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Abstract

With the help of the boundedness of the Lebesgue space with variable exponent,
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by applying hierarchical decomposition of function and real variable techniques, the

boundedness of Marcinkiewicz integral and its multilinear commutator generated by

BMO function is obtained on generalized variable exponent Morrey spaces.
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1. Úó9Ì�(J

� Ω´ Rnþ�"gàg¼ê�÷v��^�∫
Sn−1

Ω(x′)dσ(x′) = 0, (1.1)

Ù¥, Sn−1 L« Rn(n ≥ 2)¥�ü ¥¡, dσ(x′)� Sn−1þ� LebesgueÿÝ, x′ = x
|x| , x 6= 0.

Marcinkiewicz È©�f µΩ �½Â�

µΩ(f)(x) =

(∫ ∞
0

∣∣∣∣∫
|x−y|≤t

Ω(x− y)

|x− y|n−1
f(y)dy

∣∣∣∣2 dt

t3

) 1
2

. (1.2)

1958 c, Stein [1]ÄgÚ\
/X (1.2) �p� Marcinkiewicz È©�f, Ó�y²
� Ω

ëY� Ω ∈ Lipα(Sn−1) (0 < α ≤ 1) �, µΩ ´ (p, p) . (1 < p ≤ 2) Úf (1, 1) .�. ùp

Ω ∈ Lipα(Sn−1) (0 < α ≤ 1) ´��3��~ê C > 0, ¦�

|Ω(x1)− Ω(x2)| ≤ C|x1 − x2|α, ∀x1, x2 ∈ Sn−1. (1.3)

1962 c, Benedek � [2]y²
� Ω ∈ C1(Sn−1), 1 < p < ∞ �, µΩ ´ (p, p) .�. 2014 c,

Wang [3]��
 MarcinkiewiczÈ©�f9Ù��f3C�I Herz�m K̇
α(·),p
q(·) (Rn) þ�k.5.

2018c, "Õ±Ú>V² [4]��
�CþØ�MarcinkiewiczÈ©�f3C�I Herz. Hardy�

mþ�k.5. Cc5, �õ'u Marcinkiewicz È©�f9Ù��f�k.5(J, �ë�©

z [5–7].
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� b´ÛÜ�È¼ê, K BMO (k.²þ�Ä)¼ê�m�½ÂXe

BMO(Rn) := {b ∈ L1
loc(Rn) : ‖b‖∗ = sup

B⊂Rn

1

|B|

∫
B

|b(x)− bB|dx <∞},

Ù¥, bB = 1
|B|

∫
B
b(y)dy. Kd µΩÚ b)¤���f½Â�

[b, µΩ](f)(x) := bµΩ(f)(x)− µΩ(bf)(x). (1.4)

�m ∈ N, ~b = (b1, b2, . . . , bm) ∈ BMOm(Rn), = bi ∈ BMO(Rn), i = 1, 2, . . . ,m. É� PérezÚ

Trujillo-González [8]'uõ�5��fïÄ�éu, ·�½ÂMarcinkiewiczÈ©�f�õ�5�

�f�

µΩ,~b(f)(x) =

∫ ∞
0

∣∣∣∣∣
∫
|x−y|≤t

m∏
i=1

(bi(x)− bi(y))
Ω(x− y)

|x− y|n−1
f(y)dy

∣∣∣∣∣
2

dt

t3

 1
2

. (1.5)

AO/, XJ� bi = b, m = 1, Kk µΩ,~b(f)(x) = [b, µΩ](f)(x).

2008 c, Zhang [9]y²
� ω ∈ Ap �, µΩ,~b �\� Lp (1 < p <∞) k.5, ¿���«\�

f L(logL).�O. 2019 c, Wang Ú Shu [10] ¼�
 MarcinkiewiczÈ©�f�õ�5��f3

C�I Lebesgue�mÚ Herz.�mþ�k.5.

C�I¼ê�m36NÄåÆ, ã�?nÚäk�IOO�^���©�§�+�k2

�A^(ë�©z [11–13]). �
ïÄ��ý� �©�§�)�ÛÜ1�9ÙA^, �@d

Morrey [13]JÑ
�«¼ê�m Lp,λ(Rn) (1 < p < ∞, 0 < λ < n), �Ò´y3�²;Morrey�

m. CA�c5, Nõ�öí2
²;Morrey�m, ��
ØÓ/ª�C�IMorrey�m¿�¼

�
Nõ²;�f9Ù��f�k.5(J. 2008 c, Almeida � [14]y²
4��fÚ ³�

f3C�I Morrey�mþ�k.5. 2016 c, >V²Úo³³ [15]ïá
 Marcinkiewicz È©9

Ù��f3C�I Morrey�mþ�k.5. Ho [16]�Ñ
©êgÈ©ÚÛÉÈ©�f3C�I

Morrey�mþk.5�¿©^�, �dÓ��ö [17]��©êgÈ©�f3C�I Morrey�m

þ�f.�O. �C, Guliyev � [18]y²
 ω . Calderón-Zygmund �f9Ùõ�5��f32

ÂC�I Morrey�mMp(·),u(Rn) þ�k.5. ÉþãïÄ(J�éu, �©�Ì�8�´ïÄ

MarcinkiewiczÈ©Ú BMO¼ê)¤�õ�5��f32ÂC�IMorrey�mMp(·),u(Rn) þ�

k.5. �d, ·�Äk£�e¡�½Â.

é?¿� x ∈ Rn Ú r > 0, B(x, r) L«± x�¥%, r ��»�¥N. B(x, r)C L« B(x, r)�

{8. ^ χB L« B ⊂ Rn �A�¼ê, |B| L« LebesgueÿÝ. f ≈ g ´��3~ê C1, C2 > 0, ¦

� C1g ≤ f ≤ C2g. �©¥� C ´���~ê, 3ØÓ/���ØÓ��.

^ P(Rn)L« Rnþ¤k÷ve�^���ÿ¼ê p(x) : Rn → [1,∞)|¤�8Ü

p− := ess inf{p(x) : x ∈ Rn} > 1, p+ := ess sup{p(x) : x ∈ Rn} <∞.

P P0(Rn)´d¤k÷v 0 < p− ≤ p+ < ∞��ÿ¼ê p(x) : Rn → (0,∞)�¤�8Ü. P1(Rn)

´d¤k÷v 1 ≤ p− ≤ p+ < ∞� p(x) : Rn → (0,∞)�¤�8Ü. � 1 < p(x) < ∞, P p′(x)�
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p(x)�éó�I, = p′(x) = p(x)
p(x)−1

.

XJ�3�ÿ¼ê p(·) ∈ P(Rn), ÷v

|p(x)− p(y)| ≤ −C
ln(|x− y|)

, |x− y| ≤ 1

2
, (1.6)

|p(x)− p(y)| ≤ C

ln(|x|+ e)
, |y| ≥ |x|, (1.7)

K¡ p(·) ∈ B(Rn). e p(·) ∈ P(Rn), K p(·) ∈ B(Rn) ��=� p′(·) ∈ B(Rn), �©z [10].

½½½ÂÂÂ 1 [3] � p(x) ∈ P(Rn), C�I Lebesgue�m Lp(·)(Rn) ½Â�

Lp(·)(Rn) :=
{
f ´�ÿ¼ê :é,�~ê λ > 0,k

∫
Rn

(
| f(x) |
λ

)p(x)

dx <∞
}
.

��D�Xe� Luxemburg-Nakano�ê�, Lp(·)(Rn) ´�� Banach ¼ê�m

‖f‖Lp(·)(Rn) = inf
{
λ > 0 :

∫
Rn

(
| f(x) |
λ

)p(x)

dx ≤ 1
}
.

w,, � p(·) �~ê�, K Lp(·)(Rn) = Lp(Rn) ´²;� Lebesgue�m.

ÛÜC�I Lebesgue�m L
p(·)
loc (Rn) ½Â�

L
p(·)
loc (Rn) := {f : fχE ∈ Lp(·)(Rn), E ´ Rn�?¿;f8}.

½½½ÂÂÂ 2 [6] � λ(·) : Rn → (0, n) ´���ÿ¼ê, p(·) ∈ P(Rn). C�I Morrey �m

Lp(·),λ(·)(Rn) ½Â�

Lp(·),λ(·)(Rn) = {f : ‖f‖Lp(·),λ(·)(Rn) = sup
x∈Rn,r>0

r−
λ(x)
p(x) ‖χB(x,r)f‖Lp(·)(Rn) <∞}.

N´w�, XJ p(·), λ(·) þ�~ê, K Lp(·),λ(·)(Rn) = Lp,λ(Rn) ´²;�Morrey�m, ¿�d

�Morrey�m�w� Lebesgue�m�í2(ë�©z [13]).

3�©¥, u(x, r), u1(x, r) Ú u2(x, r) ´ Rn × (0,∞) þ��K�ÿ¼ê. ¿� u(r), u1(r) Ú

u2(r) ´ (0,∞) þ��K�ÿ¼ê.

½½½ÂÂÂ 3 [18, 19] � p(·) ∈ P1(Rn), u(x, r) : Rn × (0,∞) → (0,∞). 2ÂC�I Morrey�m

Mp(·),u(Rn) ½Â�

Mp(·),u(Rn) = {f ∈ Lp(·)loc (Rn) : ‖f‖Mp(·),u(Rn) = sup
x∈Rn,r>0

1

u(x, r)rθp(x,r)
‖χB(x,r)f‖Lp(·)(Rn) <∞},

Ù¥ θp(x, r) =

{
n
p(x)

, r ≤ 1,
n

p(∞)
, r ≥ 1,

p(∞) = limx→∞ p(x).
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555 1 �â½Â 1.2, XJ u(x, r) = r−θp(x,r)+
λ(x)
p(x) , KkMp(·),u(Rn) = Lp(·),λ(·)(Rn). XJ

u(x, r) = r
λ−n
p(x) , � 0 < λ < n, KMp(·),u(Rn) = Lp(·),λ(Rn) ´d Almeida � [14]½Â�C�I

Morrey�m. e u(x, r) = r−θp(x,r), KMp(·),u(Rn) = Lp(·)(Rn). d	, ·�AT5¿�, �©�Ñ

�Mp(·),u(Rn) �m�©z [14–17,20]¥¤½Â�C�IMorrey�m´k¤ØÓ�.

�
y²�©�Ì�(J, ·�I�0�e¡����Ø�ª(�©z [18]). éu?¿�

x ∈ Rn, p(·) ∈ B(Rn), K�3��~ê C > 0, ¦�

‖χB(x,r)(·)‖Lp(·)(Rn) ≤ Crθp(x,r). (1.8)

½½½ÂÂÂ 4 [21] C�I BMOp(·)(Rn) �m½Â�

BMOp(·)(Rn) = {f ∈ L1
loc(Rn) : ‖f‖BMOp(·)(Rn) = sup

x∈Rn,r>0

‖(f − fB(x,r))χB(x,r)‖Lp(·)(Rn)

‖χB(x,r)‖Lp(·)(Rn)

<∞}.

555 2 � p(·) ∈ B(Rn), K�ê ‖ · ‖BMOp(·) Ú ‖ · ‖∗ ´�p�d�(�©z [21]).

���©©©���ÌÌÌ���(((JJJXXXeee.

½½½nnn 1 � Ω ÷v (1.1) Ú (1.3), p(·) ∈ B(Rn). e u1 Ú u2 ÷v^�∫ ∞
r

ess infs<t<∞ u1(x, t)tθp(x,t)

sθp(x,s)

ds

s
≤ C0u2(x, r), (1.9)

Ù¥ C0 ´Ø�6u x Ú r �~ê. K µΩ ´lMp(·),u1(Rn) �Mp(·),u2(Rn)þk.�.

½½½nnn 2 � Ω ÷v (1.1) Ú (1.3), p(·) ∈ B(Rn), ~b ∈ BMOm(Rn). e u1 Ú u2 ÷v^�∫ ∞
r

(
1 + ln

s

r

)m ess infs<t<∞ u1(x, t)tθp(x,t)

sθp(x,s)

ds

s
≤ C0u2(x, r), (1.10)

Ù¥ C0 ´Ø�6u x Ú r �~ê. K µΩ,~b ´lMp(·),u1(Rn) �Mp(·),u2(Rn)þk.�.

AO/, � bi = b, m = 1 �, d½n 2, ·�ke¡�(J.

íííØØØ 1 � [b, µΩ]d (1.4)¤½Â, Ω ÷v (1.1) Ú (1.3), p(·) ∈ B(Rn), b ∈ BMO. e u1 Ú u2

÷v^� ∫ ∞
r

(
1 + ln

s

r

) ess infs<t<∞ u1(x, t)tθp(x,t)

sθp(x,s)

ds

s
≤ C0u2(x, r), (1.11)

Ù¥ C0 ´Ø�6u x Ú r �~ê. K [b, µΩ] ´lMp(·),u1(Rn) �Mp(·),u2(Rn)þk.�.

2. ½n�y²

�
y²Ì�½n, ·�I�±e�Ún.
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ÚÚÚnnn 2.1(222ÂÂÂ HölderØØØ���ªªª) [6] � p(·) ∈ P(Rn),e f ∈ Lp(·)(Rn), g ∈ Lp′(·)(Rn), K fg

3 Rnþ�È, �k ∫
Rn
|f(x)g(x)|dx ≤ rp‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn),

Ù¥ rp = 1 + 1
p−
− 1

p+
.

ÚÚÚnnn 2.2 [7] � p(·) ∈ B(Rn), K�3��~ê C > 0, ¦�é Rn¥¤k�¥ BÚ¤k��ÿ

f8 S ⊂ B, Ñk

‖χB‖Lp(·)(Rn)

‖χS‖Lp(·)(Rn)

≤ C |B|
|S|

,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C
(
|S|
|B|

)δ1
,

‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

≤ C
(
|S|
|B|

)δ2
,

Ù¥ δ1, δ2´~ê�k 0 < δ1, δ2 < 1.

ÚÚÚnnn 2.3 [10] � p(·), pi(·) ∈ P0(Rn), i = 1, 2, . . . ,m, ÷v 1/p(·) = 1/p1(·) + · · · + 1/pm(·).
@o� fi ∈ Lpi(·)(Rn), k ∥∥∥∥∥

m∏
i=1

fi

∥∥∥∥∥
Lp(·)(Rn)

≤ C
m∏
i=1

‖fi‖Lp(·)(Rn) .

ÚÚÚnnn 2.4 [22] � f ´ E þ�¢��K�ÿ¼ê, Kk(
ess inf

x∈E
f(x)

)−1

= ess sup
x∈E

1

f(x)
.

�½���¼ê $, ·�Äk0�±e�üa\� Hardy�f.

H$g(t) :=

∫ ∞
t

g(s)$(s)ds, t ∈ (0,∞),

H?
$g(t) :=

∫ ∞
t

(
1 + ln

s

t

)m
g(s)$(s)ds, t ∈ (0,∞).

ÚÚÚnnn 2.5 [23] � v1, v2 Ú $ ´ (0,∞) þ��¼ê, v1(t) 3�:�	´k.�. éu,�~ê

C > 0 Ú (0,∞) þ�¤k�K, �O¼ê g, eãØ�ª

sup
t>0

v2(t)H$g(t) ≤ C sup
t>0

v1(t)g(t)
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¤á��=�

sup
t>0

v2(t)

∫ ∞
t

$(s)ds

sups<σ<∞ v1(σ)
<∞.

ÚÚÚnnn 2.6 [19, 24] � v1, v2 Ú $ ´ (0,∞) þ��¼ê, v1(t) 3�:�	´k.�. éu,�

~ê C > 0 Ú (0,∞) þ�¤k�K, �O¼ê g, eãØ�ª

sup
t>0

v2(t)H?
$g(t) ≤ C sup

t>0
v1(t)g(t)

¤á��=�

sup
t>0

v2(t)

∫ ∞
t

(
1 + ln

s

t

)m $(s)ds

sups<σ<∞ v1(σ)
<∞.

ÚÚÚnnn 2.7 [24] � b ∈ BMO(Rn), K�3��~ê C > 0, ¦�

|bB(x,r) − bB(x,s)| ≤ C‖b‖∗ln
s

t
, 0 < 2r < s,

Ù¥ C ´Ø�6u b, x, r Ú s.

ÚÚÚnnn 2.8 [15] � Ω ÷v (1.1) Ú (1.3), p(·) ∈ B(Rn). K�3��~ê C > 0, ¦�

‖µΩ(f)‖Lp(·)(Rn) ≤ C‖f‖Lp(·)(Rn).

ÚÚÚnnn 2.9 [10] � Ω ∈ Lipα(Sn−1) (0 < α ≤ 1), p(·) ∈ B(Rn), ~b ∈ BMOm(Rn). K�3��~

ê C > 0, ¦�

‖µΩ,~b(f)‖Lp(·)(Rn) ≤ C‖~b‖∗‖f‖Lp(·)(Rn),

Ù¥ ‖~b‖∗ =
∏m
j=1 ‖bj‖∗.

½½½nnn 1 ���yyy²²² � p(·) ∈ B(Rn). éu?¿� x0 ∈ Rn Ú r > 0, B(x0, r) L«± x0�¥%, r �

�»�¥N. é?¿� f ∈ Lp(·)loc (Rn), r f(x) ©)�

f = f1 + f2, f1 = fχB(x0,2r), f2 = fχB(x0,2r)C , r > 0. (3.1)

?k,

‖χB(x0,r)µΩ(f)‖Lp(·) ≤ ‖χB(x0,r)µΩ(f1)‖Lp(·) + ‖χB(x0,r)µΩ(f2)‖Lp(·) =: E + F.

e¡©O�O E Ú F. éu E, |^ µΩ � (Lp(·), Lp(·)) k.5 (Ún 2.8), k

‖χB(x0,r)µΩ(f1)‖Lp(·) ≤ ‖µΩ(f1)‖Lp(·) ≤ C‖χB(x0,2r)f‖Lp(·) ,

Ù¥~ê C > 0 ´Ø�6u f .
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,��¡, dÚn 2.1, Ún 2.2 Ú (1.8), N´��

‖χB(x0,2r)f‖Lp(·) ≤ C|B(x0, r)|‖χB(x0,2r)f‖Lp(·)
∫ ∞

2r

ds

sn+1

≤ C|B(x0, r)|
∫ ∞

2r

‖χB(x0,s)f‖Lp(·)
ds

sn+1

≤ Crθp(x0,r)‖χB(x0,r)‖Lp′(·)
∫ ∞

2r

‖χB(x0,s)f‖Lp(·)
ds

sn+1

≤ Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)‖χB(x0,s)‖Lp′(·)
ds

sn+1

≤ Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
. (3.2)

Ùg�O F. 5¿�� x ∈ B(x0, r), y ∈ B(x0, 2r)
C , k

1

2
|x0 − y| ≤ |x− y| ≤

3

2
|x0 − y|. (3.3)

Ïd

|µΩ(f2)(x)| ≤

(∫ |x0−y|

0

∣∣∣∣∫
|x−y|≤t

Ω(x− y)

|x− y|n−1
f2(y)dy

∣∣∣∣2 dt

t3

) 1
2

+

(∫ ∞
|x0−y|

∣∣∣∣∫
|x−y|≤t

Ω(x− y)

|x− y|n−1
f2(y)dy

∣∣∣∣2 dt

t3

) 1
2

=: I1 + I2.

éu I1. d (3.3), �� |x− y| ≈ |x0 − y|. (Ü¥�½n, k∣∣∣∣ 1

|x− y|2
− 1

|x0 − y|2

∣∣∣∣ ≤ C |x− x0|
|x− y|3

. (3.4)

5¿� |x− y| ≈ |x0 − y|, dMinkowski’s Ø�ªÚ (3.4), ��

I1 ≤ C

∫
B(x0,2r)C

|Ω(x− y)|
|x− y|n−1

|f(y)|

(∫ |x0−y|

|x−y|

dt

t3

) 1
2

dy

≤ C

∫
B(x0,2r)C

|Ω(x− y)|
|x− y|n−1

|f(y)| |x− x0|1/2

|x− y|3/2
dy

≤ C
1

|x0 − y|1/2

∫
B(x0,2r)C

|Ω(x− y)|
|x0 − y|n

|f(y)|dy.

aq/, ·��Ä I2,

I2 ≤ C

∫
B(x0,2r)C

|Ω(x− y)|
|x− y|n−1

|f(y)|
(∫ ∞
|x0−y|

dt

t3

) 1
2

dy

≤ C

∫
B(x0,2r)C

|Ω(x− y)|
|x0 − y|n

|f(y)|dy.
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Ï� Ω ∈ Lipα(Sn−1) ⊂ L∞(Sn−1), � Ω ´k.�. (Ü I1 Ú I2 ��O, k

|µΩ(f2)(x)| ≤ C

∫
B(x0,2r)C

|Ω(x− y)|
|x0 − y|n

|f(y)|dy

≤ C

∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy.

d Fubini’s ½n, Ún 2.1 Ú (1.8), N´��∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy ≈
∫
B(x0,2r)C

|f(y)|
(∫ ∞
|x0−y|

ds

sn+1

)
dy

≈
∫ ∞

2r

∫
2r≤|x0−y|≤s

|f(y)|dy ds

sn+1

≤ C

∫ ∞
2r

∫
B(x0,s)

|f(y)|dy ds

sn+1

≤ C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
. (3.5)

|^ (1.8) �

‖χB(x0,r)µΩ(f2)‖Lp(·) ≤ C‖χB(x0,r)‖Lp(·)
∫ ∞

2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s

≤ Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

l,

‖χB(x0,r)µΩ(f)‖Lp(·) ≤ C‖χB(x0,2r)f‖Lp(·) + Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s

≤ Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

�

v2(r) = u−1
2 (x0, r), v1(t) = u−1

1 (x0, t)t
−θp(x0,t),

g(s) = ‖χB(x,s)f‖Lp(·) , $(s) = s−1t−θp(x0,s).

dÚn 2.4, ��

1

sups<t<∞ v1(t)
= ess inf

s<t<∞
u1(x, t)tθp(x,t). (3.6)

(Ü (1.9) Ú (3.6), N´��e¡�Ø�ª

sup
r>0

v2(r)

∫ ∞
r

$(s)ds

sups<t<∞ v1(t)
<∞
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´¤á�. ¤±, dÚn 2.5 ��

‖µΩ(f)‖Mp(·),u2 ≤ C sup
x∈Rn,r>0

1

u2(x, r)

∫ ∞
r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s

≤ C sup
x∈Rn,r>0

1

u1(x, r)rθp(x0,r)
‖χB(x,r)f‖Lp(·)

= C‖f‖Mp(·),u1 .

½½½nnn 2 ���yyy²²² Ø���5, ·�=�Äm = 2 ��¹. é?¿� f ∈ Lp(·)loc (Rn), r f(x) ©)

� f = f1 + f2, f1 = fχB(x0,2r), f2 = fχB(x0,2r)C . ?k

‖χB(x0,r)µΩ,~b(f)‖Lp(·) ≤ ‖χB(x0,r)µΩ,~b(f1)‖Lp(·) + ‖χB(x0,r)µΩ,~b(f2)‖Lp(·) . =: G + H.

e¡©O�O G Ú H. éu G, |^ µΩ,~b � (Lp(·), Lp(·)) k.5 (Ún 2.9), k

‖χB(x0,r)µΩ,~b(f1)‖Lp(·) ≤ ‖µΩ,~b(f1)‖Lp(·)

≤ C‖~b‖∗‖χB(x0,2r)f‖Lp(·) ,

Ù¥~ê C > 0 ´Ø�6u f .

éu H. �
�BO�, ^ (bi)B L«¼ê bi, i = 1, 2 3¥N B(x0, r)þ�²þ. Ïdk

µΩ,~b(f2)(x) = (b1(x)− (b1)B)(b2(x)− (b2)B)µΩ(f2)(x)

−(b1(x)− (b1)B)µΩ((b2(·)− (b2)B)(f2))(x)

+(b2(x)− (b2)B)µΩ((b1(·)− (b1)B)(f2))(x)

−µΩ((b1(·)− (b1)B)(b2(·)− (b2)B)(f2))(x).

5¿�� x ∈ B(x0, r), y ∈ B(x0, 2r)
C �, k 1

2
|x0 − y| ≤ |x− y| ≤ 3

2
|x0 − y|. d½n 1 ¥'u

|µΩ(f2)(x)| ��O, ��

|µΩ,~b(f2)(x)| ≤ C|b1(x)− (b1)B||b2(x)− (b2)B|
∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy

+C|b1(x)− (b1)B|
∫
B(x0,2r)C

|b2(y)− (b2)B|
|f(y)|
|x0 − y|n

dy

+C|b2(x)− (b2)B|
∫
B(x0,2r)C

|b1(y)− (b1)B|
|f(y)|
|x0 − y|n

dy

+C

∫
B(x0,2r)C

|b1(y)− (b1)B||b2(y)− (b2)B|
|f(y)|
|x0 − y|n

dy.

DOI: 10.12677/pm.2022.126111 1020 nØêÆ

https://doi.org/10.12677/pm.2022.126111


¤+�

u´, ·�k

‖χB(x0,r)µΩ,~b(f2)‖Lp(·)

≤ C

∥∥∥∥∥
2∏
i=1

bi(·)− (bi)BχB(x0,r)

∥∥∥∥∥
Lp(·)

∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy

+C‖b1(·)− (b1)BχB(x0,r)‖Lp(·)
∫
B(x0,2r)C

|b2(y)− (b2)B|
|f(y)|
|x0 − y|n

dy

+C‖b2(·)− (b2)BχB(x0,r)‖Lp(·)
∫
B(x0,2r)C

|b1(y)− (b1)B|
|f(y)|
|x0 − y|n

dy

+C‖χB(x0,r)‖Lp(·)
∫
B(x0,2r)C

2∏
i=1

|bi(y)− (bi)B|
|f(y)|
|x0 − y|n

dy

:= H1 + H2 + H3 + H4.

éu H1, 5¿� p(·) ∈ B(Rn), |^Ún 2.3, k

H1 ≤ C
2∏
i=1

∥∥bi(·)− (bi)BχB(x0,r)

∥∥
L2p(·)

∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy.

d5 2, (1.8) Ú (3.5), ��

H1 ≤ C‖~b‖∗‖χB(x0,r)‖2L2p(·)

∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy

≤ C‖~b‖∗rθp(x0,r)

∫
B(x0,2r)C

|f(y)|
|x0 − y|n

dy

≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s

éu H2, aqu (3.5), k

H2 ≤ C‖b1‖∗rθp(x0,r)

∫
B(x0,2r)C

|b2(y)− (b2)B|
|f(y)|
|x0 − y|n

dy

≤ C‖b1‖∗rθp(x0,r)

∫
B(x0,2r)C

|b2(y)− (b2)B||f(y)|
(∫ ∞
|x0−y|

ds

sn+1

)
dy

≤ C‖b1‖∗rθp(x0,r)

∫ ∞
2r

∫
B(x0,s)

|b2(y)− (b2)B||f(y)|dy ds

sn+1
.
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¯¢þ, d5 2, Ún 2.7, ��

‖b2(·)− (b2)BχB(x0,s)‖Lp′(·) ≤ C‖b2(·)− (b2)B(x0,s)‖Lp′(·)(B(x0,s))

+C‖(b2)B(x0,s) − (b2)B‖Lp′(·)(B(x0,s))

≤ C‖b2‖∗‖χB(x0,s)‖Lp′(·)
(

1 + ln
s

r

)
. (3.7)

dÚn 2.1, 5 2 Ú (3.7), N´��

H2 ≤ C‖b1‖∗rθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)‖b2(·)− (b2)BχB(x0,s)‖Lp′(·)
ds

sn+1

≤ C
2∏
i=1

‖bi‖∗rθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)‖χB(x0,s)‖Lp′(·)
(

1 + ln
s

r

) ds

sn+1

≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

(
1 + ln

s

r

)
‖χB(x0,s)f‖Lp(·)t−θp(x0,s)

ds

sn+1
.

éu H3, A^�þã�O�Ó�?Ø�{, ��

H3 ≤ C‖b2‖∗rθp(x0,r)

∫
B(x0,2r)C

|b1(y)− (b1)B|
|f(y)|
|x0 − y|n

dy

≤ C‖b2‖∗rθp(x0,r)

∫ ∞
2r

∫
B(x0,s)

|b1(y)− (b1)B||f(y)|dy ds

sn+1

≤ C‖b2‖∗rθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)‖b1(·)− (b1)BχB(x0,s)‖Lp′(·)
ds

sn+1

≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

(
1 + ln

s

r

)
‖χB(x0,s)f‖Lp(·)t−θp(x0,s)

ds

sn+1
.

��·��O H4. d (1.8) ÚÚn 2.1, � (3.5) aq, ��

H4 ≤ Crθp(x0,r)

∫
B(x0,2r)C

2∏
i=1

|bi(y)− (bi)B|
|f(y)|
|x0 − y|n

dy

≤ Crθp(x0,r)

∫
B(x0,2r)C

2∏
i=1

|bi(y)− (bi)B||f(y)|
(∫ ∞
|x0−y|

ds

sn+1

)
dy

≤ Crθp(x0,r)

∫ ∞
2r

∫
B(x0,s)

2∏
i=1

|bi(y)− (bi)B||f(y)|dy ds

sn+1

≤ Crθp(x0,r)

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)

∥∥∥∥∥
2∏
i=1

|bi(·)− (bi)B|χB(x0,s)

∥∥∥∥∥
Lp′(·)

ds

sn+1
.
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dÚn 2.3, Ún 2.7 Ú5 2, k

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)

∥∥∥∥∥
2∏
i=1

|bi(·)− (bi)B|χB(x0,s)

∥∥∥∥∥
Lp′(·)

ds

sn+1

≤ C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)

∥∥∥∥∥
2∏
i=1

|bi(·)− (bi)B(x0,s)|χB(x0,s)

∥∥∥∥∥
Lp′(·)

ds

sn+1

+C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·) |(b1)B(x0,s) − (b1)B|‖b2(·)− (b2)B(x0,s)χB(x0,s)‖Lp′(·)
ds

sn+1

+C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·) |(b2)B(x0,s) − (b2)B|‖b1(·)− (b1)B(x0,s)χB(x0,s)‖Lp′(·)
ds

sn+1

+C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)

∥∥∥∥∥
2∏
i=1

|(bi)B(x0,s) − (bi)B|χB(x0,s)

∥∥∥∥∥
Lp′(·)

ds

sn+1

≤ C

∫ ∞
2r

‖χB(x0,s)f‖Lp(·)
2∏
i=1

∥∥bi(·)− (bi)B(x0,s)χB(x0,s)

∥∥
L2p′(·)

ds

sn+1

+C‖b1‖∗‖b2‖∗
∫ ∞

2r

ln
s

r
‖χB(x0,s)f‖Lp(·)‖χB(x0,s)‖Lp′(·)

ds

sn+1

+C

∫ ∞
2r

2∏
i=1

|(bi)B(x0,s) − (bi)B|‖χB(x0,s)f‖Lp(·)‖χB(x0,s)‖Lp′(·)
ds

sn+1

≤ C‖~b‖∗
∫ ∞

2r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)‖χB(x0,s)‖Lp′(·)
ds

sn+1

≤ C‖~b‖∗
∫ ∞

2r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

u´

H4 ≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

(Ü H1–H4 ��O, ��

‖χB(x0,r)µΩ,~b(f2)‖Lp(·) ≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

Ïd, d (3.2)��

‖χB(x0,r)µΩ,~b(f)‖Lp(·) ≤ C‖~b‖∗rθp(x0,r)

∫ ∞
2r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s
.

Ón�

v2(r) = u−1
2 (x0, r), v1(t) = u−1

1 (x0, t)t
−θp(x0,t),

g(s) = ‖χB(x,s)f‖Lp(·) , $(s) = s−1s−θp(x0,s).

DOI: 10.12677/pm.2022.126111 1023 nØêÆ

https://doi.org/10.12677/pm.2022.126111


¤+�

Ïd, dÚn 2.6, ��

‖µΩ,~b(f)‖Mp(·),u2 ≤ C‖~b‖∗ sup
x∈Rn,r>0

1

u2(x, r)

∫ ∞
r

(
1 + ln

s

r

)2

‖χB(x0,s)f‖Lp(·)t−θp(x0,s)
ds

s

≤ C‖~b‖∗ sup
x∈Rn,r>0

1

u1(x, r)rθp(x0,r)
‖χB(x,r)f‖Lp(·)

= C‖~b‖∗‖f‖Mp(·),u1 .
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