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Abstract

With the help of the boundedness of the Lebesgue space with variable exponent,
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by applying hierarchical decomposition of function and real variable techniques, the
boundedness of Marcinkiewicz integral and its multilinear commutator generated by

BMO function is obtained on generalized variable exponent Morrey spaces.
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1. SIS REEER
W Q2R LIRS IR R H 2 R %A
/ Q(z')do(z") =0, (1.1)
S7L71

e, §not RIR R (n > 2) AR, do(2') 9 .S™" R Lebesgue M, 2/ = %5, « #0.
Marcinkiewicz FR3 5+ uo HIE AN

» 2\
po(f) ( ’/Ix et |$7 |n lf(y)dy t3> . (1.2)

1958 4F, Stein [1]E K5I AN T JEW (1.2) 1) & 4 Marcinkiewicz #1435+, R UEH 74 Q
HEH Q € Lip,(S™™) (0 < a < 1) B, uo 2 (p,p) B (1 <p <2) M55 (1,1) 8. XH
Q € Lip,(S"1) (0 < a < 1) BIRAFAAE—NHE C > 0, 15

|Q(.’E1) - Q(JJZ)‘ S C|.%'1 - .CL'2|a, Vl’l, To € Sn_l. (13)

1962 %, Benedek %5 [2[iEB] T4 Q € CY(S"7Y), 1 < p < oo W, puq &2 (p,p) BHI. 2014 4,
Wang [3]#3 2] T Marcinkiewicz 3 7351 f HAZ e 7 7E B F8F5 Herz 25 [H] KL‘;‘((_'))”’(R") A R
20184, FARMEAPGNCT [4]15 8] T L EAZ 1 Marcinkiewicz #1705 F7EZ fEbx Herz ! Hardy %
8] A . TSRk, B £ kT Marcinkiewicz FR 0 H 1 M LA T A AL R, 773 L
R [5-7).
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B bR P AR i EL, U BMO (573l ) o 802 18] 1 52 L~

1
BMO(R") := {b € L, .(R") : ||b]|. = sup Bl /B |b(x) — bp|dz < oo},

BCR™

Hob, b = & [y b(y)dy. M g 0 b 25 BRAGZE 5 U
[b, nal(f)(x) := bua(f)(z) — pa(bf)(x). (1.4)

#meN, b= (b,bs,...,bn) € BMO™R"), Bl b; € BMO(R"), i = 1,2, ..., m. 25| Pérez fl
Trujillo-Gonzélez [8]5% T 2 &M AT S A &, FoAi1E X Marcinkiewicz F4 8111 2 261 58

SS8 )
to () (2) = (/ooo ;f) . (1.5)

BERLH, MBI b, = b, m = 1, WA jig 5(F) () = [b, o] (F)(2).

2008 4F, Zhang [IIEW T M w € Ay B, pg 5 BB LY (1 < p < oo) A FH1E, FHAFE—Fina
559 L(logL) A&, 2019 4, Wang 1 Shu [10] 3843 T Marcinkiewicz #5351 ¥ 2 2 P8 ¥ 1 7E
AZFaH5 Lebesgue 75 [0 A1 Herz 5425 0] LA S

A% Fi b R B0 ) FE IR AR B 70 2, G AL 3R AT s A 3G K 2% 1 10 o0 T R A AU A T
2R H(Z WOCHR [11-13)). Dy 5 W 78 = B 406 [ 0 ok 23 75 72 1O e 1) Jmy BB AT D S FE L, A R
Morrey [13]$2H T —Fh &% 210 £LPAR™) (1 < p < 00,0 < A < n), BELEMIEFI LM Morrey 75
). LR, P2 AEEHET 748 Morrey ¥ [0, 188 7 ARJE R PIZIEFF Morrey 7% 8 3 H 3R
37 ZZ M T RIS T IR FPE4E AL 2008 47, Almeida %5 [1A]UEB T B K5 7 A4 35 5
TAEAFEAR Morrey 75 [8] B A FE. 2016 4, Mg X A2 85 B8 [15]8237 | Marcinkiewicz F53 &
HAZ e+ 1EZH8HF Morrey 2510 FBA Y. Ho [16)45 H T 50 BUR AR 4 fdr w0 B 12 L 18 A5
Morrey 2% [0 A5 G178 70 264, S IFEIBHE R [17)15 2 70 BUR A 70 H £ F5 A% Morrey 75 [A]
I ES R . BT, Guliyev 5 [18JIERH T w B Calderén-Zygmund H 1 R H 2 A2 #7176
X AFF kR Morrey 75 [B] MPO(R™) LA S, 52 FIRTF RS R0 E K, A FEEH 125
Marcinkiewicz F143Fl BMO %4 B 2 RS F1E) U TR AR Morrey 7% (5] MPO-(R™) _E 1)
A FHE. i, FRATE S BB ) sE XL

SHEE © € R Flr > 0, Bz, r) Fabh o oty r REEERIE. Bz, r)C #75 B(z,r) ]
RE. H xp F78 B C R WHFHIEREL, |B| 38 Lebesgue M. f ~ g RIGFEFEE C,Cy > 0,
3 Cig < f < Cyg. AP C A IEFAL, FEA R rT AN R FIE.

M P(R™) R R™ LA L T AR AT p(x) : R™ — [1,00) HRIIES

/| et H(bi(x) —bi(y)) g(_xy_'ny_)l fy)dy

p~ i=essinf{p(x) :x € R"} > 1, p" :=esssup{p(x) : z € R"} < 0.

1t Po(R™) RHFTAEWHA 0 < p~ < pt < oo FAIIEKEL p(z) : R — (0,00) W KIIEES. PL(R™)
RHTAWA 1 <p <pt <oo I p(x): R" — (0,00) HWAES. 1 < p(z) < oo, Il p'(x) A
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p(z) IAHEIERE, B p/ () = 22

 op(z)-1°

WRATAE AT TN BR AL p(-) € P(R™), i

- 1
S P N T — ?J S al (16)
TS

Ip(z) — p(y)| < (e +¢)’ ly| > |z, (1.7)
AR p(-) € BR™). 2 p(-) € P(R™), M p(-) € B(R™) H{HALY p'(-) € B(R™), Wik [10].
EX1[3] ¥ p(x) e P(R"), b Lebesgue 21 L0 (R™) 52 LK

p(z)
o) = { e et o > ot [ (1) g <o),

P T W R Y Luxemburg-Nakano yu%gif, LPC)(R™) j&—/> Banach pR%ZS[A]

T p(z)
|f|Lp(»)(]Rn):il'lf{)\>Ol/R <|f()\) |> dxgl}.

AR, M p(-) NEES, W LPO(R™) = LP(R™) &4 8L Lebesgue % [A].
Ja i A fE AR Lebesgue 75 [H] Lp(')(R") E SN

loc

LX) (R™) = {f : fxp € LPORY), E & R" MRS T}

EX 206 BAC) : R" — (0,n) 2K, p(-) € PR"). ZFEHS Morrey 7 [A]
LPOAO (R 52 Ly

LPOXINR™) = {f : || fllorrcr gy = Sup r_%||XB(z,r)f||Lp(->(Rn) < 00},
xz€R™ r>0

BHEE], WHE p(), M) BAEL, W LPOAO(RY) = LPANR™) &L Morrey 25 [0, I Hk
i Morrey 75 [A]A] BAE Lebesgue 2 [A] (2 WLSCHR [13]).

FEARIN, u(z,r), ui(z,r) Mlug(e,r) & R" x (0,00) LRAEATTIEE. I H w(r), ui(r) M
ua(r) 72 (0,00) EIRFES AT R %L

EX 3[18,19] ¥ p() € Pr(R™), u(z,7) : R* x (0,00) — (0,00). " XA Hx Morrey 4% ]
Mp(~)7u(Rn) E XN

1
p(-),u My () (pny . _ e
MPORRT) = {f € Lot RY) = I by = sup ooy X n Fllro @ < o),
=, r<l1, )
H 0,(x,7r) = p(i) p(00) = lim, o p(x).
e T2 1
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A(z)

FE1OREE X 12, MR uz,r) = r @00 W MPOR?Y) = LPOM(R?), I F
u(z,r) = rp@, B0 < A< n, N MPOMRY) = LPOMNR™) & Almeida 25 [14])5% A F AR
Morrey 28], 25 u(x,r) = v~ %@ ] MPOw(R™) = LPO(R™). HAh, ATBZIFER D], A LA H
(1) MPOw(R™) 28 [A] 55Tk [14-17, 20] 941 BT XA Fe bR Morrey 23 (B2 T AR,

NV IEHAS FELE R, RATTFEN AT — D EZAEX(NSCER [18]). A T4E S
r € R™, p(-) € B(R"), WAfEE—NHEE C > 0, 115

||XB(9:,7‘)(')||LP(-)(R”) S Crep(:r,r). (18)

ENX 4[21] B BMO,(R") = HE A

n n ||(f - fB(fc,r))XB(m,r)HLP(-)(]RH)
BMO,)(R") = {f € Lipc(R") : || fllBMO, (, () =  sup < oo}
z€R™ r>0 HXB(;C,T)HLP(-)(RH)

E2 B p() € BER™), WG| - loao,, A |- [l AT G (ST [21]).
AXMEBERUT.

EM 1 QWL (1.1) A1 (1.3), p(-) € BR™). #F uy M uy i £ 56 AF

> essinf,crco w (2, )t d
/ essin <t<sapz:1,£)$ ) §§COU2<$7T)5 (1.9)

He Co —AKIT = A r FEEL T pg &N MPOu (R B MPOuz(RY) B4 5.
FE2 % QWL (1.1) M (1.3), p(-) € B(R"), b € BMO™(R"). % uy Fl uy W 251

o0 m inf, o )02 (1)
(1 + lnf) ess infscicoo (@, 1) &< Cous(z,7), (1.10)
r r Sep(x,s) S

Hob €y RARRBT 2 B r B I g 5 R MPO (R ] AP0 (RR)_FA7 5L,
KRR, b, = b,om = 1 I, BT 2, RATH AL

HEIE 1 Wb, o] B (1.4) FTE X, Q2 (1.1) 1 (1.3), p(-) € B(R™), b € BMO. #F u; il uy
T e A

> infycscoo ur (2, )% (@0 d
/ <1+1n§> essin <t<36pzil,£)$ ) ?SSCOUQ(x,T), (1.11)

Hrr Co RAMKIT o A1 BIBEL N [b, po) M MPOw(R) ) MPOu2(R™) A 5.

2. EIEAVIERA

N TR R ESE B, AT ZE LT A5 2L
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SIS

5138 2.1(J" X Holder F’FR) [6] W p(-) € P(R?), # f € LPO(R™), g € L O(R™), N fg
fER™ BRI, HA

|f(z)g(z)|dz < TPHfHLP(')(]R")||g||LP'('>(]R")7
RTL

Herr, =1+ L - L.
SI38 2.2 (7] % p(-) € BR™), MAFLE—DNHEE C > 0, 15X R F A IER B AT 1] i)
T8 S CB, #A

Ixsllro@ 1Bl

Ixslleor@ny —  IS]’

01
x5l re) ) <C’<|S|> ’

IxsllLro)@ny — |B]

/(. n 92
HXSHLP()(]R ) <cC <|S|> ’
IXBl Lo @y B

Hrp 01,02 EHHEHAO < 01,00 < 1.

a2 fi e LPORY), f

11
=1

5132 2.4 22] W f & E ERSHEIEST AT KL, WA

< CTT il prorgan, -
=1

Lp(-)(]Rn)

-1
. 1
(ess ;1612 f(x)) = ess ilelg )

25— IR o, FATE A AL T BRI Hardy 557

H,g(t) == /too g(s)w(s)ds, t e (0,00),

Hrg(t) == /too (1 + 1n§)mg(s)w<s)ds, t € (0, 00).

SIER 2.5 [23] & vy, vs Bl @ 2 (0,00) LIRS, vy (1) FEBSZ AN T X T A%
C >0 1 (0,00) FHIFFE G, EMEE g, FRA%R

sup va(t) Huog () < C supi (H)g(t)
t>0 t>0
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HAL 2 HAX
o w(s)ds
supvg(t)/ — < 0.

t>0 SUDP, < o0 U1(0)

3188 2.6 [19, 24] B vy, 00 M ww 2 (0, 00) ERRLEREL vy () (IR ZAMEA R, X FHA
HH O > 0 1 (0,00) LIFTAAES, B g, PR A%

supve(t)HZg(t) < C'supwvi(t)g(t)

t>0 t>0

JAT 2 H AN

SUPU2('5)/ (1 + lng)m ﬂ < 00.
¢

t>0 SUD, g oo U1(0)

I 2.7 [24] % be BMO(R"), WAFE—AHE C > 0, 14
6Bz, — DB(a,s)] < C||b||*ln§, 0<2r<s,

Hep ¢ —RAKIGRT b, x,r A s.
SIF 2.8 [15] B QWAL (1.1) F1(1.3), p(-) € B(R™). WAFE—NHEE C > 0, 1§13

e (P)llzee @ny < ClF Lo @n)-

SI# 2.9 [10] # Q € Lip, (5" 1) (0 < a < 1), p(-) € B(R"), b € BMO™(R"). MAELE—AN ¥
O > o, i1
b0 5 (Ol Lre@ny < ClOIN FllLro @nys

e [bl = T 1165

EIE 1 BERA % p(-) € BR"). WTAEEM 20 € R™ Flr > 0, B(xg,r) Fawbh xo N0, r AN
LARHIERIE. SMEE £ e PO R, 48 f(z) 4MFHA

f=rh+f fi = XB@o2r), f2= [XBe2ne, 7>0. (3.1)
BETA,
IXBG@o.ry ()l Lre) < [IXB@omta(f)llLrer + IXB@or e (f2)lre = E+F.
THE R E M FE. T E, I po B (LPO, LPO) H 54 (512 2.8), H

HXB(IU,T)NQ(fl)HLP(‘) < ||.Uﬂ(f1)||m<~> < CHXB(:I:O,Qr)fHLP(‘)a

HE8 C > 0 BRAKBT f.
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i Jim, H5IE 2.1, 512 2.2 M1 (1.8), HHEE

> ds

C|B(0, )l XB (o2 F | £ /2 st

> ds
1B )| [ It flro s

N

HXB(aco,Qr)f”Lp(-) >

IN

IN

To,T ~ d
C'y» (o, )||XB(zo,r)||Lp’<'> /QT HXB(IO,S)fHLP(‘)Snﬁ

xo,T > dS
< €D [ e flioo [atano a0
2r

S

+
< opteteon [ 6, (z0,) I8
> r ||XB(z0,S)f||LP('>t 5 (3.2)
2r
HIAGTHF. FEEEY 2 € B(xo,r), y € B(xo,2r)¢, A
1 3
slro—yl < lz =yl < Slzo —yl. (3.3)
(Al 1k
|zo—y| Q(l‘—y) 2 dt 3
pa(f2)(z)] < / / —— fo(y)dy| —
Ipa(72) (&) <0 R
> Qz—y) AN
+ / / ——fo(y)dy =1, + 1.
( BV R e e e L
F 1. H(3.3), AT | —y| = |z —y|. SEEPEEHE, 7
1 1 |z — 0
— . 3.4
Ty Teo—oE| = Clo=uP 34
EEE |z — y| = |ro — y|, H Minkowski’s ANZE A (3.4), AT1R
0 |zo—yl dt %
L o< B[ %) @
B(zo,2r)¢ |J" - | |lz—y]| 13
[z —y)| |z —@['/?
< C fly dy
B(z0,2r)¢ |I‘ - y|n—1 | )| |Q? - |3/2
1 12z —y)|
e )
lzo — y|'/2 B(zo,2r)C |z — y|™ W)y
FAehtth, FATEE 1,
o (%)
I, < C/ f — | dy
? (zo, 2r)c y‘n 1| ( )| |zo—y| t3
<cf ————%v@mm
(z0,2r)C |$0 y|
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KN Q € Lip, (S"~1) € L(S" 1), #lQ RAEFH. 46 L MI, Wit A

na(f)(@) < C e =9l 1y
B(x0,2r)C |zo — ¥l
<o HO

B(zo,2r)¢ |$0 - y|n

i Fubini’s ¥, 5/# 2.1 A1 (1.8), A& 153

< ds
/ 7|f(y)|ndy ~ / |f(y)] (/ n+1> dy
B(z0,2r)¢ |'T0 - y| B(z0,2r)¢ |zo—y| S
~ )y
ér Lr<|w0 —y|<s sntt

ds
< C
o / / (zo, s) | y5n+1
—0,(z0,s) ds
< C HXB(:co,s)fHLP(')t P02 — (3.5)
2r S
I (1.8) 74
> 0, (wo,s)d
IXB@o. o (f)llrer < ClXBor Lo X B(zo.5) fllLrert™ .
2r
e ds
S Crap(zo,'r)/ HXB(wms)f”Lp(-)tiep(mo’s)?.
2r
MM,
0p(x0,7) 00 —0p(x0,s) ds
IXBo.pe(f)llre < ClXB@o2r fllee) + Crovtee IXB (o5 f | Loyt ™77 ~
2r
> —60,(xo,s ds
< Crop(wo’r)/ ”XB(xo,s)fHLP(-)t 05 (o, )?
2r
154
va (1) = uy H(zo,7), vi(t) = ul_l(xo,t)t_ep(””“t),
9(s) = IXBs fllser, @(s)= st 0o,
5 # 2.4, A715
S =ess inf ul(x,t)tep(””’t). (3.6)
SUD, <00 V1(t) s<t<00

& (1.9) A1 (3.6), & 5432 T 1) ASER

sup ’UQ T < 00
r>0 ) Sups<t<oo U1 (t)

=
&
8k
4
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RO, BTk, g B 2.5 n13

> _ o ds
[pa(Allpmeerws < € sup / X B(zo.5) flI Lot ap(xw)?

weRn,r>0 Uz (2, 7)

1
< C s - - ,
< xe;}}gw u (z, T)Tep(xo,r) ||XB(m,r)f||Lp( )

Cll £l ppr. -

EE 2 B9IERR AR, BAULEIE m = 2 Mt B, SHMEEM £ e LPO(R™), 48 f(x) 40
Nf=fi+fo, fi = [XBao2r)s f2 = [XBo2rc. BEMA

X B0 ba s (Fleer < IXB@om oz (f)llLee + IXB@orba 5 (f2)lLper - =1 G + H.

FHEAHET G AH. X T G, M pg g 8 (Lr0, LrO) F 5 (515 2.9), &

IN

||XB(IUW)MQ)Z_;(f1>||LP(') ||:uQ,l;(f1)||LP(‘)

IN

CHbH*||XB(Z'0,2T)fHLP(')7

HA w8 C > 0 RAMKET f.
ST H. AT ENS, B (b)) p RoREEL b, i = 1,2 TEERIK B(xo,r) LTI, LA
o (f2)(@) = (bi(x) = (b1)B)(b2(z) — (b2) B)a(f2)(x)
— (b1 () = (b1) ) pa((b2() = (b2) B)(f2)) (%)
+(b2(2) = (b2) B) e ((b1() = (b1)B)(f2)) (%)
—pa((br(-) = (b1) B) (b2(-) — (b2) 8)(f2)) ().

ERF M 2 € B(w,7), y € Blxo,2r)” I, %\1’0 —yl <l|z—y| < %‘Io oyl BIEEL hET
o (f2)(x)] KMt /73

ot B € Cle) = Golite) - Gl [ I
FClbi () — (b1)] Iba(y) — (ba)sl L

B(w,2r)C |$0 y‘

+Clba(z) — (ba) bu() — (6151 L4

B(zg,2r)¢ |LE0 y‘
wo [ ) - Gl - sl
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T, BM1E

||XB(:ro,r)NQj(f2) ||LP('>

2

|f ()l
< C bi(+) — (bi) BXB(zo,r / ————dy
[T60) = @)exe )
b o @
+C[b1(-) — (b1) BXB(zo,r) |l Lr0) b2(y) — (b2) | ————dy
B(z0,2r)¢ |.%' _y|
fy
+OI0) ~ Bo)oxstnlin [ i) - bl 0y
B(z0,2r)¢ |‘T0 - yl
|f(W)l
+C| X B(zo,r p<->/ bi( Bl —m—dy
|| B( )”L B(zo0,21)C H' ||$ y|n
= H1 +H2+H3+H4
ST Hy, FEE p() € B(RY), FIH5I# 2.3, FH
|f ()l
H <C b To,T 2p / = —dy.
1 HH i) BX B(zo, )HL ¢ B(en.20)C 2o — y|" Y

i 2, (1.8) 1 (3.5), Alf5

" W)
Hi < Clllxnon oo / WL,
B(z0,2r)C |0 — yl
< CHbH p(z0, r)/ |f(y)|ndy
B(zo,2r)¢ |$0 - y|
> — x0,8 dS
< Ol [ i ot

2r

T Ho, KEAT (3.5), A

H, < C||bl|*r9p(wo,r)/ |62(y)_(b2)B|Ly)|n
B(w0,2r)C |0 — ¥
»(T0,7) e ds
< Cfballr® [b2(y) = (b2) ] f(y)] 7 ) dy
B(z0,2r)¢ lzo—y| S
ds
< Ol [T ) - Gl @y
2r B(zo,s) S
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St

Hee b, e 2, 518 2.7, A]15

[02() = (b2) BXB(zo.5) [l o'y < Cllba(-) = (b2) Bao.s) |1 (B(20,5))

+C|(b2) B(xo,s) — (b2) Bl Lo ) (B(2o,5))

IN

S
C”bQH*HXB(zo,s)||Lp'(>) (]- + ln;> . (37)

H5IHE 2.1, VE 2 1 (3.7), BHHH

> ds
He < COPolla 0 | oo oo 1620) = (a)xaann oo s
2r
2 > s\ ds
< CH |bi|*T0p(xo,7')/2 ||XB(I07$)f||LP(‘>||XB(zo,s)||Lp/(‘) (1 +1n;) gt
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