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Abstract

The asymptotic behavior of solutions for a class of nonclassical reaction-diffusion e-
quations with fractional linear memory is investigated. by defining an appropriate
Lyapunov functional, it is proved that the solution of the system decays polynomially
when the nonlinear term f satisfies the growth condition and the memory kernel g
decays exponentially. After that, we achieve that the solution is non-exponentially

stable by means of the semigroup theory.
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1. 5|5
S P AT A A B R P (AR 20 R R T R AR (0

ue — Aug — Au— (g% (=A)%u)(t) + f(u) = h(z), z€Q,t>0,
u(z,t) =0, z€dQ, t>0, (1)
U(I‘, 0) = uO(l‘>7 x € Q,

HorpQ 2R HEAGEL 00 KA FITXIE, o € [0,1), « EBBUZHE, SRR MRV BOTEZ
FEL IR SN BT RE TR 25 R T A BUARE SE. ol S DR 300 RGERIFEM, | Aifantis #5767, K
SCHR [1,2], EAEARWRA, k)5 R SR SEOUSAA & M. A (1) TSR
DAk 22 45 25 BRI BUAE K ARSRARZS 520, 3 n) AU Y BILAE S5 kG 5o M B R B T v
EEXCIZIRAI TS DL, VP2 A8 AT 1 T2 MW 7T, ML3C [3-6]5%. JaimeSE NAESCHR [5]F 1418 1 — 3
LI Dirichlet AT —Bri R R G 2 TG, & B3, A SCHRA1E 255 8 2AT 70 b
NS IC ARG SR N BT RE R BT AT . L A TER) Lyapunov Z B, IEW] T 2ic12
g BIREOLIES, 78 (1) FOMERL 2 IR, B, NI RREL e, IR 1 2 AR R EoRa e 1.
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o=
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2. AR
F 55, I Hilbert %MD(A*/2),Vs € R, FNBATEHS I X0
(2 Yaerny = (A2 A2, - sy = A2 .

i1
D(A%) = L*(Q), D(A"?) = Hy (), D(AY/?) = H(Q).

A W N HR A BAL
D(A*?) — D(A™?), Vs>

H A AH = L2(Q) BRI IESE T, FEe X
A=—A, HE U D(A) = H*(Q) N Hy (),

G, -) A - | SRFIRLA(Q) ERIARRATEEG I - [, RERLP(Q) KITEHL
[F3C 5], IL1#g € C2(RY) N W2HRT), *HEREKs € RT, 201 MR

(h1) g(s) > 0;
(ha) —cog(s) < g'(s) < —c1g(s);
(hs) 19" (s)] < cag(s);

(h4) 1— G(t) >c3> 0.

Here,,1=0,1,2,3, WAHIEFHH Gt) = fotg(s)ds .
[ 3C 7], ARL T f 3 2

(f1) (p+1)F(s) < f(s)s, F(Z) == [, f(s)ds, Vs € R.

(f2) |f(s1) = f(s2)| S CQA+[s2]~" +[s2]77 )51 — 52|, Vs1,82 €R,

KB C>0,p>1HHHA (n—-2)p<n, n>3. FEXWFHERIBH.
t
(g*xw)(t) := / g(t — s)w(s)ds.
0
N T IR RIS, E X

(g0w) (1) = / ot - )|w(t) — w(s)[*ds,

(gow)(t) = / ot — $)(w(t) — w(s))ds.
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5131 [5] (Poincaré A%ERX) & Q & R* F AR X, JFHAEARBLR, & v e
WoP(Q),1<p<n. WA
[ullLa@) < ClIVullLr(q)-

XHER g € [1,p*], p* =np/(n —p), HPEH C UKBT p,q,n F1 Q.
51382 [5] (Young AA%30) B a,b RAEGEH, p>1, L4+ 1 =1, 4

aP b
ab < —+ —.
D q

3. AN Z IR
31383 [5] MHMEREM KL € C(R) Phip € WH2(0,T), aJ Al
()0 = (o)) + | [ t k()| o1t
31384 [5] SMEZERIEE k€ CY(R) Lo € WH2(0,T), W15

KO o) + 5 (K D) (1)
oo - [ [ woar] eor}.

31385 [5] MHMEREME L € C(R) LAy € WH2(0,T),

(kx @) (t)pe(t) = —

ko)t < [ / ' |k<¢>|df} (KID9) (1)

51386 [5] 7EHilbert ZAIH 1, ¥HMTREIEEL € C(R), k>0 LLkp € WH2(0,T), g € H. &
FEHERC, >0, Hrpe > 0, f#15

lq(t)(k o @) ()] < elq(t)]* + Co(kOp)(t).
51387 [7] MHMEERIHA R, w € CH(R), HHdo € [0,1], H N IHFIAERALL:
|(k ow)(#)|” < [/ |k(5)|2(19)d5} &2 Ow.
0

EIEL Bikg, f 2 B R & E(hL) — (h4) FI(f1) — (f2), M EWIEu, € D(A) Flh € H, [
(1) AFAEME—ffu, 352

ue C([0,T);D(A) N C* ([0,T); D(AY?)) .
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LI, KA

UERR IS e MR B B Faedo — Galerkin 7775 K Gronwall 5| FE.
FEIX L IRATTE LU N RE R R

2(t) = ;/ﬂ [|VU(t)|2 = 2(ug, w) = GO)[(=A)Fu(t)]” — [Vue (1) + (90(=A)Fu) (1)

qwﬁmeF@m,
2(t) = 2/Q (=) 2u(t)]” — GO)(—A) 2 u(t)]* + (9OVu)(t) + |[Vh[*] dx
—A)V' T F(u)dz.
+ [ (arrw
SIFE8 ru A2 RE(1) K, WEVEuy € D(A), WA FHFIREEASER:
79 {

20us|? + cu| VA? + (7774 — 1)|Vut|2] dx

- 390 [ A1 Pulofde + 5 [ (608 u)0de — (),

5200 < [ [T+ L9uf? — e+ colu ] da

dt

l\DM—I b\

()/ IVt )|2dx+;/9(g’mvu)(t)dx
WERR FH (1) R Su, AFR, A11S

§%|IVUI|2 el + IVul® = (g (=8) 2w, (=A)Fue) + (f(w), ur) = (h, uy).

TEGIEE 4 h 4o = (—A)2u, FAGH]
1d
2 dt
— G()|[(=A)Zul® + [ VR|* + /Q F(U)dw>

(— (ey 0) — [Vl + |Vl + gO(~A)

(2)
() + [ he)uds — 2] - |V
Q
1. o 1
+ 59 0(=2)2u = Zg(®)|(~A)Ful]* = (Vu, Vu),
MY oung ANFEX K Poincaré A&, H
/ h@)udz < eq|h(@)? + )
o " (3)

C
< ey VA(z)[]? + ;‘*nwtn?.
1
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2 (3) AR (2) 1,

Cy

d@(t)</{ lug|? + c4| VR|* + ( )|Vut|2} dx
dt Q T

/ [(=A)*2u(t))| daz+; / (¢ DA W) (t)dx — (ug, u),

[FIEE, AT (1) FRTRS (—A) - ou, AR FESIF 40 = (-A)zu, A

1d

vt J, ()l 4 (CA)7F () = GOI(-A)Fu®) + (OVu) (1)) do

e

AY |+ (-4)F h(a), (-4)F)

—g(t) / |vu(t)|2dga+1 / (¢ OVu)(t)dx
Q 2 Q
ELEFRHY oung AN Poincaré A&, 7115

d
—2(1) < / {C4Vh|2 + %|Vut|2 —(es + CG)|Ut|2] da
dt 9] Uit

Lo /Q |Vu(t)|2dq:—|—% /Q (¢ OV)(t)dz.

51 B UE I SE k.
SE ST I RERZ R -

=*|I(9*VU)(t)|I — (u(), (g u)e(t)) , (4)
H (1) = (u(t),u(t)) + |Vl ()

5139 rE5|# 8 M, FAIS 2

250 < Sl + B w o ([l as) (Jo" o)

+n2||Vh|2+<c7+co) o) Jull +(+ C“)@Dvm(t)
72 72 N4 M5

+ (13 +15) | Ve |* + (csmz + na) [V
'LJ-.EEH 0. E‘”@ 3 Flﬁiﬁf*‘—%kﬁ 7@

(g*u)(t) = 9(0)
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F (1) RS (g + u), AR, FHRYE (6) , FAIF52]

D (g ) = () — )+ (9% (~A)u)(0) — A~ Aug, (g %))

(
+ (910
= (hl@).gu+g o) = (f(u), (g w)y) (7)
L

(900

1 o
—Au— Auy, gu+g <>u)+**||g * (—A)Zul?
¥ (5), (6)\&i&, Wit &, n1g

g(0)uy + gJu+g ou, u)

2dt

+ (g( )ut+gu+g ou,u).

% |3l A = (o g+ )|
= (F(u) = h(@), (g w)) + (~Au = Auy, gu+g ou) (®)
— (900 + 9" ouu) = g'llul®

X (8) AT R I AT A, Y oung AFEIR S 6, A

- (g(O)ut +g <>u,u> < cog (ue, u) + ‘(g” <>UU>‘

< 20+ B )
st ([ rele) (1o
EHY oung A% (6), FATA
() = @), (g5 0) < [ (F@F +10P)do+ L [ (g0l - gOu)da. (10)

HZAE(f1) — (f2), Young A%, Poincaré ANEAXFGIHE 7, v Al

Q|f(u)| dr < cg {/Q|u| da:+/ﬂu| pdx}
<cg {/ |Vul*dz + (/ |Vu|2dx> } (11)
Q Q

< Vu|*dz.
< cs/Q| ul|*dx
4 (11) /RN (10), B Poincaré A& (hy), W13

(f(w) = h(z), (g * u)e) < csnz | Vul|* + 0o | VR|* + %9( ) lfull* — *( D)

C C
< csns |Vl + 02 | V| +*g(t) | +Q( OVu).
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FIH Poincaré A3, Young A5 6, v 15

(—Au — Aug,gu+g o u> =(Vu, g o Vu) + (Vug, g o Vu)

+9(8) [Vull” + (Vur, g(t)u(t))

(13)

Ci
< (1 i ) o(8) [Vl + (ms + ) [ Ve

73

c c1
+ ( 2+ 1) (90Vu) (t) + 04 || V|,
T4 Ui

¥ (9), (12)-(13) fRN (8), B A #4

2O a2+ B2

+ g(l()) </ ‘g ‘ds) (‘g ’DU) (08772 +774) HVUH2

C
e | VIE + (n ; ) o) [l

*3?()

C7C C C
+ (” + 2+ “) (g00Vu)(t)
2 N4 M5

+ (3 +15) | Ve |

G| BRAFAIE.
51310 7£5] 3 8 MBI T, BATH

d c
— 2 (t) < (ugg,u) — || Vug||* + (1 —c5+ % +777> | Vul?
6

7

IERR M (1) THRITRES o AR, 51 4 T8 o = (—A) u, W1F

d 1, 1
G |+ glake]

= (uze,u) = || Vel |* = (f (w), u) + (h(2), w)

+ (1,90 (=A)%u + G(t)(—A)%u)

= (u,w) = |V + G@)[|(—A) Ful?

+ ((—A)2u,go A%u) — (f(u),u) + (h(z), u)

+ (1= e3) [Vul* + ((-4) %,

[Nl)

< (e, u) — [[Vue|* + o(=4)

(14)

+ 2 / " g(s)ds) (gD (—A)Eu) + g VRI? — (o + 1) / F(u)de.

(15)
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H A (f1), AT

—(f(u),u) <—=(p+1) /Q F(u)dz, (16)
FIH Y oung AEEAXF Poincaré N353, n 1§
(h,u) < nel|Vh[* + %HVUH{ (17)
6

¥ (16)-(17) AR (15), FiRHE 513 6 Al Poincaré A&, T %1

d 1 1 C
GG+ A < (e = [Vl + (1= 22 ) [ 9l?
1 > o
+ / 9(s)ds) (gD~ A) F ) (18)
N7 Jo

+ el VAl - (p+ 1)/9F(u)dx.

E 7 Ry
L) < NP+ N2(t) + F(t) + NA(t).

EXE2 g € C*(RT) N W (RT), 2AF(hy) — (ha) Le(f1) — (f2) BROL, HYMA
Ug € D(A),
AR (1) B9 2 TR, BIA7AE— N IEH O i 2

P(t)t < C12(0) + 2(0)].

MEBR H1 2% (hy) ATHN [ g(s)ds < 1. #OK5I#E 8,9, 10 BEATHERIHERE, FIH Poincaré A4,

H

—L(t) < {N(Mng(O)

; 5~ cs — CG) + n3 +775] ||Vut||2
1

[ (e 22— 1) — e ]
+(2Nes+m) VR = (p + 1)/9F(u)dx

- (3-8 ) a0 -2y
SOl
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FEXTSIEE 8,9, 10 FATBEAIERE T, BAVERE] T 51 (hs), (hs) K Poincaré A5 3K,
RHE 2 (t) € X, RN 7855 K, WAEE— A IEE By, 15
d
L 20) < 000
ANES I FEIR Tt B, 18
t
L) — 2(0) + 70/ P(r)dr < 0.
0

HTN 75400k, Hxve > 0, H.2(6) > 0. i

/t P(F)dr < L(0), Vit > 0.
0
WG TP 8 Je 2 (hy) — (he),(d/dt) P < 0. A A

d d
L) = D) + 15 P) < PAD), V>0,
ANEESPIAFIE Tt B, S
t
L2 (1) g/ P(r)ir < L(0), V>0,
0

WMAATERHC > 0 113
P ()t < C[2(0) + 2(0))].

4. ERVIFREHIRE

HL b, A2 AR BT A% B Ky (s) AETREOEIRY, A (1) fE5 3 /N IR E
IRIUG 2 AF AL FEARAE TS, LA RE AR BRI

SIEE11 [8] WX & —MHilbert 23, fEH TFMX FIC, FHfe RIFHAEM, 2 HAY,
iR C p(A) HAFEEM > 1, {fif5

|GAI = A)7Y|| < M, VAER.
AT RN (1) (ARAE T A A e T, JATT 5N R 2

n'(s) = u(t) — u(t - s), (19)
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H (1), (19) 7713

up — Aup — Au — Goo(—A)%u
+ fo 9(s)(=A)*n(s)ds + f(u) = h(z), x€Q,t>0,
ut(x,t) =0, x €N, t>0, (20)
n'(x,s) =0, r €I s>0,t>0,
u(:c, 0) - UO("E)7 r €,
770(%5):770(3375% QZ'EQ,SZO.
HAGo = [7 g(t)dt, IR (hy) PTHIG <1 —cs.
L2 R+, D(A/?)) 5 SUAE g VL AL I YDA B8 B, B S
(1M1,m2)g = /O 9(s)((=2)* 21 (s), (=2)**na(s))ds.
H e AN H Hilbert %3]
Z :=D(A?) x H x L} (RT,D((A)*/?)).
Lv = uy, EX
U) = [ut),n]", Uo:=[uo,m] € Z,
FATH ) (20) Fe N 2 it R 2T
{ U.(t) = AU(1), 1)
LMHEFA BN FER
N ] _ l h—f =[5 9(s)(=A)*n(s)ds + Goo(—A)*u + Au+ Av ’
n UV —=1s
Hor g R RN
D(A) := {U €eZ: AU € Z, /OO g(s)(—A)n(s)ds € H,
0
ns € L2 (RT, D(A*/?)) ,n(0) = 0}.
MRYEGI B 11, ACH & BA Dirichlet IR IHE T A [,
Ae; = Nie;,
22
{ ei|aQ =0. ( )
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||ei||L2(Q) = 1, 7 Z 1.

Hr(N)iz1 & DNEARAME LA IERRIEE G T IET7 REH P A5 (65)is1 AAFHABKIH—1

FRIERRET 5. FF HAR %
A > G

EIE3 B 2 (BT, Wiciitkg RARECERM, M4 5TRE (21) AHCHIME M AR 2

EREREU (1) RARRERE E ).
WERR WF = [Fy, BT € Z, ZRInT %

(iX[— A)U=F, AeR.

Rl
iAv+ f(u) + fooo g(s)(—A)*n(s)ds — Goo(—A)*u — Au — Av = Fy, (23)
AN —v+ns = Fs.
iﬁFl - O, F2 — )\;atlieeixi_gsey. E%X
U= pe,,v = (gey, 77(3) = @(S)el/'
Hofip, g € C, p € L2(RY). dHIb5f2 (23) W50
iApe, —qe, =0,
iAge, + Aope, — G \ope, + fooo g(s)A\%p(s)dse, + A, qe, = 0, (24)
i)\SO(S)ev —gey + 305(8)61/ = A$67}\i_586u~
{1(24),, (24), 18
—A\pe, + Ape, — GooAope, —|—/ g(s)\>p(s)dse, = 0,
0
BN = VA, Bt (24), 0, ATH
Goar= [ gls)ols)is. (25)
0
FIF (24),, XHERT TR (24)5 BEATRAE, AT1S
)\7Q+217<
Y(s) = Ce Vo g pp N (26)
iAZ — ALe
MEN(0) =0 I, A
—atl—c¢
A 2
C=-p——
IAZ — ALe
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FH (26) AT A0

A*‘X‘Fl*E )\70(4»176
2 2

v —a )\Us 12

- ) VYt p 4 —/——
iINE — AL iINE — AL

e (27)
it (25) F0(27), H
g(s) =e ",y e R,

[ s

oy AL

R, SR Mo € [0,1), /77Ee € (0,1), € > o fii15

p

—atl—c

M\, — oofff, prCN, 7

HE 5 Hu = pe,, Al H

H\, — ool ||u||D(A%) ~ A7 = 00.

gibpnid, aia 51311, EHEARIE.
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