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u'(t) — K2u(t) + h() fu®) =0,  0<t<1,
( (P)

ERNBEEMESEYE, HPvRESH, kL > 0,0 € C(0,1],(0,)), f, g € C([0,00), (0,0)).
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Abstract

In this paper, we are concerned with the existence and multiplicity of positive solutions

for second order nonlinear differential equations boundary value problems

u'(t) — K2u(t) + h() f(u®) =0,  0<t<1,
(P)
u(0) =0, v'(1) — g(u(1)) =10,

where b is a positive parameter, &k > 0, a € C([0,1],(0,00)), f,g € C([0,00),(0,00)). When
f and g satisfy the proper conditions, we prove that there exists a positive number
b*, such that (P) has zero, exactly one and at least two positive solutions according
tob>0b"b=0" and 0 < b < b*, respectively. The proof of the main results is based on

topological theory and the method of upper and lower solutions.
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1. 5| S REEL

AR AT AR LA I 2 (0 B o) D R AR ) R

u”(t) — K*u(t) + h(t) f(u(t)) = 0, 0<t<l,
(1)

IEMRRAFAENE R 2 e, bk > 0, bR IESHL, b fH g T 2
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i)
i
pou

(H1) h € [0,1] — (0, 00) f&HELERL, #F FLAE [0,1] AR X ]_L A %,
(H2) £, g : [0,00) — (0, 00) FEHELEERHL;

(H3) fo = lim L& =0, fo = lim £ = o0, gg = lim 2 0,
s—0

s—00 s—0+ S
WTAER, W o3 J7 R P AR ) R AIT 78 32 B AR 2 7 O, JLIE MR AR AEVE 3RAS T
V2 RUFIIAIR [1-8]. o, STHR (1] 38 AR 5 IR 4 AN Sh U8 BRI AE 1 I AR i il

W) +a)fu®) =0,  0<t<l,
(2)

u(0) =u'(1) =0

EARIOAEAENE, IR T 45 3
EE A 1] Rk
(A1) f € €([0,00),[0,00)),
(A2) a € C([0,1], [0, 00)) HAE[0,1] FAEAM T X 8] _EAME NZE,
(43) o= fim 1 = 0, o = Jim 120 =0
JRAT, U]l R (2) ZEASFEAE— A IEfR.
SCR (2032 FAANE) s 8 O A 7T T 1048 i) 7

{ u(t) — Mu(t) + f(t,u(t)) =0, 0<t<l,

(3)
IEfRIAEAENE, Hoh £ e C(]0,1] x [0,00),[0,00)), M > 025 $0. EAELLVETR £ i 1L 38 241 K 414
i, £33 7[5 B (3) B AAFAE— N IEfR.

EASTER A, SCHR [1, 2] BB 7% il R 10 S Ak AR 2 1k FLR SR IR, AR 1) e 2k vk Bk
FUIBILAT N, R EREIRG EM A MES R, IEMRANEOR B 22500 e m? S A, &
A DL %of 1 288 vl R T . BRATTRAIE AR S5 I S AR A R L (1) B RIAATEVESE SR, Bk, A
pENER AT IR

FEIB 1€ (HL)-(H3) KoL, MIAEE—ANIE b, 5240 < b < b* I, 108 (1) EFEPA
EA#, b= b* I, 8 (1) ZAAEE— A IERE, b > b I, 118 (1) AR EfR.

F1 WRAEE () Fg=0,b=0, k=0, A1) B (2), IR SCHR [1]) TAE
IREf 5 R .

2. Fn&EIR

A X = C0,1], FEHIEE ||ul| = sup |u(t)| FHIAL Banach 73 [A].
teo,1]
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FERE] WS () SN TS TR

u(t) = () (b + g(u )+/Gt8 (s)f (u(s))ds, t€[0,1], (4)

o (1) = SnbEL G(t, ) FEAHRLI Green BR%Y

k cosh k ’

sinhktcoshk(l=s) ) <4 < g <1

sinh ks cosh k(1—t)
— ook o 0Ssstsl

o . z_ _—=x x —z
XH sinha = <=f—, cosha = <+— it

m = min G(t,s), M := max G(t,s),
(t,8)€[5,3]1x[%,3] (t,s)€[0,1]x[0,1]
sinh% tanh k
= mi = = t) = .
¢ tg[l;%] e t) kcosh k’ ¢ trél[gol(]go( ) k

ENEHTT . X 5 X
Tu(t) = (1) (b + g(u /G(tsh(s (u(s))ds, t e [0,1]. (5)

i
K={ueXlu(t)>0H Ir[lin]u(t) > o||ull},
¢ 13

14

Hrh o = min{$, 5} M K & X A —MHE.

I3 1 BE (H1)-(H3) oz, T WX (5) fre S, W TR AEEEHE T A T(K) C K.
AR MMEERuw e K, WA
1
min Tu(t) > min go(t)(b—l—g( (1))) + min G(t,s)h(s) f(u(s))ds
te[L,3 te[L,3 X te[3.31Jo
> Gl au() +m [ () ()

> S0+ a(u) + 57 [ M) (u()ds

R T(K) C K. FiRYE Arzela-Ascoli B A 5153 T & 2B 85+

513 2 [9] & X 7& Banach = [A], K & X H I — A4 SMEERr > 0, €X K, = {z € K :
lz|| <r}. BWT : K, - K 2EESLHET, 1805 2 € 0K,, B Tz # x, WELLF 4518 T
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B
i
S

(W) W (| Tz|| > (2], = € OK,, WA (T, K., K) = 0;
(2) R | Tz|| < ||z, « € OK,, B4 i(T, K, K) = 1.

3. EERMBFAEMRAFEN

EIE 2 BT (HL)-(H3) Moz, 296 7850 /N, ol @ (1) 2= AFE — AN IEME, 240 7850 KB, 7]
R (1) DA IERE.

MERR B JGIE T b 74y /R, I (1) B0 ARAE — AN IE MR ARYE (H1) 7T, L = tren[g)li]h(t), l:=
n[qin ] h(t). MEER 7 > 0, %
t 13

11

K, ={ue K :|ul| <mr},

o1 (H3) AT, FAAEIE S py < rp, 50 <u < po N, H f(u) < gipu, FIREML, FFPEIERL py < 7y, £

30 <u < po W, A g(u) < Eu, B p = min{py, po}, U0 <u < pHb < Epl, RN u € OK,,,
JlEE)

R 55| 7 2 AT 15,
i(T, K., K) = 1.

IN foo = 00, UFAE D > 0, (645 2w > p I, f(u) > nu, I H niwiL

omnl > 1.

jﬁﬁx T2 Z max{gvrl}’ é'\
K,, ={ue€ K : ||ul]| <rs},

MR u e 0K,,, M

min u(t) > o||ul| > p,
te[$,3]

MHEER v e 0K, WHAT

Tu(t) = p(t)(b + g(u(1))) + / G(t, $)h(s) f(us))ds

> [ Gt s)h(s) f(uls))ds

1

4
= miol||uf
> [lull,
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REWE |Tul| > ||ull, v € OK,,, H5IEE 215
(T, K,,,K)=0.
ARAE AN BN R 8 B mT oAt 0
i(TvKrz \KiTUK) = -

REMTEK,, \ K, TA—DAS0 R B (1) 204 — D IEE.

R, A 0]
{ u"(t) —k*u(t) =0, 0<t<l,
(

u(0) =0, v'(1) =1
PO 17 o TP (1) B9 IEME 2 HAX M v = w — (b + g(u(1)))p /&)

{ v — kv +hf(v+ (b+g(u(l)))e) =0, 0<t<l, "
6

(RAE A7 .
Wou 2R (1) B, Wo=u— b+ g(u(l)))p 2R (6) FIfE, H51H 115

inf wv(t) > o|v|,
tel1,5]

] ot p(t) > ¢llell = oliell, T

inf v+ (b+g(u(1)))e = o(flv] + (b + g(wD))llel)

te[z Z]

> oflv+ (b+ g(u(1)))el|.

A F(t) = in f(s), WA

> mlf(allv+ b+ g(u(1)el]),

BEI .
f(0]lv+ (04 g(u(1)))el])

o] ml

F(8llo + (b + g(u(1)))ell)
[+ (b+ g(u(1) ¢

<
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EpGE

H1 (H2) &% f 978 LA lim 1) = oo, L, 4715 K > 0, 1873 [0+ (b+ g(u(1)))g|| < K, Hb A T,

4. IR

AT E R A (1) BB, B AESEDUAT TR B (1) (2 IEfR
EX 1 aecC?0,1] &1 (1) 1 A, ik o2

{ a’(t) — k2a(t) + h(t) f(a(t) <0, 0<t<l,
a(0) >0, o/(1) — g(a(1)) > b.

B € C?[0,1] &2 M (1) 1T A&, ans g 2

{ B(t) — K2B(t) + h(t) f(B() >0, 0<t<1,
B(0) <0, B'(1) — g(B(1)) < b.

5138 3 @ (H1)-(H3) Bor, 5 a Fl 3 4 5l & in) @ (1) i B N, HA B(t) < at), A
(1) BAFIE— A w i 2
B(t) <u(t) <aft), te]l0,1].

ERR 25 RS B 17

u’(t) — K*u+ h(t) f*(u(t)) =0, 0<t<l,
(7)

u(0) =0, w'(1) —g*(u(1)) = b

fla(),  ut) > aft),
Frlu®) =9 fu®), o) <ut) <),
fFB@®),  ult) < B@),
glat)),  u(t) > aft),
g () =9 gu®), o) <ult) <p(),
g(B@),  u(t) < B(1).

H b BRI (1) AEE— M w, BA () < u(t) < alt), t €[0,1], RFTUEHNE (7) /74E
i w H 1% kA

H130 (5) WA, 1) (7) A T AR TR

u(t) Z@(t)(b+9*('tb(1)))+/0 G(t,s)h(s) [ (u(s))ds, t€0,1],
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EXFHFT X - X

T u(t) = o(t)(b+ g* (u /Gts u(s))ds, te[0,1],

T f, g* RESLRE, BHWAE, TF RAEELHE T, &

B={ueX:8(t) <ult) <alt), teo1]},

AR B X HHA S, W f(u(t) |< max | f(u(t)) [, RIE f= A5, RIER, g* A 50, i T 2

A FET, WY Schauder A5 i€, T HAS) AL u, Bl w2 A (7) HIE.

TiFu(t) < at). REXNFELE , € [0,1], A u(to) > alty), X w(t) = alt)
TEtig.

(1) AEE ¢ € [0, 1], BREA w(t) < 0, JLEF,

() = fla(t), g™ (u(®) = gla(t)),

PRt
w”(t) — a//(t) _ U”(t)
< Ka(t) = h(t) f(a(t) = Ku(t) = h(t) f* (u(t))
< 07
H—JIH

w(0) = a(0) —u(0) >0,
w'(1) =a'(1) =u'(1) =2 b+ g(a(l)) —b - g"(u(1)) =0,
IRIEE KGR B, w(to) > 0, to € [0,1], X HBTE.
(i) B0 < a < 1¥H R w(a) = 0, B w(t) <0, t € [a,1], NH

X5 (1) RIS EIF &, WA w(t) >0
(iii) BL O < @ < 13/ w(a) = 0, R w(t) < 0, t € [0,a), NHFT

W'(t) <0, w(0) >0, w'(a)>0,

A2, AT 433107 )5 .
(iv) lXO < a, b < 1 R w(a) = 0, w(b) = 0,& w(t) <0, t € [a,b], WH

w'(t) <0, wla)=0, w'(b) >0,

— u(t), TP F

DOI: 10.12677/pm.2022.127132 1212


https://doi.org/10.12677/pm.2022.127132

B
i
S

HALHL, BRI FIRH w(t) > 0.

T u(t) > B(t), t € [0,1], HRFERITERNER, X BATERIR. T2 W8 (7) FIfFE il 2

B() < ult) < a(t), t€0,1],
MR £, g* WO S5 R u A2 At (1) B
5. SR EELERAIERR

N TASE IR (1) I, 5k W, AT S B
(H4) f(u) =0, g(u) =0, u<0.

SIZE 4 fBUE (H1)-(H3) BAL, W C (0,00) NETXIE], &b e I, WAL m > 0, 451

(1) BT A w i A2 (|ul| < m.

WERR: W {u,, } A2 WA (1) BT o0, S5H NP {b,} € I. 5118 u, € K, BA foo =

oo, MIAFHEHE R g > 0, Zu > g I, f(u) > nu, Hdn > 032

770/4 G(%,s)h(s)ds > 2,
N n — oo, Ju,|| — oo, WAFE N, Hn > N, BH
min u,(t) > ofjunl| > g,
te[3.4]
NI]
1 |
wn(3) 2 [ GG ) (un(s)ds
>0 [ GG (s)ds
T
>no [ G(5,8)h(s)||unl

1
1

> 2|un,

WIRIKAE AT JE, AL

S5 Wl ={b>0| M) ELHF-ANEMY}, Wsupl =b*, MTHF, IFHb €T.

JUERR  HE B2 WA, DA AL B {b,} € T Hipig

b, — b*, n — oo,

DOI: 10.12677/pm.2022.127132 1213


https://doi.org/10.12677/pm.2022.127132

BAR{b, } A B, 54 R b, RN (1) B w, A5, EEHET THEMES M0 e T.

Xfe >0, W u* XL o (18 (1) FIfE. 2

flu*(t) +e), u(t) > u*(t) + ¢,
Flu®) =9 flu(t)), —e <u(t) Su(t) +e,
f(=e), u(t) < —,

g(u(t)) = ¢ g(u(t)), —e < u(t) <u*(t) +e,
g(_s)v U(t) < —g,
E X X
Tu(t) = o(t) (b + 5(u(1))) + / Gt s)h(s) Flu(s))ds, t € [0,1],
Y

D={ueX:—e<u(t) <u*(t)+e, t€]0,1]}.

O

(8)

5138 6 € (H1)-(H4) FOT, B /MK IES e, EMEE I w € C[0,1] B2 Tu = u,

H0<b<b* B, Huec.

JUEBA: K (8) AN, w > 0. FHEMH u < w* + e iR f I—BUELEME, M0 < e < g0 B, f71E

EH e, 15 cL < k2, WG
|f(u" +¢e) — f(u")] < ce,

T
(u* +€)// — (u*)//
= k*u* — hf(u*)
— K" o) — hf (" +2) + h(f(u" +2) — F(u)) — K%
<k*(u*+¢e)—hf(u* +¢)+ (cL — k*)e
< k*(u* +¢)— hf(u* +¢),
53—,

(u" +€)'(1) = b" + g(u™(1)) = b+ g(u"(1)),

M, w* + e 22 Al (1) B B, I3 3 T3 u < u* +e.

0

EIE1RYIERR  EEE2 EMRE b > b I, W (1) AAFEEIEME. BT A0 4302 it (1) i
RN g, AR 51 B 3 W] R, AR AE R (1) i wp BB 0 < wy < wr BRIUE, 250 < b < b7 I, [ (1)

FFAE—AIEfR, HAh wy € Q. P20 < b < b B (1) B8 AN IEfE.
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EpGE

BE B(uy, Ry) & X H1ELwy, rty, Ry ERRIER, X7 K Ry, th T %t b 72 B X ] LA 7
H
deg(I — T, B(uy, R1),0) = 1,

MRAFIE w € 00, 18 Tu = u, WA f = f, g =g, PR, w208 (1) 155 AR, R Tu # u, u €
A, M deg(I — T, 0Q,0) BIE. 5136 KM, THE B(uy, Ry) \ Q HBA RS, HInHNE K VIR 151

deg(I — T,9Q,0) = deg(I —T,,0) = 1.

Fy 77T, BG4 H (1) B RRAE O R IX ] A Jele 5, O R KW Ry B
deg(I — T, B(0,R,),0) = d, (d NH%)

I b > b* I, 8] (1) ANFELERE, Wi d = 0, T =&

deg(I —T,B(0,Ry) \ 2,0) = —1,

KRPI M0 < b < b* I, AR (1) 7258 AN IEfE. 0
& H

B X H AR A A BT Bh I H (ki 5 12061064).
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