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Abstract

Circulant matrices have been around for a long time and have been extensively used in

many scientific areas. The problem of solving and minimizing the matrix AXB = C in a

specific set class has important applications in engineering and other related fields. In

this paper, by using Kronecker product and Moore-Penrose generalized inverse of the

matrices, the necessary and sufficient conditions for AXB = C having circulant solution

are obtained. We derive the expression of the least squares circulant solution of the

matrix equation AXB = C with the least norm when there is no circulant solution. In

the last section, the numerical algorithm and numerical examples are also given.
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1. Úó

�5Ý
�§�¦)¯K9�A����¦¯K´Cc5ê��ê+�¥ïÄÚ?Ø��

�K��, §3(��O, XÚ£O, gÄ��n�+�¥kX2��A^.

Cc5, Ý
�§

AXB = C (1)

9�'�§3é¡§�é¡§Vé¡�õ«Ý
a¥�)ÚÙ����¦)�ïÄ��
Ø�?

Ð [1–8]. �5Ý
�§����¦)��5`Ø´���, �§�4��ê���¦)��5`´

���.

��B£ã¯K§�©^Cm×nL«m× n��EêÝ
8Ü. ATL«Ý
A�=�, A∗L«Ý


A��Ý=�, A+L«Ý
A�Moore-Penrose2Â_, In L«n�ü Ý
.
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½Â 1.1. �c = (c0, c1, · · · , cn−1)T´n�Eê��þ, ¡XeÝ


C =



c0 c1 c2 · · · cn−1

cn−1 c0 c1 · · · cn−2

cn−2 cn−1 c0 · · · cn−3

· · · · · · · · · · · · · · ·

c1 c2 c3 · · · c0


(2)

´c�Ó�Ý
§¿P�

C = circ(c) = circ(c0, c1, · · · , cn−1). (3)

·�^cir(n)L«�Nn�Ó�Ý
�8Ü. Ó�Ý
ÄgÑy1846cCatalan���êÆØ©¥, �

Ó�Ý
���'�´ToeplitzÝ
. 8cÓ�Ý
3�èÆ, Ôn9VAÛ¥kX��A^.

'uÓ�Ý
?�Ú�5�, ë�©z [9–11].

½Â 1.2. �A = (aij) ∈ Cm×n. P ai = (a1i, a2i, · · · , ami), i = 1, 2, · · · , n. rAÀ���þ�.�

�fP�

vec(A) = (a1, a2, · · · , an)T . (4)

é�þx = (x1, · · · , xn)T ∈ Cn×1, ‖x‖2 =
√∑n

i=1 |xi|2L«�þ�2-�ê. d�þ2-�êp�X

e�Ý
Frobenius �ê

‖A‖ = ‖vec(A)‖2. (5)

�½Ý


A ∈ Cm×n, B ∈ Cn×s, C ∈ Cm×s. (6)

�©ò3Ó�Ý
a¥�ÄÝ
�§AXB = C�Xe¯Kµ

¯K I: ¦Xe8Ü

Ts =
{
X ∈ Cn×n : AXB = C

}
. (7)

¯K II: e¯KI ¥Ts = ∅ (�8), ¦Xe8Ü

Tl =
{
X ∈ Cn×n : ||AXB − C|| = min

}
. (8)

¯K III: e¯KI ¥Ts = ∅, ¦X̂ ∈ Tl¦�

‖X̂‖2 = min
X∈Tl

‖X‖2. (9)

�©ò312!�ÑÓ�Ý
�eZ5�Ú'uÝ
KroneckerÈÚMoore-Penrose2Â_�A

KÚn. 313!¥§·�ò|^12!��'(Ø�ÑÝ
�§AXB = C'u±þn�¯K¥)
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�L�ª. 314!¥, ò�Ñ¦)�ê��{�ê�~f5`²·��{��15.

2. Ó�Ý
�5�ÚAKÚn

d½Â1.1 ���Ý


P =


0 1 0 · · · 0
0 0 1 · · · 0
0 0 0 · · · 0...

...
...

...
1 0 0 · · · 0

 = circ(p), (10)

Ù¥p = (0, 1, 0, · · · , 0)T . P´AÏ�Ó�Ý
§·�¡��£ Ý
. dÝ
3�©¥kX��

�^.

·�ò|^P9�þc5L«Ó�Ý
C.

·K 2.1. ��BO, 5½P 0 = In. �C = circ(c) = circ(c0, c1, · · · , cn−1). K

C = circ(c) =
n−1∑
k=0

ckP
k. (11)

y² w,·�k

P 2 = circ(0, 0, 1, 0, · · · , 0), P 3 = circ(0, 0, 0, 1, 0, · · · , 0), · · · , Pn = circ(1, 0, · · · , 0) = In. (12)

d½Â1.1 � C = circ(c) =
∑n−1

k=0 ckP
k.

·K 2.2. �A = circ(a) = circ(a0, a1, · · · , an−1)ÚB = circ(b) = circ(b0, b1, · · · , bn−1). KAB´Ó

�Ý
�

AB = BA = C = circ(c0, c1, · · · , cn−1), (13)

Ù¥

ck =
∑

(i,j)∈Sk

aibj , k = 0, 1, · · · , n− 1, Sk = {(i, j) : i + j = k mod n}. (14)

y² d·K2.1�A =
∑n−1

i=0 aiP
i = a0P

0 + a1P
1 + · · · + an−1P

n−1ÚB =
∑n−1

j=0 bjP
j =

b0P
0 + b1P

1 + · · ·+ bn−1P
n−1 �AB = BA¿�

C = AB = (a0P
0 + a1P

1 + · · ·+ an−1P
n−1)(b0P

0 + b1P
1 + · · ·+ bn−1P

n−1) =
n−1∑
k=0

ckP
k,

Ù¥

ck = a0bk + a1bk−1 + · · ·+ an−1bk+1, k = 0, 1, · · · , n− 1.

dª(12) �

ck =
∑

(i,j)∈Sk

aibj , k = 0, 1, · · · , n− 1,
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Ù¥Sk = {(i, j) : i + j = k mod n}.

üÓ�Ý
�Ú´Ó�Ý
, ��Eê¦��Ó�Ý
E´��Ó�Ý
. dd�,l�þ�Ý

5wÓ�Ý
�8Ü´���5�m.

½Â 2.1. én ≥ 2, P

Mn =
(
vec(P 0), vec(P 1), vec(P 2), · · · , vec(Pn−1)

)
∈ Rn2×n. (15)

Ún 2.1. �C = circ(c) = circ(c0, c1, · · · , cn−1). K

vec(C) = Mnc. (16)

y² dC = circ(c) =
∑n−1

k=0 ckP
k = c0P

0 + c1P
1 + · · ·+ cn−1P

n−1��

vec(C) = vec(P 0)c0 + vec(P 1)c1 + · · ·+ vec(Pn−1)cn−1 = Mnc.

Ún2.1�x
Ó�Ý
�8Ü´���5�m�A�, �·�ïÄÓ�Ý
Jø
óä.

Ý
�§AXB = C3Ó�Ý
a�), Ù¢�´¦)¤X��þx. �d, ·�òrÝ
�

§AXB = C=z�·��~ÙG��5�§.�=zÚ¦)�A�§,·�I�e¡�½Â9Ún.

Ún 2.2. [12] �A ∈ Cm×n, b ∈ Cm, �5�§Ax = bk)�¿©7�^�´AA+b = b. k)��

§�Ï)�

x = A+b + (In −A+A)z, ∀z ∈ Cn.

Ún 2.3. [12]�A ∈ Cm×n, b ∈ Cm, KØ�N�5�§Ax = b����¦){x ∈ Cn : ‖Ax−b‖2 =

min}�
x = A+b + (In −A+A)z, ∀z ∈ Cn.

½Â 2.2. �A = (aij) ∈ Cm×n,B = (bij) ∈ Cp×q. ¡

A⊗B =


a11B a12B · · · a1nB

a21B a22B · · · a2nB

· · · · · · · · · · · ·
am1B am2B · · · amnB

 ∈ Cmp×nq (17)

�AÚB�KroneckerÈ.

Ún 2.4. [12] éÝ
A ∈ Cm×n, X ∈ Cn×n, B ∈ Cn×s k

vec(AXB) = (BT ⊗A)vec(X). (18)

3. Ì�(Ø

e¡·��ÑÝ
�§AXB = C3Ó�Ý
a�k)�¿�^�, ¿�Ñ)�L�ª.
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½n 3.1. �½Ý
A ∈ Cm×n, B ∈ Cn×s, C ∈ Cm×s. -

R = (BT ⊗A)Mn. (19)

P

X = circ(x) = circ(x0, x1, · · · , xn−1).

KÝ
�§AXB = Ck)�¿©7�^�´

RR+vec(C) = vec(C). (20)

��§k)�, �§�Ï)�

Ts =
{
X = circ(x) : x = R+vec(C) +

(
In −R+R

)
z,∀z ∈ Cn

}
. (21)

y² eAXB = C, Kkvec(AXB) = vec(C). dÚn2.4 Ú2.1�

(BT ⊗A)Mnx = vec(C).

=

Rx = vec(C). (22)

Ý
�§AXB = C�du�§(22). dÚn2.2�Ý
�§AXB = Ck)�¿©7�^�´

RR+vec(C) = vec(C).

��§k)�, ÙÏ)�

x = R+vec(C) +
(
In −R+R

)
z,∀z ∈ Cn.

�Ý
�§AXB = C3Ó�Ý
a¥Ã)�, ·��dXe½n¦Ù���¦).

½n 3.2. ^�ÚÎÒÓ½n3.1. �RR+vec(C) 6= vec(C)�, Ý
�§AXB = C3Ó�Ý
a�

���¦)8Tl�L«�

Tl =
{
X = circ(x) : x = R+vec(C) +

(
In −R+R

)
z,∀z ∈ Cn

}
. (23)

y² dÚn2.1 Ú2.4�

||AXB − C|| = ||vec(AXB)− vec(C)||2
= ||(BT ⊗A)vec(X)− vec(C)||2
= ||(BT ⊗A)Mnx− vec(C)||2
= ||Rx− vec(C)||2.
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dÚn2.3�µ‖AXB − C‖ = min��=�

x = R+vec(C) +
(
In −R+R

)
z,∀z ∈ Cn. (24)

�Ý
�§AXB = C3Ó�Ý
a¥Ã)�, ·��dXe½n3þ¡�Ñ����¦)8

é�äk4��ê).

½n 3.3. ^�ÚÎÒÓ½n3.2, ¿-

K = In −R+R. (25)

KÝ
�§AXB = C�3���4��ê���¦)X̂ ∈ Tl. P

X̂ = circ(x̂).

KX̂�L«�

vec(X̂) = MnR
+vec(C)−MnK(MnK)+MnR

+vec(C). (26)

y² dÚn2.1�

vec(X) = Mnx.

d½n3.2�

‖X̂‖2 = min
X∈Tl

‖X‖2 = min
X∈Tl

∥∥∥vec(X)
∥∥∥2
2

= min
z

∥∥∥Mn(In −R+R)z − (−MnR
+vec(C))

∥∥∥2
2

= min
z

∥∥∥MnKz − (−MnR
+vec(C))

∥∥∥2
2
.

dÚn2.3�

min
z

∥∥∥MnKz − (−MnR
+vec(C))

∥∥∥2
2

�)�

z = −(MnK)+MnR
+vec(C) + [In − (MnK)+MnK]u,∀u ∈ Cn. (27)

òþª�\ª(24)�

x̂ = R+vec(C)−K(MnK)+MnR
+vec(C) + K(In − (MnK)+MnK)u,∀u ∈ Cn. (28)

�k

vec(X̂) = Mnx̂ = MnR
+vec(C)−MnK(MnK)+MnR

+vec(C).
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4. ê��{Úê�~f

�â½n3.1Ú½n3.2, 3.3, y�Ñ¯KI�¯KIII�Xe�{.

�{:

(1) Ñ\A ∈ Cm×n, B ∈ Cn×s, C ∈ Cm×s9Mn;

(2) O�ÑR = (BT ⊗A)Mn;

(3) eRR+V ec(C) = V ec(C)¤á§K¯KI k); O�Ñ

K = In −R+R

Ú

x = R+V ec(C) + Kz,∀z ∈ Cn,

��¯KI �Ï)�

X = circ(x);

(4) eRR+V ec(C) 6= V ec(C)§K¦¯KII�). O�Ñ

x = R+V ec(C) + Kz,∀z ∈ Cn,

��¯KII �Ï)�

X = circ(x);

(5) O�Ñ

x̂ = R+vec(C)−K(MnK)+MnR
+vec(C),

��¯KIII���)

X̂ = circ(x̂).

~ 4.1. �

A =


2 3 −6

8 5 4

7 1 3

12 11 −15

 , B =


4 5

−7 8

1 2


9

C1 =


219 −49

71 119

66 32

705 −91

 , C2 =


140− 89i −65 + 60i

2− 50i 3 + 250i

−10− 50i 160 + 180i

400− 300i −5 + 200i

 .
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(1) ��C = C1�§dO��

R =



−19 −35 56

1 −35 0

24 −36 −10

−44 −133 161

22 −8 −29

88 94 73

49 73 43

118 43 −41


,

RR+V ec(C) = V ec(C), K = I3 −R+R = 0 �

R+V ec(E) = (1,−2, 3)T .

�¯KI �)�

X = circ(1,−2, 3).

(2) ��C = C2�§RR+V ec(C) 6= V ec(C) �

R+V ec(C) = x,

Ù¥

x = (0.4595 + 1.0952i,−0.7605 + 1.7234i, 1.8766− 0.1500i).

Ï�K = 0, �¯KIIÚ¯KIII�)�Ó, Ù�

X = circ(0.4595 + 1.0952i,−0.7605 + 1.7234i, 1.8766− 0.1500i).

Ä7�8

2À�p�g,�ÆÄ7:�8(2019KZDXM025), Êµ�ÆleéÜïuÄ7]Ï�8(

2019WGALH20).
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