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Abstract

Let R be a commutative ring, C a semidualizing R-module and X a class of R-modules.
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The notion of X -GC-projective complexes is introduced, and it is shown that a com-

plex M is X -GC-projective if and only if each degree of M is X -GC-projective and

any morphism from M to N is null homotopic whenever N is a C-X -complex. As

applications, some properties of X -GC-projective complexes are deduced from those

of X -GC-projective modules.
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1. Úó

GorensteinÓN�êåu AuslanderÚ Bridger'uV> Noether�þk�)¤��G-�ê

�ïÄó� ( [1]). 1995c, EnochsÚ Jenda3���þÚ\¿ïÄ
GorensteinÝ�ÚGorenstein

S��,C½
 GorensteinÓNnØ�Ä:.�
ò GorensteinÓN�êl Noether�þÿÐ�

và�þ, 2dvà�þÿÐ����þ, ©z [2–4] ¥©OÚ\
 Ding Ý��, Ding S��,

Gorenstein AC-Ý��Ú Gorenstein AC-S���Vg. � X ´��� R-�a, ©z [5, 6] ¥Ú

\¿ïÄ
 X -GorensteinÝ��, Ú�í2
'u GorensteinÝ��, DingÝ��Ú Gorenstein

AC-Ý���Nõ(J.

�éu�éó��ÓNnØ´�éÓN�ê����ïÄ��, GorensteinÓN�ê¥�

NõVgÚ(Ø�í2�
�éu�éó���/, X [7–12]�. AO/, Yang3 [12]¥ïÄ


���þ�éu�éó C � X -GorensteinÝ��, Ú�í2
'u GC-Ý��( [9, 10])ÚDC-Ý�

�( [11])�NõïÄ(J.

E/�Æ´äkv
�Ý�, S�é��Abel�Æ, ¤±3E/�Æ¥��±mÐÓN�ê�

ïÄó�. ïÄE/� GorensteinÓN5��Ù���gþ���A GorensteinÓN5��m�

éX´E/�GorensteinÓNnØ�����K,Cc5��
Nõk¿g�(J,X [13–19]�.

� R´���, C ´���éó�, X ´�� R-�a, � X ⊆ AC(R), ÉþãïÄ�éu, �©Ú\


�éu C � X -GorensteinÝ�E/�Vg, {¡� X -GC-Ý�E/, y²
E/M ´ X -GC-Ý

����=�M �z��gþ��Ñ´ X -GC-Ý��, ¿�é?¿� C-X -E/ N , Hom E/

HomR(M ,N)Ñ�Ü, �½n 2.6. T(ØÚ�í2
 [15, ½n 4.7]Ú [18, ½n 1.2.8], ¿��¹


�éu�éó C � Gorenstein AC-Ý�E/��/. ��A^, d X -GC-Ý���5�í�
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X -GC-Ý�E/��
5�, �·K 2.10–íØ 2.16.

2. ý��£

�!·�0�©¥^���
Ä�Vg,ÎÒÚ¯¢.eÃAÏ(², R´kü �����,

�þ´ R-�,¤�9�E/Ñ´ R-��E/.·�^ C(R)L« R-��E/�Æ, ^ P(R), F(R)©

OL«¤kÝ� R-��aÚ²" R-��a.

C(R)¥�E/

· · · −→Mn−1 dn−1
M−→ Mn dnM−→Mn+1 −→ · · ·

P�M .¡Mn�M �1 n��gþ��; ¡ dnM �M �1 n��©;¡ Ker(dnM )�M �1 n

�Ì�,P� Zn(M);¡ Im(dn−1
M )�M �1 n�>�,P� Bn(M); ¡Hn(M) = Zn(M)/Bn(M)

�M �1 n�ÓN�. ·�^eI5«©E/, X {Mi}i∈I ´�qE/,Ké?¿� i ∈ I, Mn
i L

«Mi�1 n��gþ��.

�M ∈ C(R), m ∈ Z.·�^M [m]L«ù��E/:1 n��gþ��M [m]n = Mn+m,1

n��©� (−1)
m
dn+m
M .�M ´ R-�, ^M L«1 −1Ú1 0��g´M ,Ù¦�gÑ� 0�E

/.

�M ,N ∈ C(R).dM ,N (½� HomE/ HomR(M ,N)½Â�: 1 n��gþ���

HomR(M ,N)n =
∏
t∈Z

HomR(M t, N t+n),

1 n��©�

dn((f t)t∈Z) = (dn+t
N f t − (−1)nf t+1dtM )t∈Z,

Ù¥ (f t)t∈Z ∈ HomR(M ,N)n. AO/, Z0(HomR(M ,N)) ´M � N �¤kE/���¤�

Abel+,P�HomC(R)(M ,N). é?¿� i > 1,^ ExtiC(R)(M ,N)L«��Ü¼fHomC(R)(−,−)

�m�Ñ+. ^ Ext1
dw(M ,N) L« Ext1

C(R)(M ,N) ¥�¤k�g���á�Ü��¤� Abelf

+.e¡�(Øïá
 Ext1
dw(M ,N) � HomE/ HomR(M ,N)�m�éX.

Ún 1.1( [20, Ún 2.1])�M ,N ∈ C(R). Ké?¿� n ∈ Z,

Ext1
dw(M ,N [n− 1]) ∼= Hn(HomR(M ,N)) = HomC(R)(M ,N [n])/ ∼,

Ù¥∼´ÓÔ'X.AO/, HomR(M ,N)�Ü��=�é?¿� n ∈ Z,?¿E/�� f : M −→
N [n] ÓÔu 0.

½Â 1.224¡ R-� C ´�éó�, XJ

(1)�3�Ü�

· · · −→ P1 −→ P0 −→ C −→ 0,

Ù¥z� PiÑ´k�)¤Ý� R-�;
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(2)g,Ó� χRC : R −→ HomR(C,C)´Ó�;

(3) Ext>1
R (C,C) = 0.

e©¥, C L«��?¿�½��éó R-�.

½Â 1.318 �éu�éó� C � Auslandera AC(R)´d÷ve�^��¤k R-�M �¤

� R-�a:

(1) TorR>1(C,M) = 0 = Ext>1
R (C,C ⊗RM);

(2)g,D�Ó� µM : M → HomR(C,C ⊗RM)´Ó�.

�éu�éó� C � Bassa BC(R)´d÷ve�^��¤k R-� N �¤�a:

(1) Ext>1
R (C,N) = 0 = TorR>1(C,HomR(C,N));

(2)g,D�Ó� νN : C ⊗R HomR(C,N)→ N ´Ó�.

½Â 1.4 � X ´�� R-�a.-

XC(R) = {C ⊗R X | X ∈ X}.

¡ XC(R)¥��� C-X -�.

5P 1.5 (1)� X = P(R)�, C-X -�Ò´ C-Ý�� ( [7,10]).P C- Ý� R-��a� PC(R);

(2)� X = F(R)�, C-X -�Ò´ C-²"� ( [7, 10]).P C-²" R-��a� FC(R);

(3) ¡ R-� N ´ FP∞-.� ( [4]) ½�k�L«� ( [21]), XJ N kk�)¤�Ý�©)

· · · −→ P1 −→ P0 −→ N −→ 0. ¡ R-� M ´ level � ( [4]) ½f²"� ( [21]), XJé?¿�

FP∞-.� N , TorR1 (M,N) = 0.P level R-��a� L(R).� X = L(R)�, C-X -�Ò´ C-level�

( [8]). P C-level R-��a� LC(R).

Ún 1.6 � X ´�� R-�a, M ´ R-�. XJ X ⊆ AC(R), @o M ∈ XC(R) ��=�

M ∈ BC(R),� HomR(C,M) ∈ X .

y² 7�5. � M ∈ XC(R), K�3 X ∈ X , ¦� M = C ⊗ X. Ï� X ⊆ AC(R), ¤±

d [7, ·K 4.1]�M ∈ BC(R),� HomR(C,M) = HomR(C,C ⊗X) ∼= X ∈ X .

¿©5.�M ∈ BC(R),� HomR(C,M) ∈ X .KM ∼= C ⊗R HomR(C,M) ∈ XC(R). �

·K 1.7 � X ´�� R-�a,� X ⊆ AC(R).e X 'u*Üµ4,K XC(R)'u*Üµ4.

y² � 0 → M ′ → M → M ′′ → 0´ R-���Ü�,� M ′,M ′′ ∈ XC(R).KdÚn 1.6�

M ′,M ′′ ∈ BC(R).u´d [7, ½n 6.2]�M ∈ BC(R).Ï�M ′ ∈ BC(R),¤±S�

0 −→ HomR(C,M ′) −→ HomR(C,M) −→ HomR(C,M ′′) −→ 0
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�Ü.dÚn 1.6� HomR(C,M ′), HomR(C,M ′′) ∈ X . Ï� X 'u*Üµ4,¤± HomR(C,M) ∈
X .u´dÚn 1.6�M ∈ XC(R). �

½Â 1.828 � X ´�� R-�a, M ´ R-�.¡M ´�éu�éó� C � X -GorensteinÝ�

�,{¡ X -GC-Ý��,XJ�3�Ü�

Q : · · · −→ P1 −→ P0 −→ C ⊗R P 0 −→ C ⊗R P 1 −→ · · · ,

÷v:

(1) M ∼= Im(P0 −→ C ⊗R P 0);

(2) PiÚ P iÑ´Ý��;

(3) é?¿� X ∈ X , HomR(Q, C ⊗R X) �Ü.

5P 1.9 (1) � X = P(R)�, X -GC-Ý��Ò´ [10]¥� GC-Ý��;

(2)� X = F(R)�, X -GC-Ý��Ò´ [11]¥� DC-Ý��;

(3)� X = L(R)�, ·�¡ X -GC-Ý����éu�éó� C � Gorenstein AC-Ý��,{

¡� GACC-�;

(4)� C = R�, X -GC-Ý��Ò´ [5]¥� X -GorensteinÝ��.

½Â 1.1013 �W ´�� R-�a.¡M ∈ C(R)´W-E/,XJM ´�ÜE/,¿�é?¿

� n ∈ Z, Zn(M) ∈ W.

PW-E/�a� W̃.�W = P(R) (F(R), L(R), PC(R), FC(R), LC(R), XC(R)) �,W-E

/=�Ý� (²", level, C-Ý�, C-²", C-level, C-X )E/,©OP� P̃(R) (F̃(R), L̃(R), P̃C(R),

F̃C(R), L̃C(R), X̃C(R)).

±eob½ X ´÷v^� X ⊆ AC(R),�'u*ÜÚ÷Ó��Øµ4� R-�a.

3. X -GC-Ý�E/

�!ÄkÚ\X -GC-Ý�E/�Vg,ÙgïáX -GC-Ý�E/�Ù���gþ��X -GC-Ý

�5�m�éX,��/Ïuù«éX, |^ X -GC-Ý���5�?Ø X -GC- Ý�E/�5�.

½Â 2.1 �M ∈ C(R). ¡M ´�éu�éó�C�X -GorensteinÝ�E/,{¡X -GC-Ý

�E/,XJ�3E/��Ü�

X : · · · −→ P1
f1−→ P0

f0−→ Q−1
f−1−→ Q−2 −→ · · · ,

÷v:
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(1)z� Pi´Ý�E/,z�Qj ´ C-Ý�E/;

(2) M ∼= Imf0;

(3)é?¿� C-X -E/N , HomC(R)(X,N) �Ü.

5P 2.2 (1)� X �Ý��a�, X -GC-Ý�E/Ò´ GC-Ý�E/ ( [15]);

(2)� X �²"�a�, X -GC-Ý�E/Ò´ DC-Ý�E/ ( [18]);

(3)� X � level�a�, ·�¡ X -GC-Ý�E/� GACC-Ý�E/;

(4) � C = R �, X -GC-Ý�E/Ò´ X -Gorenstein Ý�E/. X -Gorenstein Ý�E/±

GorensteinÝ�E/ ( [13,14]), DingÝ�E/ ( [16])Ú Gorenstein AC-Ý�E/�ÙA~ ( [17]).

Ún 2.3 eM ´ X -GC-Ý�E/,Ké?¿� C-X -E/N , Ext>1
C(R)(M ,N) = 0.

y² Ï�M ´ X -GC-Ý�E/,¤±�3E/��Ü�

· · · −→ P1 −→ P0 −→M −→ 0,

Ù¥z� PiÑ´Ý�E/,¿�é?¿� C-X -E/N ,k�Ü�

0 −→ HomC(R)(M ,N) −→ HomC(R)(P0,N) −→ HomC(R)(P1,N) −→ · · · .

�é?¿� C-X -E/N , Ext>1
C(R)(M ,N) = 0. �

Ún 2.4 �M ∈ C(R).XJé?¿� n ∈ Z, Mn Ñ´ X -GC-Ý��,@oé?¿� C-X -E

/N , HomR(M ,N) �Ü��=� Ext1
C(R)(M ,N) = 0.

y² d·K 1.7Ú [12, ·K 1.2.2] ��. �

Ún 2.5 eM ´ C-Ý�E/, N ´ C-X -E/,K HomR(M ,N)�Ü.

y² Ï� X 'u*Üµ4,¤±d·K 1.7� XC(R)'u*Üµ4.u´d [7, ·K 5.2,½

n 6.4]Ú [19, íØ 3.6]�(Ø¤á. �

e¡�Ñ�©�Ì�(J.

½n 2.6 �M ∈ C(R).KM ´ X -GC-Ý�E/��=�é?¿� n ∈ Z, Mn ´ X -GC-Ý

��, ¿�é?¿� C-X -E/N , HomR(M ,N) ´�ÜE/.

y² 7�5.�M : · · · −→Mn−1 −→Mn −→Mn+1 −→ · · · ´ X -GC-Ý�E/,K�3�

Ü�

X : · · · −→ P1
f1−→ P0

f0−→ Q−1
f−1−→ Q−2 −→ · · · ,

Ù¥z� Pi ´Ý�E/, z� Qj ´ C-Ý�E/, ¦�M ∼= Imf0, �é?¿� C-X -E/ N ,

HomC(R)
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(X,N) �Ü.u´é?¿� n ∈ Zk R-���Ü�

Xn : · · · −→ Pn1
fn
1−→ Pn0

fn
0−→ Qn

−1

fn
−1−→ Qn

−2 −→ · · · ,

¿�Mn ∼= Imfn0 .dÝ��� C-Ý��'u*Üµ4��z� Pni ´Ý��,z� Qn
j ´ C-Ý�

�.� N ´ C-X -�, K N [−n]´ C-X -E/. u´d [20, Ún 3.1]kþ1�Ü���ã

· · · // HomC(R)(Q−1, N [−n]) //

∼=
��

HomC(R)(P0, N [−n]) //

∼=
��

HomC(R)(P1, N [−n])

∼=
��

// · · ·

· · · // HomR(Qn
−1, N) // HomR(Pn0 , N) // HomR(Pn1 , N) // · · · .

�e1��Ü. ùL²é?¿� C-X -� N , HomR(Xn, N) �Ü. Ïdé?¿� n ∈ Z, Mn ´

X -GC-Ý��.dÚn 2.3 ÚÚn 2.4�é?¿� C-X -E/N , HomR(M ,N) �Ü.

¿©5.� n ∈ Z,Ï�Mn´ X -GC-Ý��,¤±d [12, Ún 1.2.8]��3 R-���Ü�

0 −→Mn −→ Qn −→Wn −→ 0,

Ù¥ Qn´ C-Ý��, Wn´ X -GC-Ý��.u´kE/��ÜS�

0 −→
⊕
n∈Z

Mn[−n] −→
⊕
n∈Z

Qn[−n] −→
⊕
n∈Z

Wn[−n]→ 0.

-Q−1 =
⊕
n∈Z

Qn[−n]. w,Q−1 ∈ P̃C(R).,��¡,éE/M ,kXe��ÜS�

0 −→M
( 1
d )
−→

⊕
n∈Z

Mn[−n]
(−d,1 )−→ M [1] −→ 0,

Ù¥ d´E/M ��©.� α : M −→ Q−1´Xeü�E/���Ü¤

M
( 1
d )
−→

⊕
n∈Z

Mn[−n] −→
⊕
n∈Z

Qn[−n].

K α´ü��.- L−1 = Coker α.Kd�Ún��E/��Ü�

0 −→M [1] −→ L−1 −→
⊕
n∈Z

Wn[−n] −→ 0.

Ï�
⊕
n∈Z

Wn[−n]ÚM [1]z��gþ��Ñ´ X -GC-Ý��,¤±d [12, Ún 1.2.6]�é?¿�

n ∈ Z, Ln−1´ X -GC-Ý��. Ïdé?¿� C-X -E/N ,d·K 1.7Ú [12, ·K 1.2.2]���ÜS

�

0 −→ HomR(L−1,N) −→ HomR(Q−1,N) −→ HomR(M ,N) −→ 0.
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Ï� HomR(M ,N)�Ü,�dÚn 2.5� HomR(Q−1,N)�´�ÜE/,¤± HomR(L−1,N)´

�ÜE/.Ïdd·K 2.4� Ext1
C(R)(L−1,N) = 0, �S�

0 −→ HomC(R)(L−1,N) −→ HomC(R)(Q−1,N) −→ HomC(R)(M ,N) −→ 0

�Ü.ùL²

0 −→M −→ Q−1 −→ L−1 −→ 0

´ HomC(R)(−, X̃C(R)) �Ü�. 5¿� L−1ÚM k�Ó�5�,¤±EþãL§���ÜS�

0 −→M −→ Q−1 −→ Q−2 −→ · · · , (3.1)

Ù¥z�Qi´ C-Ý�E/,�é?¿� C-X -E/N ,¼f HomC(R)(−,N)�± (3.1)��Ü5.

�M �Ý�©)

· · · −→ P1
f1−→ P0

f0−→M −→ 0. (3.2)

-Gj = Ker fj , j = 0, 1, 2,.... Kd [12, ·K 1.2.5, 1.2.6]�,é?¿� j > 0±9?¿� n ∈ Z, Gnj

´ X -GC-Ý��. �N ´ C-X -E/,dÚn 2.4�S�

0 −→ HomC(R)(M ,N) −→ HomC(R)(P0,N) −→ HomC(R)(G0,N) −→ 0

�Ü.Ï�z�Mn ´ X -GC-Ý��,¤±d·K 1.7Ú [12, ·K 1.2.2]�,é?¿� C-X -E/N ,

kE/��Ü�

0 −→ HomR(M ,N) −→ HomR(P0,N) −→ HomR(G0,N) −→ 0.

Ï� HomR(M ,N)Ú HomR(P0,N)´�Ü�, ¤± HomR(G0,N)�´�Ü�.ETL§��

é?¿� C-X -E/N ,¼f HomC(R)(−,N)�± (3.2)��Ü5.

d (3.1)� (3.2)���ÜS�

X : · · · −→ P1
f1−→ P0

f0−→ Q−1
f−1−→ Q−2

f−2−→ · · · ,

Ù¥z� Pi ´Ý�E/, z� Qj ´ C-Ý�E/, ¦�M ∼= Imf0, �é?¿� C-X -E/ N ,

HomC(R)

(X,N). Ïd, M ´ X -GC-Ý�E/. �

íØ 2.7 ( [15, ½n 4.7])�M ∈ C(R).KM ´ GC-Ý����=�é?¿� n ∈ Z, Mn ´

GC-Ý��.

y² � X = P(R). Kd½n 2.6�7�5¤á.ey¿©5.

�z�Mn Ñ´ GC-Ý��.?���Ý�E/N ,Kd [15, íØ 4.2]�N =
∏
n∈Z

Pn[−n],Ù
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¥z� Pn´Ý��.u´d [20, Ún 3.1]Ú [10, ·K 2.2]�

Ext1
C(R)(M ,N) = Ext1

C(R)(M ,
∏
n∈Z

Pn[−n])

=
∏
n∈Z

Ext1
C(R)(M , Pn[−n])

=
∏
n∈Z

Ext1
R(Mn, Pn)

= 0.

�dÚn 1.1� HomR(M ,N)�Ü.Ïdd½n 2.6�M ´ GC-Ý�E/. �

íØ 2.8 ( [18, ½n 1.2.8])�M ∈ C(R).KM ´ DC-Ý�E/��=�é?¿� n ∈ Z, Mn

´ DC-Ý��,¿�é?¿� C-²"E/N , HomR(M ,N) ´�ÜE/.

íØ 2.9 �M ∈ C(R).KM ´ GACC-Ý�E/��=�é?¿� n ∈ Z, Mn ´ GACC-Ý

��,¿�é?¿� C-levelE/N , HomR(M ,N) ´�ÜE/.

��½n 2.6�A^,e¡·�|^ X -GC-Ý���5�ïÄ X -GC-Ý�E/�5�.

·K 2.10 X -GC-Ý�E/'u�Ú���Úµ4.

y² �M =
⊕
λ∈Λ

Mλ. Kd½n 2.69 [12, ½n 1.2.7]�M ´ X -GC-Ý�E/��=�

é?¿� n ∈ Z, Mn ´ X -GC-Ý��, ¿�é?¿� C-X -E/ N , HomR(M ,N) �Ü��=

�é?¿� n ∈ ZÚ?¿� λ ∈ Λ, Mn
λ ´ X -GC-Ý��, ¿�é?¿� C-X -E/ N Ú λ ∈ Λ,

HomR(Mλ,N)�Ü��=�é?¿� λ ∈ Λ, Mλ´ X -GC-Ý�E/. �

·K 2.11 Ý�E/Ú C-Ý�E/´ X -GC-Ý�E/.

y² d [12, ·K 1.2.5],½n 2.6 ÚÚn 2.5��. �

� A´ Abel�Æ,� Akv
õ�Ý�é�, B´ A¥�
é��a.â©z [22],¡ B´Ý
��)�,XJ B�¹ A¥�¤kÝ�é�,¿�é A¥?¿�á�ÜS�

0 −→M ′ −→M −→M ′′ −→ 0,

eM ′′ ∈ B,KM ∈ B��=�M ′ ∈ B.

·K 2.12 X -GC-Ý�E/a´Ý��)�.

y² d·K 2.11�Ý�E/´ X -GC- Ý�E/.�

0 −→M −→H −→K −→ 0

´E/�á�ÜS�, Ù¥K´ X -GC-Ý�E/.Ké?¿� n ∈ Z, d½n 2.6�Kn´ X -GC-Ý
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��.ld [12, ½n 1.2.6]�Mn ´ X -GC-Ý����=� Hn ´ X -GC-Ý��. ,��¡, é

?¿� C-X -E/N , d·K 1.7Ú [12, ½n 1.2.2]���ÜS�

0 −→ HomR(K,N) −→ HomR(H,N) −→ HomR(M ,N) −→ 0,

¿�d½n 2.6� HomR(K,N)�Ü. l HomR(M ,N)�Ü��=� HomR(H,N)�Ü. u´

d½n 2.6�, M ´ X -GC-Ý�E/��=�H ´ X -GC-Ý�E/. Ïd X -GC-Ý�E/�a´

Ý��)�. �

·K 2.13 � 0 −→M −→ T −→ K −→ 0´E/��Ü�,¿�M Ú T ´ X -GC-Ý�E

/.Ke�Qã�d:

(1) K ´ X -GC-Ý�E/;

(2)é?¿� n ∈ Z, Kn´ X -GC-Ý��;

(3)é?¿� C-X -E/N , Ext1
C(R)(K,N) = 0.

y² (1)⇒(3)dÚn 2.3��.

(3)⇒(2)� n ∈ Z.�Ä R-���Ü�

0 −→Mn −→ Tn −→ Kn −→ 0.

d½n 2.6�MnÚ TnÑ´ X -GC-Ý��, ¤±d [12, ½n 1.2.11]�Iy²é?¿� C-X -� N ,

Ext1
R(Kn, N) = 0.

� N ∈ XC(R),K N [−n] ∈ X̃C(R).�d (3)� Ext1
C(R)(K, N [−n]) = 0. d [20, Ún 3.1]�

Ext1
C(R)

(K, N [−n]) ∼= Ext1
R(Kn, N),¤± Ext1

R(Kn, N) = 0.Ïd, Kn´ X -GC-Ý��.

(2)⇒(1)d½n 2.6,�Iy²é?¿� C-X -E/N , HomR(K,N) �Ü.�N ´ C-X -E/.

duz�KnÑ´ X -GC-Ý��,¤±d·K 1.7Ú [12, ·K 1.2.2]�S�

0 −→ HomR(K,N) −→ HomR(T ,N) −→ HomR(M ,N) −→ 0

�Ü.Ï�M Ú T ´ X -GC-Ý�E/,¤±d½n 2.6� HomR(M ,N)Ú HomR(T ,N)�Ü.Ï

d HomR(K,N)�´�Ü�. �

e¡�(ØL² X -GC-Ý�E/äk½5.

½n 2.14 �M ∈ C(R). KM ´ X -GC-Ý�E/��=��3 X -GC-Ý�E/��Ü�

G : · · · −→ G1 −→ G0 −→ G−1 −→ · · · ,

¦�M ∼= Im(G0 −→ G−1), ¿�é?¿� C-X -E/N , HomC(R)(G,N)�Ü.
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y² 7�5.�M ´ X -GC-Ý�E/,K�3 X -GC-Ý�E/��Ü�

· · · −→ 0 −→M
1M−→M −→ 0 −→ · · ·

¦�M ∼= Im(M
1M−→M), ¿�w,é?¿� C-X -E/N , HomC(R)(−,N)�±TS���Ü5.

¿©5.� n ∈ Z,K�3�Ü�

Gn : · · · −→ Gn1 −→ Gn0 −→ Gn−1 −→ · · · ,

¦�Mn ∼= Im(Gn0 −→ Gn−1).Ï�Gj ´ X -GC-Ý�E/,¤±d½n 2.6�z�Gnj Ñ´ X -GC-Ý

��. � N ∈ XC(R),K N [−n] ∈ X̃C(R).¤±d [20, Ún 3.1]��þ1�Ü���ã

· · · // HomC(R)(G−1, N [−n]) //

∼=
��

HomC(R)(G0, N [−n]) //

∼=
��

HomC(R)(G1, N [−n])

∼=
��

// · · ·

· · · // HomR(Gn−1, N) // HomR(Gn0 , N) // HomR(Gn1 , N) // · · · .

le1��Ü.� HomR(Gn, N)�Ü.Ïdd [12, ½n 1.3.1]�Mn´ X -GC-Ý��.

�N ∈ X̃C(R).�Ä�Ü�

0 −→M1 −→ G0 −→M −→ 0,

Ù¥M1
∼= Im(G1 −→ G0).d½n 2.6�z� Gn0 Ñ´ X -GC-Ý��,� HomR(G0,N)�Ü.u

´dÚn 2.4�� Ext1
C(R)(G0,N) = 0. q

0 −→ HomC(R)(M ,N) −→ HomC(R)(G0,N) −→ HomC(R)(M1,N) −→ 0

�Ü,¤± Ext1
C(R)(M ,N) = 0. Ï�z�MnÑ´X -GC-Ý��,¤±dÚn 2.4�HomR(M ,N)

�Ü. Ïdd½n 2.6��M ´ X -GC-Ý�E/. �

íØ 2.15 �M ∈ C(R).KM ´ X -GC-Ý�E/��=��3�Ü�

G : · · · −→ G1 −→ G0 −→ G−1 −→ · · · ,

Ù¥ Gi ∈ P̃(R)
⋃
P̃C(R), i ∈ Z, ¦� M ∼= Im(G0 −→ G−1), ¿�é?¿� C-X -E/ N ,

HomC(R)(G,N)�Ü.

y² 7�5.w,.

¿©5.��3E/��Ü�

G : · · · −→ G1 −→ G0 −→ G−1 −→ · · · ,
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Ù¥ Gi ∈ P̃(R)
⋃
P̃C(R), i ∈ Z, ¦� M ∼= Im(G0 −→ G−1), �é?¿� C-X -E/ N ,

HomC(R)(G,N) �Ü. d·K 2.11 ��z� Gi Ñ´ X -GC-Ý�E/. �d½n 2.15 � M ´

X -GC-Ý�E/. �

díØ 2.15��e�(Ø, §L² X -GC-Ý�E/äké¡5.

íØ 2.16 ��3�Ü�

X : · · · −→ P1
f1−→ P0

f0−→ Q−1
f−1−→ Q−2 −→ · · · ,

Ù¥z� Pi ´Ý�E/,z� Qj ´ C-Ý�E/,¿�é?¿� C-X -E/N , HomC(R)(X,N)�

Ü.Ké?¿� i ∈ Z, Coker fi´ X -GC-Ý�E/.
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