Ø.

Ä7�8
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