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Abstract

Let (M1, F1) and (M2, F2) be two Finsler manifolds, Minkowskian product Finsler metric

is the Finsler metric F =
√
f(K,H) endowed on the product manifold M = M1 ×M2,

where K = F 2
1 , H = F 2

2 , and f is product function. In this paper, we study Cartan

torsion and mean Cartan torsion of Minkowskian product Finsler manifold (M,F ). By

using tensor analysis, we obtain the necessary condition that Minkowskian product

Finsler manifold (M,F ) has vanishing Cartan torsion. Also, we give the sufficient con-

dition that Minkowskian product Finsler manifold (M,F ) has vanishing mean Cartan

torsion under the conditions of Finsler manifolds (M1, F1) and (M2, F2) have vanishing

mean Cartan torsion. Then an effective method for characterise Finsler manifolds

with special property is given.
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1. Úó

¥dVAÛ3g,Æ�+�A^2�,cÙ3ÔnÆ!)ÔÆ!ó§Eâ!&EAÛ!��Ø

Ú2Â�éØ��¡ [1] [2]. 1918 c, Finsler3¦�Æ¬Ø©¥Äg�Ñ
/¥dVAÛ0ù�¶

¡, ¿½Â
W�LÇ [3]. 1934 c, Cartan [4]Ú\
W�éä¿y²
W�LÇ CUïþ6/þ

�¥dVÝþ�iùÝþ� l§Ý. e C = 0,K¥dVÝþ´iùÝþ,ÏdW�LÇ�¡�¥

dVAÛ¥��iùAÛþ.

W�LÇ÷Xÿ/��CzÇ�¡� LandsbergÇ. 1950 c, Ehresmann ïÄ
AÏ�/e

�W�éä [5]. 1972c, Matsumoto|^W�LÇ�x
�aAÏ�¥dV6/, ¡�� C-��¥

dV6/ [6], ��¦y²
W�éä���5 [7]. 1989c, Fukui �Ñ
äkW�éä�E¥dV

6/´iù6/�7�^� [8]. 1998 c, !§¬ [9] y²
äkÃ.W�LÇ�¥dV6/ØU�

åi\�?ÛD�ÅdÄ�m¥, ¦�y²
äkk.W�LÇ� R-�g���¥dV6/�½
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´ Landsberg6/ [10]. 2010 c, #�� [11]í2
© [10]�(J,=y²
äkk.W�LÇ�

R-�g���¥dV6/�½´����6/.

²þW�LÇ�´¥dVAÛ¥�a�©���iùAÛþ.²þW�LÇ´W�LÇ�,,

§÷Xÿ/��CzÇ�¡�²þ LandsbergÇ. 1953 c, Deicke [12] JÑ
Í¶� Deicke½

n, =���½¥dV6/´iù6/��=�T¥dV6/�²þW�LÇ��. d�, ïÄAÏ

¥dV6/�W�LÇÚ²þW�LÇ¤�
NõÆö'5�9:¯K [13–18].

1982c, Okada [19]JÑD�ÅdÄÈ¥dV6/�Vg, ¿��
D�ÅdÄÈ¥dV6/þ

�ÿ/��Ù©þ6/þÿ/��m�'X.g,�¯K´XÛ�xD�ÅdÄ¥dV6/�W�

LÇÚ²þW�LÇ,±9&ÄD�ÅdÄ¥dV6/´Ääk���W�LÇÚ²þW�LÇ.

�éþã¯K,�©��
D�ÅdÄÈ¥dV6/�W�LÇ���7�^�,¿3ü�©þ6

/�²þW�LÇ���^�e,�Ñ
D�ÅdÄÈ¥dV6/�²þW�LÇ���¿©^�.

2. ý��£

�M ´�� n �1w6/, TxM L« x ∈ M ���m, TM =
⋃
x∈M

TxM L«M ��m,�

M þ�ÛÜ�I� xi = (x1, . . . , xn), TxM þ�ÛÜ�I� (xi, yi) = (x1, . . . , xn, y1, . . . , yn).

½Â1. [20] 6/M þ�¥dVÝþ´�¼ê F : TM → R+,÷v

1) G = F 2 3 M̃ = TM \ {0} þ´1w¼ê;

2) éu?¿� (x, y) ∈ M̃ , F (x, y) > 0;

3) éu?¿� (x, y) ∈ M̃ , λ ∈ R, k F (x, λy) = |λ|F (x, y);

4) çlÝ
 (Gαβ) = ( ∂2G
∂yα∂yβ

) 3 M̃ þ´�½Ý
.

� (Gγα) L« (Gαβ) �_Ý
, = GγαGαβ = δγβ .

½Â2. [21] � (M,F ) ´��¥dV6/, F �W�LÇ C : TxM × TxM × TxM → R �

C = Cαβγdx
α ⊗ dxβ ⊗ dxγ , (2.1)

Ù¥

Cαβγ =
1

4
Gyαyβyγ =

1

4

∂Gαβ
∂yγ

. (2.2)

½Â3. [21] � (M,F ) ´��¥dV6/, F �²þW�LÇ I : TxM → R �

I = Iα(x, y)dxα, (2.3)

Ù¥

Iα =
1

2
Gβγ

∂Gαβ
∂yγ

= 2GβγCαβγ . (2.4)

DOI: 10.12677/pm.2022.125093 828 nØêÆ

https://doi.org/10.12677/pm.2022.125093


ÜA�

� (M1, F1) Ú (M2, F2) ´ü�¥dV6/,�ê©O� m Ú n, KM = M1 ×M2 ´��

m+ n ��¦È6/.PM1, M2ÚM �ÛÜ�I©O� (x1, . . . , xm), (xm+1, . . . , xm+n),

(x1, . . . , xm, xm+1, . . . , xm+n);�M1,M2ÚM ��m©O´ TM1, TM2Ú TM ,§��ÛÜ�I

©O� (x1, . . . , xm, y1, . . . , ym), (xm+1, . . . , xm+n, ym+1, . . . , ym+n), (x1, . . . , xm+n, y1, . . . , ym+n).

TM1, TM2, TM �m÷v TM ∼= TM1 ⊕ TM2.

½Â4. [19] � f : [0,+∞)× [0,+∞)→ [0,+∞) ´��ëY¼ê, e f ÷v

1) f(s, t) = 0 ��=� (s, t) = (0, 0);

2) é?¿ λ ∈ [0,+∞), k f(λs, λt) = λf(s, t);

3) f 3 (0,+∞)× (0,+∞) þ´1w¼ê;

4) é?¿ (s, t) ∈ (0,+∞)× (0,+∞), k ∂f
∂s
6= 0, ∂f

∂t
6= 0;

5) é?¿ (s, t) ∈ (0,+∞)× (0,+∞), k ∂f
∂s

∂f
∂t
− 2f ∂2f

∂s∂t
6= 0,

K¡ f �È¼ê.

·K1. [22] � f ´È¼ê, Ké?¿�K 6= 0, H 6= 0,k

fHKK + fHHH = 0, (2.5)

fKK + fHH = f, (2.6)

fKKK + fKHH = 0, (2.7)

fKKKK + fKKHH = −fKK , (2.8)

fKHKK + fKHHH = −fKH , (2.9)

fHHKK + fHHHH = −fHH . (2.10)

Ù¥ fK Ú fH ©OL« f éK Ú H � �ê, X fH = ∂f
∂H

, fKH = ∂2f
∂K∂H

.

½Â5. [19] � (M1, F1) Ú (M2, F2) ´ü�¥dV6/,-K = F 2
1 , H = F 2

2 , F1 Ú F2 'u f �D

�ÅdÄÈÝþ´3¦È6/M = M1 ×M2 þD��Xe/ª�Ýþ F : TM → R+

F (x, y) =
√
f(K(xi, yi), H(xi′ , yi′)), (2.11)

Ù¥ f ´È¼ê. w, (M,F ) �´��¥dV6/, ¡ (M,F ) � (M1, F1) Ú (M2, F2)'u f �

D�ÅdÄÈ6/, ~{¡ (M,F ) �D�ÅdÄÈ¥dV6/.

�©¥, α, β, γ ���F1i1������ 1 �m+ n; i, j, k ���.¶i1�����

� 1 �m; i′, j′, k′ ��§���.¶i1������m+ 1 �m+n.'u (M1, F1) ½ (M2, F2)

�AÛþ, ·�©O3Ù�þ�V\�I 1 ½ 2 ±««O,X
1

Cijk Ú
2

Ci′j′k′ ©OL«¥dV6/

(M1, F1)Ú (M2, F2)�W�LÇXê.

� (M,F ) ´¥dV6/ (M1, F1) Ú (M2, F2) �D�ÅdÄÈ,K F �Ä�ÜþÝ
�

G = (Gαβ) = (
∂2G

∂yα∂yβ
) =

(
Gij Gij′

Gi′j Gi′j′

)
,
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Ù¥ 

Gij = fKKij + fKKKiKj , (2.12)

Gij′ = fKHKiHj′ , (2.13)

Gi′j = fHKHi′Kj = fKHHi′Kj , (2.14)

Gi′j′ = fHHi′j′ + fHHHi′Hj′ . (2.15)

Ki, Hi′ ©OL«K, H é yi, yi
′
� �ê,XKi = ∂K

∂yi
, Hi′j′ = ∂2H

∂yi′∂yj′
. (Gαβ) �_Ý
 (Gβα)�

(Gβα) =

(
Gji Gji

′

Gj
′i Gj

′i′

)
,

Ù¥ 

Gji =
1

fK
(Kji − fHfKK

∆
yjyi), (2.16)

Gji
′

= − 1

∆
fKHy

jyi
′
, (2.17)

Gj
′i = − 1

∆
fKHy

j′yi, (2.18)

Gj
′i′ =

1

fH
(Hj′i′ − fKfHH

∆
yj

′
yi

′
), (2.19)

�

∆ = fKfH − 2ffKH . (2.20)

3. D�ÅdÄÈ¥dV6/�W�LÇ

�âW�LÇÚD�ÅdÄÈ¥dV6/�½Â, �!òí�ÑD�ÅdÄÈ¥dV6/

(M,F ) �W�LÇXêL�ª,�D�ÅdÄÈ¥dV6/ (M,F ) �W�LÇ���,��
�

� �©�§|,=�Ñ
D�ÅdÄÈ¥dV6/ (M,F )�W�LÇ���7�^�.

·K2. � (M,F ) ´¥dV6/ (M1, F1) Ú (M2, F2) �D�ÅdÄÈ, K (M,F ) �W�LÇXê

Cαβγ �

Cijk = fK
1

Cijk +
1

4
(fKKKKiKjKk + fKKKijKk

+fKKKikKj + fKKKjkKi), (3.1)

Ci′jk =
1

4
(fHKKHi′KjKk + fHKHi′Kjk), (3.2)
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Cij′k =
1

4
(fKHKKiHj′Kk + fKHKikHj′), (3.3)

Cijk′ =
1

4
(fKKHKiKjHk′ + fKHKijHk′), (3.4)

Ci′j′k =
1

4
(fHHKHi′Hj′Kk + fHKHi′j′Kk), (3.5)

Ci′jk′ =
1

4
(fHKHHi′KjHk′ + fHKHi′k′Kj), (3.6)

Cij′k′ =
1

4
(fKHHKiHj′Hk′ + fKHKiHj′k′), (3.7)

Ci′j′k′ = fH
2

Ci′j′k′ +
1

4
(fHHHHi′Hj′Hk′ + fHHHi′j′Hk′

+fHHHi′k′Hj′ + fHHHj′k′Hi′). (3.8)

y². - (2.2)¥ α = i, β = j, γ = k,¿ò (2.12)�\,²��O���

Cijk =
1

4

∂Gij
∂yk

=
1

4
(fKKKKiKjKk + fKKKikKj + fKKKiKjk

+fKKKkKij + fKKijk). (3.9)

36/ (M1, F1)þA^½Â 2,¿5¿�K = F 2
1 ,Kk

Kijk = 4
1

Cijk . (3.10)

ò (3.10)�\ (3.9),��

Cijk = fK
1

Cijk +
1

4
(fKKKKiKjKk + fKKKijKk + fKKKikKj + fKKKjkKi).

= (3.1)¤á.Ón�y (3.2)-(3.8)¤á.y..

½n1. � (M,F ) ´¥dV6/ (M1, F1) Ú (M2, F2) �D�ÅdÄÈ.e (M,F ) �W�LÇC �

�,Ke��§|¤á 
2fKKKK + 3fKK = 0, (3.11)

2fHHHH + 3fHH = 0, (3.12)

fKHKK − fKHHH = 0. (3.13)

y². d (2.1)��, (M,F )�W�LÇ����=�

Cijk = Ci′jk = Cij′k = Cijk′ = Ci′j′k = Ci′jk′ = Cij′k′ = Ci′j′k′ = 0. (3.14)
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�â (3.1), (3.14)¥ Cijk = 0�du

fK
1

Cijk +
1

4
(fKKKKiKjKk + fKKKijKk + fKKKikKj + fKKKjkKi) = 0. (3.15)

(3.15)ü>Ó�� yiyjyk  ¿,¿5¿� yk
1

Cijk = 0,��

yiyjyk(fKKKKiKjKk + fKKKijKk + fKKKikKj + fKKKjkKi) = 0. (3.16)

duK = F 2
1 'u y äk�gàg5, �âî.½nk

Kijy
i = Kj , (3.17)

Kiy
i = 2K. (3.18)

ò (3.17)Ú (3.18)�\ (3.16),¿5¿�K 6= 0,Kk

2fKKKK + 3fKK = 0.

Ón�â (3.8)Ú (3.14)¥ Ci′j′k′ = 0,�±í�

2fHHHH + 3fHH = 0.

�â (3.2), (3.14)¥ Ci′jk = 0�du

fHKKHi′KjKk + fHKHi′Kjk = 0. (3.19)

(3.19)ü>Ó�� yi
′
yjyk  ¿,¿A^ (3.17)Ú (3.18),��

2fHKKK + fKH = 0. (3.20)

r (2.9)�\ (3.20),k

fKHKK − fKHHH = 0.

Ónd (3.14)¥�Ù§�ª½�íÑ (3.13)¤á.y..

4. D�ÅdÄÈ¥dV6/�²þW�LÇ

�â²þW�LÇÚD�ÅdÄÈ¥dV6/�½Â,�!òí�ÑD�ÅdÄÈ¥dV6/

(M,F ) �²þW�LÇXêL�ª,3�½^�e�ÑD�ÅdÄÈ¥dV6/ (M,F ) �²þW

�LÇ���¿©^�,=�x
äkAÏLÇ5��¥dV6/.

·K3. � (M,F ) ´¥dV6/ (M1, F1) Ú (M2, F2) �D�ÅdÄÈ, K (M,F ) �²þW�LÇ
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Xê Iα �

Ii =
1

Ii−
Ki

2∆
[fH(fKKKK + 3fKKHH)− fK(fKHHH − 2fKHKK)], (4.1)

Ii′ =
2

Ii′ −
Hi′

2∆
[fK(fHHHH + 3fHHKK)− fH(fHKKK − 2fHKHH)]. (4.2)

y². - (2.4)¥ α = i,k

Ii = 2GβγCiβγ = 2(GjkCijk +Gj
′kCij′k +Gjk

′
Cijk′ +Gj

′k′Cij′k′). (4.3)

�â (2.16)Ú (3.1),k

GjkCijk =
1

fK
(Kjk − fHfKK

∆
yjyk)[fK

1

Cijk +
1

4
(fKKKKiKjKk

+ fKKKijKk + fKKKikKj + fKKKjkKi)]

=Kjk
1

Cijk +
1

4fK
(fKKKi + fKKδ

k
iKk + fKKδ

j
iKj)

+
1

4fK
KjkfKKKKiKjKk −

1

4fK

fHfKK
∆

yjyk(fKKKKiKjKk

+ fKKKijKk + fKKKikKj + fKKKjkKi)−
2fHfKK

∆
yjyk

1

Cijk

=Kjk
1

Cijk +
3

4fK
fKKKi +

1

4fK
KjkfKKKKiKjKk

− 1

4fK

fHfKK
∆

yjyk(fKKKKiKjKk + fKKKijKk

+ fKKKikKj + fKKKjkKi), (4.4)

Ù¥1n��ªí�¥A^� yk
1

Cijk = 0. (3.17) ü>Ó��Kjk  ¿, ��

KjkKj = yk. (4.5)

r (3.18)Ú (4.5)�\ (4.4),²��O���

GjkCijk =Kjk
1

Cijk +
Ki

4fK
(2fKKKK + 3fKK)− Ki

2∆

fHfKKK

fK
(2fKKKK + 3fKK)

=Kjk
1

Cijk +
Ki

2∆

∆

2fK
(2fKKKK + 3fKK)− Ki

2∆

KfHfKK
fK

(2fKKKK

+ 3fKK). (4.6)
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5¿� ∆ = fKfH − 2ffKH ,·�k

Ki

2∆

∆

2fK
(2fKKKK + 3fKK) =

Ki

2∆
[
fKfH − 2ffKH

2fK
(2fKKKK + 3fKK)]

=
Ki

2∆
(
1

2
fH −

ffKH
fK

)(2fKKKK + 3fKK). (4.7)

r (4.7)�\ (4.6),��

GjkCijk =Kjk
1

Cijk +
Ki

2∆
(
1

2
fH −

ffKH
fK

)(2fKKKK + 3fKK)

− Ki

2∆

KfHfKK
fK

(2fKKKK + 3fKK). (4.8)

r (2.6)-(2.8)�\ (4.8),²{üO��±��

GjkCijk = Kjk
1

Cijk−
Ki

2∆
(
1

2
fH − fKHK)(fKKKK + 3fKKHH)

=
1

2

1

Ii−
Ki

2∆
(
1

2
fH − fKHK)(fKKKK + 3fKKHH). (4.9)

Ón��

Gj
′kCij′k = −Ki

2∆
fKHH(fKHKK − fHKHH), (4.10)

Gjk
′
Cijk′ = −Ki

2∆
fKHH(fKHKK − fHKHH), (4.11)

Gj
′k′Cij′k′ =

Ki

2∆
(
1

2
fK − fKHH)(fKHHH − fKHKK). (4.12)

r (4.9)-(4.12)�\ (4.3),²�n��

Ii =2(GjkCijk +Gj
′kCij′k +Gjk

′
Cijk′ +Gj

′k′Cij′k′)

=
1

Ii−
Ki

∆
(
1

2
fH − fKHK)(fKKKK + 3fKKHH)− 2Ki

∆
fKHH(fKHKK − fHKHH)

+
Ki

∆
(
1

2
fK − fKHH)(fKHHH − fKHKK)

=
1

Ii−
Ki

∆
[
1

2
fH(fKKKK + 3fKKHH)− 1

2
fK(fKHHH − fKHKK)]− Ki

∆
fKH [−K

(fKKKK + fKHKH)−H(3fKKHK + 2fHKHH) +H(2fKHKK + fKHHH)]. (4.13)

r (2.7)-(2.9)�\ (4.13),��

Ii =
1

Ii−
Ki

2∆
[fH(fKKKK + 3fKKHH)− fK(fKHHH − 2fKHKK)].

= (4.1)¤á.Ón�y (4.2)¤á.y..

½n2. � (M,F ) ´¥dV6/ (M1, F1) Ú (M2, F2) �D�ÅdÄÈ,� (M1, F1) Ú (M2, F2) �
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²þW�LÇ��,e F ÷ve��§|
fKKKK + 3fKKHH = 0, (4.14)

fHHHH + 3fKHHK = 0, (4.15)

fKHKK = fKHHH = 0, (4.16)

K (M,F )�²þW�LÇ��.

y². �â(2.3)��, (M1, F1)�²þW�LÇ���du

1

Ii = 0. (4.17)

ò (4.17)�\ (4.1),��

Ii = −Ki

2∆
[fH(fKKKK + 3fKKHH)− fK(fKHHH − 2fKHKK)]. (4.18)

®� (4.14)-(4.16)¤á,ò (4.14)Ú (4.16)�\ (4.18),�� Ii = 0.Ónd (M2, F2)�²þW�L

Ç��,¿ò (4.15)Ú (4.16)�\ (4.2),�� Ii′ = 0.

Ïd

I = Iidx
i + Ii′dx

i′ = 0.

y..

5. (Ø

�©��
D�ÅdÄÈ¥dV6/W�LÇ���7�^�,=3D�ÅdÄÈ¥dV6/

W�LÇ���^�e,�Ñ
�©�§��x.�3D�ÅdÄÈ¥dV6/�ü�©þ6/�

²þW�LÇ���^�e,��
D�ÅdÄÈ¥dV6/²þW�LÇ���¿©^�,�x


äkAÏ5��¥dV6/.�Ï·�òÏL¦)þãüa �©�§|,�Ñäk��W�L

ÇÚ²þW�LÇ�D�ÅdÄÈ¥dV6/�äN~f.
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