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Abstract

The purpose of this paper is to extend some properties of Hilbert spaces to Banach

spaces. This paper gave the definitions of the quivers and their Banach representa-

tions, the definitions of the reflection functors at the sinks and the sources, and the

definitions of contravariant functors. By using the open mapping theorem, algebraic

isomorphism and other definition theorems, it is shown that two kinds of reflection

functors can establish an equality through covariant functors. It also discussed the

algebraic properties of the reflection functor map corresponding to the automorphism

sets between the Banach representations of the quivers and their Banach representa-

tions under the action of the reflection functors. It proved that the reflection functor

map is an algebraic isomorphism.
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1. Úó

�Γ´�ã, Gabriel ( [1])ïÄk���5�mþ��ãL«, ��Í¶�Gabriel½n: k�ë

Ï�ã=kk�õØ��L«�¿�^�´Ù.�Ã�ã´DynkinãAn, Dn, E6, E7, E8��. d

� [2–8]uÐ
k���5�mþ��ãL«nØ. [9, 10]ïÄX�ê�/e�Ã¡��5�mþ�

�ãL«. [11]3Hilbert�m�ÆeïÄ�ã�ÛÜXþL«. [12] ïÄÃ¡�Hilbert �mþ��

ãL«. Hilbert �mþ��ãL«®²��'�¿©�ïÄ§·�òrHilbert �mþ��ãL«

í2�Banach �mþ§¿ïÄ§�3Banach �mþ�5�±9§��m�'X. �©1�!�Ñ

�ã9ÙBanach L«�½Â, 'uÂ:�u:���¼f±9�C¼f�½Â, ¿`²üa��¼

f�ÏL�C¼fïá���ª, 1n!?Ø�ã�BanachL«�mgÓ�8�Ù3��¼f�^

e�BanachL«�mgÓ�8éA���¼fN���ê5�, y²��¼fN�´��êÓ�.

e¡�Ñ�
½Â�PÒ. �X´Banach�m, ±X∗L«X��Ý�m. �X,Y´Banach �

m, ±B(X,Y )L«lX�Y¥�k.�5�f�N, {PB(X,X) = B(X). Xþ�ð��fP�I.
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�T ∈ B(X,Y ), ±ker(T ) = {x ∈ X : Tx = 0} �Im(T ) = {Tx : x ∈ X}©OL«T�"�m��
�. �J´k��I8. �(Xi)i∈J´Banach �mx, P�5�m⊕

i∈J

Xi = {(xi)i∈J : xi ∈ Xi, i ∈ J}.

⊕
i∈J

Xiþ��ê½Â�:

‖(xi)i∈J‖ = (
∑
i∈J

‖xi‖2)
1
2 , (xi)i∈J ∈

⊕
i∈J

Xi,

K
⊕
i∈J

XiUìþã�ê¤���Banach�m, Ù�Ý�m�

(
⊕
i∈J

Xi)
∗ =

⊕
i∈J

X∗i .

2. �ã�BanachL«9Ù��¼f��C¼f

�!�Ñ�ã9ÙBanachL«�½Â, 'uÂ:�u:���¼f±9�C¼f�½Â, ¿`

²üa��¼f�ÏL�C¼fïá���ª. Äk�Ñ�ã9ÙBanachL«�½Â.

½Â2.1 [12] �V´�:8, E ⊆ V × V , N�s, r: E → V÷v: é?¿α = (a, b) ∈ E,

s(α) = a, ¡�α �| , r(α) = b, ¡�α��, ¡o�|Γ = (V,E, s, r)����ã, ¡V�º:8,

E ��Þ8. w,�ã´�k�ã.

eV ,EÑ´k�8, K¡�ãΓ�k��ã.

½Â2.2 �Γ = (V,E, s, r)´�ã, eX = (Xv)v∈V´Banach�mx, f = (f
α
)α∈E , Ù¥f

α
∈

B(Xs(α), Xr(α)), K¡(X, f)´Γ�BanachL«.

eé?¿v ∈ V , Xv = 0, KPX = (Xv)v∈V = 0, d�¡BanachL«(X, f)�"L«, P

�(X, f) = 0.

e¡�Ñ�ã�BanachL«�m�Ó��Ó�Ü¤�½Â.

½Â2.3 �Γ = (V,E, s, r)´�ã, (X, f), (Y, g)´Γ�BanachL«, T = (Tv)v∈V´k.�5�

fx, Ù¥Tv ∈ B(Xv, Yv). eé?¿α ∈ E, Tr(α)fα = gαTs(α), K¡T´l(X, f) �(Y, g) �Ó�.

PÓ�8

Hom((X, f), (Y, g)) = {l(X, f)�(Y, g)�Ó�}.

gÓ�8

End((X, f)) = Hom((X, f), (X, f)).

P"gÓ�0= (0v)v∈V , ð�gÓ�I= (Iv)v∈V .
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Ún2.4 �Γ = (V,E, s, r)´�ã, (X, f), (Y, g), (Z, h)´Γ�BanachL«.

(1)�T ∈ Hom((Y, g), (Z, h)), S ∈ Hom((X, f), (Y, g)), é?¿v ∈ V , P(TS)v = TvSv,

PTS = ((TS)v)v∈V , ¡�TÚS �Ü¤, KTS ∈ Hom((X, f), (Z, h));

(2)�T, S ∈ Hom((X, f), (Y, g)),é?¿v ∈ V ,P(T+S)v = Tv+Sv,PT+S = ((T+S)v)v∈V ,

¡�TÚS�Ú, KT + S ∈ Hom((X, f), (Y, g));

(3)�λ ∈ C, T ∈ Hom((X, f), (Y, g)), é?¿v ∈ V , P(λT )v = λTv, PλT = ((λT )v)v∈V , ¡

�T�ê(λ)¦, KλT ∈ Hom((X, f), (Y, g)).

y² d½Â���y�

w,�ã�BanachL«UìþãÓ�89ÙÜ¤�¤���Æ, =k

·K2.5 �Γ = (V,E, s, r)´�ã, KΓ�¤kBanachL«Uì½Â2.3¥�Ó�8�Ún2.4¥

�Ü¤�¤���Æ, P�BRep(Γ).

e¡�Ñ�ã�BanachL«�Ó�!�Ú!Ø�©)Ú�D4�½Â.

½Â2.6 �Γ = (V,E, s, r)´�ã.

(1) �(X, f), (Y, g)´Γ�BanachL«. e�3l(X, f)�(Y, g)þ�Ó�T , =T = (Tv)v∈V ∈
Hom((X, f), (Y, g)), �é?¿v ∈ V , Tv ∈ B(Xv, Yv)´Ó��f, K¡(X, f)�(Y, g)Ó�, P

�(X, f) ∼= (Y, g).

(2) �(X, f), (Y, g), (Y ′, g′)´Γ�BanachL«. eé?¿v ∈ V , ?¿α ∈ E, Xv = Yv
⊕
Y ′v ,

fα = gα
⊕
g′α, KPX = Y

⊕
Y ′, f = g

⊕
g′, d�¡(X, f)´(Y, g)�(Y ′, g′)��Ú, P�(X, f)

= (Y
⊕
Y ′, g

⊕
g′) = (Y, g)

⊕
(Y ′, g′).

(3) �(X, f)´Γ��"BanachL«. e(X, f)Ó�uΓ�ü��"BanachL«��Ú, K

¡(X, f)´�©)�. ÄK¡(X, f) ´Ø�©)�.

�e5�Ñ�ã�BanachL«'uÂ:�u:���¼f±9�C¼f�½Â, ¿`²üa�

�¼f�ÏL�C¼fïá���ª. Äk�Ñ�ã¥Â:�u:9Ù�A)¤�#�ã, ±9é

ó�ã�½Â.

½Â2.7 [12] �Γ = (V,E, s, r)´�ã, v ∈ V´�º:.

(1) eé?¿α ∈ E, s(α) 6= v, K¡v´Γ�Â:, d�P

Ev = {α ∈ E : r(α) = v}.

(2) eé?¿α ∈ E, r(α) 6= v, K¡v´Γ�u:, d�P

Ev = {α ∈ E : s(α) = v}.

�F ⊆ V × V´��Þ8, α ∈ F . eα : x→ y, Pα : y → x. PF = {α : α ∈ F}.

½Â2.8 [12] �Γ = (V,E, s, r)´�ã.

DOI: 10.12677/pm.2022.1210194 1813 nØêÆ

https://doi.org/10.12677/pm.2022.1210194


UZu§Ü�H

(1) �v ∈ V´Γ�Â:, Pσ+
v (V ) = V , σ+

v (E) = (E\Ev)
⋃
Ev, -�ã

σ+
v (Γ) = (σ+

v (V ), σ+
v (E), s, r).

(2) �v ∈ V´Γ�u:, Pσ−v (V ) = V , σ−v (E) = (E\Ev)
⋃
Ev, -�ã

σ−v (Γ) = (σ−v (V ), σ−v (E), s, r).

(3) PV = V , E = {α : α ∈ E}, -Γ�éó�ã

Γ = (V ,E, s, r).

e¡�Ñ�ã�BanachL«'uÂ:�u:���¼f±9�C¼f�½Â. Äk�Ñd

�ãΓ�BanachL«(X, f)'uÂ:vp��σ+
v (Γ) �BanachL«, (X, f)'uu:vp��σ−v (Γ)

�BanachL«, ±9(X, f)p��Γ�BanachL«.

½Â2.9 �Γ = (V,E, s, r)´k��ã.

(1) �v ∈ V´Γ�Â:, (X, f)´Γ�BanachL«. -k.�5�f

hv :
⊕
α∈Ev

Xs(α) → Xv, hv((xs(α))α∈Ev) =
∑
α∈Ev

fα(xs(α)), xs(α) ∈ Xs(α).

-

Yv = kerhv = {(xs(α))α∈Ev ∈
⊕
α∈Ev

Xs(α) :
∑
α∈Ev

fα(xs(α)) = 0}.

éu ∈ V , u 6= v, -Yu = Xu.

�β ∈ Ev, Kβ ∈ Ev, �s(β) = r(β) = v, r(β) = s(β) 6= v. -k.�5�f

gβ : Ys(β) = Yv → Yr(β) = Ys(β) = Xs(β), gβ((xs(α))α∈Ev) = xs(β).

éβ ∈ E\Ev, Ks(β) 6= v, r(β) 6= v, -gβ = fβ ∈ B(Xs(β), Xr(β)) = B(Ys(β), Yr(β)).

½Âσ+
v (Γ)�BanachL«

Φ+
Γ,v(X, f) = (Y, g),

Ù¥Y = (Yu)u∈σ+
v (V ), g = (gβ)β∈σ+

v (E).
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(2) �v ∈ V´Γ�u:, (X, f)´Γ�BanachL«. -k.�5�f

ĥv :
⊕
α∈Ev

X∗r(α) → X∗v , ĥv((x
∗
r(α))α∈Ev) =

∑
α∈Ev

f∗α(x∗r(α)), x∗r(α) ∈ X∗r(α).

-Yv = (ker ĥv)
∗, Ù¥

ker ĥv = {(x∗r(α))α∈Ev ∈
⊕
α∈Ev

X∗r(α) :
∑
α∈Ev

f∗α(x∗r(α)) = 0}.

éu ∈ V , u 6= v, -Yu = X∗∗u .

�β ∈ Ev, Kβ ∈ Ev, �s(β) = r(β) 6= v, r(β) = s(β) = v. -k.�5�f

gβ : Ys(β) = Yr(β) = X∗∗
r(β)
→ Yr(β) = Yv = (ker ĥv)

∗,

÷v: é?¿F ∈ X∗∗
r(β)

, é?¿(x∗r(α))α∈Ev ∈ ker ĥv, k

(gβF )((x∗r(α))α∈Ev) = F (x∗
r(β)

).

éβ ∈ E\Ev, Ks(β) 6= v, r(β) 6= v, -gβ = f∗∗β ∈ B(X∗∗s(β), X
∗∗
r(β)) = B(Ys(β), Yr(β)).

½Âσ−v (Γ)�BanachL«

Φ−Γ,v(X, f) = (Y, g),

Ù¥Y = (Yu)u∈σ−
v (V ), g = (gβ)β∈σ−

v (E).

(3) �(X, f)´Γ�BanachL«. é?¿u ∈ V , -Yu = X∗u. é?¿β ∈ E, Kβ ∈ E, -gβ =

f∗
β
∈ B(X∗

r(β)
, X∗

s(β)
) = B(X∗s(β), X

∗
r(β)) = B(Ys(β), Yr(β)).

½ÂΓ�BanachL«

Φ∗Γ(X, f) = (Y, g),

Ù¥Y = (Yu)u∈V , g = (gβ)β∈E .

e¡�Ñd�ãΓ�BanachL«�m�Ó�'uÂ:vp��σ+
v (Γ)�BanachL«�m�Ó�,

'uu:vp��σ−v (Γ) �BanachL«�m�Ó�, ±9p��Γ�Banach L«�m�Ó�.

Ún2.10 �Γ = (V,E, s, r)´k��ã.

(1) �v ∈ V´Γ�Â:, (X, f), (X ′, f ′)´Γ�BanachL«, (Y, g) = Φ+
Γ,v(X, f), (Y ′, g′) =

Φ+
Γ,v(X

′, f ′) X½Â2.9(1), ´σ+
v (Γ)�BanachL«. �T ∈ Hom((X, f), (X ′, f ′)). -k.�5�f

Sv : Yv → Y ′v , Sv((xs(α))α∈Ev) = (Ts(α)(xs(α)))α∈Ev .
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éu ∈ V , u 6= v, -Su = Tu ∈ B(Xu, X
′
u) = B(Yu, Y

′
u), KS = (Su)u∈V ∈ Hom((Y, g), (Y ′, g′)).

PS = Φ+
Γ,v(T ).

(2) �v ∈ V´Γ�u:, (X, f), (X ′, f ′)´Γ�BanachL«, (Y, g) = Φ−Γ,v(X, f), (Y ′, g′) =

Φ−Γ,v(Y, f
′)X½Â2.9(2), ´σ−v (Γ)�Banach L«. �T ∈ Hom((X, f), (X ′, f ′)). -k.�5�f

Sv : Yv = (ker ĥv)
∗ → Y ′v = (ker ĥ′v)

∗,

÷v: é?¿F ∈ Yv, é?¿(x′∗r(α))α∈Ev ∈ ker ĥ′v, k

(SvF )((x′∗r(α))α∈Ev) = F ((T ∗r(α)x
′∗
r(α))α∈Ev).

éu ∈ V , u 6= v,-Su = T ∗∗u ∈ B(X∗∗u , (X
′
u)∗∗) = B(Yu, Y

′
u),KS = (Su)u∈V ∈ Hom((Y, g), (Y ′, g′)).

PS = Φ−Γ,v(T ).

(3) �(X, f), (X ′, f ′)´Γ�BanachL«, (Y, g) = Φ∗Γ(X, f), (Y ′, g′) = Φ∗Γ(X ′, f ′)X½Â2.9(3),

´Γ �BanachL«. �T ∈ Hom((X, f), (X ′, f ′)). é?¿u ∈ V , -Su = T ∗u ∈ B(X ′∗u , X
∗
u)

= B(Y ′u, Yu), KS = (Su)u∈V ∈ Hom((Y ′, g′), (Y, g)). PS = Φ∗Γ(T ).

y² (1)�(3)�y²aq [12]14Ü©¥��¼fΦ+
v��C¼fΦ∗¥�`²�y�.ey(2),

Äkaq [12]�14 Ü©¥��¼fΦ−v¥�`²�y�Sv´k¿Â��Sv ∈ B(Yv, Y
′
v).

é?¿β ∈ Ev, Kβ ∈ Ev, �s(β) = r(β) 6= v, r(β) = s(β) = v. é?¿F ∈ X∗∗
r(β)

, é?

¿(x′∗r(α))α∈Ev ∈ ker ĥ′v, k

(Sr(β)gβF )((x′∗r(α))α∈Ev) = (SvgβF )((x′∗r(α))α∈Ev) = (gβF )((T ∗r(α)x
′∗
r(α))α∈Ev) = F (T ∗

r(β)
x′∗
r(β)

)

�

(g′βSs(β)F )((x′∗r(α))α∈Ev) = (g′βSr(β)F )((x′∗r(α))α∈Ev)

= (g′βT
∗∗
r(β)

F )((x′∗r(α))α∈Ev) = (T ∗∗
r(β)

F )x′∗
r(β)

= F (T ∗
r(β)

x′∗
r(β)

),

=(Sr(β)gβF )((x′∗r(α))α∈Ev) = (g′βSs(β)F )((x′∗r(α))α∈Ev), KSr(β)gβF = g′βSs(β)F , �Sr(β)gβ = g′βSs(β).

é?¿β ∈ E\Ev, Ks(β) 6= v, r(β) 6= v. �

Sr(β)gβ = T ∗∗r(β)f
∗∗
β = (Tr(β)fβ)∗∗ = (f ′βTs(β))

∗∗ = (f ′β)∗∗T ∗∗s(β) = g′βSs(β).

nþ��S = (Su)u∈V ∈ Hom((Y, g), (Y ′, g′)).

�ãσ+
v (Γ)Uìþãp��BanachL«�Ó�89Ùg,Ü¤�����dBRep(Γ) '

uÂ:vp���ÆBRep(σ+
v (Γ)), ?
�½Â'uÂ:���¼f. �ãσ−v (Γ)Uìþãp�

�BanachL«�Ó�89Ùg,Ü¤�����dBRep(Γ) 'uu:vp���ÆBRep (σ−v (Γ)),

DOI: 10.12677/pm.2022.1210194 1816 nØêÆ

https://doi.org/10.12677/pm.2022.1210194


UZu§Ü�H

?
�½Â'uu:���¼f. �ãΓUìþãp��BanachL«�Ó�89Ùg,Ü¤���

��dBRep(Γ) p���ÆBRep(Γ), ?
�½Â�C¼f.

½Â2.11 �Γ = (V,E, s, r)´k��ã.

(1) �v ∈ V´Γ�Â:. ½Â��¼f

Φ+
Γ,v : BRep(Γ)→ BRep(σ+

v (Γ)),

Ù¥éBRep(Γ)¥�é�(X, f), (Y, g) = Φ+
Γ,v(X, f)X½Â2.9(1), ´BRep(σ+

v (Γ))¥�é�, é

BRep(Γ)¥�Ó�T , S = Φ+
Γ,v(T )XÚn2.10(1), ´BRep(σ+

v (Γ))¥�Ó�, BRep(σ+
v (Γ)) ¥�Ó

�Ü¤´g,Ü¤, XÚn2.4.

(2) �v ∈ V´Γ�u:. ½Â��¼f

Φ−Γ,v : BRep(Γ)→ BRep(σ−v (Γ)),

Ù¥éBRep(Γ)¥�é�(X, f), (Y, g) = Φ−Γ,v(X, f)X½Â2.9(2), ´BRep(σ−v (Γ))¥�é�, é

BRep(Γ)¥�Ó�T , S = Φ−Γ,v(T )XÚn2.10(2), ´BRep(σ−v (Γ))¥�Ó�, BRep(σ−v (Γ)) ¥�Ó

�Ü¤´g,Ü¤, XÚn2.4.

(3) ½Â�C¼f

Φ∗Γ : BRep(Γ)→ BRep(Γ),

Ù¥éBRep(Γ)¥�é�(X, f), (Y, g) = Φ∗Γ(X, f)X½Â2.9(3), ´BRep(Γ)¥�é�, éBRep

(Γ)¥�Ó�T , S = Φ∗Γ(T )XÚn2.10(3), ´BRep(Γ)¥�Ó�. BRep(Γ) ¥�Ó�Ü¤´g,Ü

¤, XÚn2.4.

e¡�Ñ�!�Ì�½n, =`²üa��¼f�ÏL�C¼fïá���ª.

½n2.12 �Γ = (V,E, s, r)´k��ã, v ∈ V´Γ�u:, Kv´Γ�Â:, σ−v (Γ) = σ+
v (Γ), �

kXe(Ø:

(1) éΓ�BanachL«(X, f), k

Φ−Γ,v(X, f) = Φ∗
σ+
v (Γ)

(Φ+

Γ,v
(Φ∗Γ(X, f))).

(2) �(X, f), (X ′, f ′)´Γ�BanachL«, T ∈ Hom((X, f), (X ′, f ′)), K

Φ−Γ,v(T ) = Φ∗
σ+
v (Γ)

(Φ+

Γ,v
(Φ∗Γ(T ))).

y² duσ+
v (V ) = V = σ−v (V ), E

v
= Ev, K

σ+
v (E) = (E\Ev

)
⋃
E
v

= (E\Ev)
⋃
Ev = σ−v (E),
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�σ−v (Γ) = σ+
v (Γ).

(1) P(Z,ϕ) = Φ∗Γ(X, f)´Γ�BanachL«, K

Z = (Zu)u∈V = (X∗u)u∈V , ϕ = (ϕβ)β∈E = (f∗
β
)β∈E .

P(W,ψ) = Φ+

Γ,v
(Z,ϕ)´σ+

v (Γ)�BanachL«, d½Â�±��y�

Wv = ker ĥv = {(x∗r(α))α∈Ev ∈
⊕
α∈Ev

X∗r(α) :
∑
α∈Ev

f∗α(x∗r(α)) = 0}.

Ù¥ĥvX½Â2.9(2), �u ∈ V , u 6= v�, Wu = Zu = X∗u. éβ ∈ Ev
= Ev, k

ψβ((x∗r(α))α∈Ev) = x∗r(β), x∗r(α) ∈ X∗r(α).

�β ∈ E\Ev
�, ψβ = ϕβ = f∗

β
. P(Y, g) = Φ∗

σ+
v (Γ)

(W,ψ)´σ+
v (Γ)�BanachL«, K

Y = (Yu)
u∈σ+

v (V )
= (W ∗u )

u∈σ+
v (V )

, g = (gβ)
β∈σ+

v (E)
= (ψ∗

β
)
β∈σ+

v (E)
.

�Yv = W ∗v = (ker ĥv)
∗, ��u ∈ V , u 6= v�, Yu = W ∗u = X∗∗u . éβ ∈ Ev, kβ ∈ Ev, Kgβ = ψ∗

β
∈

B(X∗∗
r(β)

,W ∗v ) = B(X∗∗
r(β)

, (ker ĥv)
∗). é?¿F ∈ X∗∗

r(β)
, é?¿(x∗r(α))α∈Ev ∈ ker ĥv = Wv, k

(gβF )((x∗r(α))α∈Ev) = (ψ∗
β
F )((x∗r(α))α∈Ev) = F (ψβ((x∗r(α))α∈Ev)) = F (x∗

r(β)
).

éβ ∈ E\Ev, Kβ ∈ E\Ev = E\Ev
, �gβ = ψ∗

β
= f∗∗

β
= f∗∗β . Ïd(Y, g) = Φ−Γ,v(X, f), =

Φ−Γ,v(X, f) = Φ∗
σ+
v (Γ)

(Φ+

Γ,v
(Φ∗Γ(X, f))).

(2) PR = Φ∗Γ(T ), ��R = (Ru)u∈V ∈ Hom((Z ′, ϕ′), (Z,ϕ)), �é?¿u ∈ V , k

Ru = T ∗u : Z ′u = (X ′u)∗ → Zu = X∗u.

PL = Φ+

Γ,v
(R), ��L = (Lu)u∈V ∈ Hom((W ′, ψ′), (W,ψ)),d½Â�±��y�

Lv : W ′v = ker ĥ′v →Wv = ker ĥv, Lv((x
′∗
r(α))α∈Ev) = (T ∗r(α)x

′∗
r(α))α∈Ev ,

Ù¥(x′∗r(α))α∈Ev ∈ ker ĥ′v. �u ∈ V , u 6= v�, k

Lu = Ru = T ∗u : W ′u = Z ′u = (X ′u)∗ →Wu = Zu = X∗u.
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PS = Φ∗
σ+
v (Γ)

(L), ��S = (Su)u∈V ∈ Hom((Y, g), (Y ′, g′)), �é?¿u ∈ V , k

Su = L∗u : Yu = W ∗u → Y ′u = (W ′u)∗.

�Sv = L∗v ∈ B(Yv, Y
′
v) = B(W ∗v , (W

′
v)
∗) = B((ker ĥv)

∗, (ker ĥ′v)
∗). é?¿F ∈ Yv, é?¿

(x′∗r(α))α∈Ev ∈ ker ĥ′v, k

(SvF )((x′∗r(α))α∈Ev) = (L∗vF )((x′∗r(α))α∈Ev) = F (Lv((x
′∗
r(α))α∈Ev)) = F ((T ∗r(α)x

′∗
r(α))α∈Ev).

�u ∈ V , u 6= v�, Su = L∗u = T ∗∗u . ÏdS = Φ−Γ,v(T ), =

Φ−Γ,v(T ) = Φ∗
σ+
v (Γ)

(Φ+

Γ,v
(Φ∗Γ(T ))).

3. ��¼fN���ê5�

½Â3.1 [12] �Γ = (V,E, s, r)´k��ã, (X, f)´Γ�BanachL«. �v ∈ V´Γ�Â:.

e
∑
α∈Ev

Imfα´Xv�4f�m, K¡(X, f)3v´4�; e
∑
α∈Ev

Imfα = Xv, K¡(X, f)3v´÷�.

dþã½Â����Xe

·K3.2 �Γ = (V,E, s, r)´k��ã, (X, f)´Γ�BanachL«. �v ∈ V´Γ�Â:, hvX½

Â2.9(1), K

(1) (X, f)3v´4�⇔Imhv´Xv�4f�m;

(2) (X, f)3v´÷�⇔hv´÷�.

Ún3.3 �Γ = (V,E, s, r)´k��ã, (X, f)´Γ�BanachL«. �v ∈ V´Γ�Â:, K

Φ+
Γ,v(X, f) = 0⇔é?¿u ∈ V, u 6= v,kXu = 0.

d�,

(1) e(X, f)�´Ø�©)�, KXv
∼= C;

(2) e(X, f)�3v´÷�, K(X, f) = 0.

y² PΦ+
Γ,v(X, f) = (Y, g), Ù¥Yv = kerhv, hvX½Â2.9(1), ��u ∈ V , u 6= v�, Yu = Xu.

eΦ+
Γ,v(X, f) = 0, Ké?¿u ∈ V , u 6= v, kXu = Yu = 0.

eé?¿u ∈ V , u 6= v, kXu = 0, KYu = Xu = 0. duv´Γ�Â:, Ké?¿α ∈ Ev,

s(α) 6= v, �Xs(α) = 0. ÏdYv = kerhv ⊆
⊕
α∈Ev

Xs(α) = 0, =Yv = 0. l
Φ+
Γ,v(X, f) = (Y, g) = 0.

d�, Xu =
{ Xv, u = v,

0, u 6= v,
u ∈ V , �é?¿α ∈ E, kfα = 0.
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(1) �(X, f)�´Ø�©)�, K(X, f) 6= 0, �Xv 6= 0. edimXv ≥ 2, ��Xv = X1

⊕
X2, Ù

¥X1, X2´Xv��"4f�m. -

Yu =
{ X1, u = v,

0, u 6= v,
Zu =

{ X2, u = v,

0, u 6= v,
u ∈ V,

�é?¿α ∈ E, -gα = 0, hα = 0. -Y = (Yu)u∈V , g = (g
α
)α∈E , Z = (Zu)u∈V , h = (h

α
)α∈E ,

K(Y, g), (Z, h)Ñ´Γ��"BanachL«, �(X, f)= (Y, g)
⊕

(Z, h), ù�(X, f)´Ø�©)�gñ,

�dimXv = 1, ÏdXv
∼= C.

(2) �(X, f)�3v´÷�, KXv =
∑
α∈Ev

Imfα = 0, �X = 0, =(X, f) = 0.

Ún3.4 �Γ = (V,E, s, r)´k��ã, (X, f),(Y, g)´Γ�BanachL«, �(X, f) ∼= (Y, g).

�v ∈ V´Γ�Â:.

(1) e(X, f)3v´4�, K(Y, g)3v�´4�;

(2) e(X, f)3v´÷�, K(Y, g)3v�´÷�.

y² du(X, f) ∼= (Y, g), K�3Ó�T = (Tu)u∈V ∈ Hom((X, f), (Y, g)), =é?¿u ∈ V ,

Tu ∈ B(Xu, Yu)´Ó��f, �é?¿α ∈ E, kTr(α)fα = gαTs(α), KfαT
−1
s(α) = T−1

r(α)gα. é?

¿α ∈ Ev, kr(α) = v, qé?¿ys(α) ∈ Ys(α), -xs(α) = T−1
s(α)(ys(α)) ∈ Xs(α), =ys(α) = Ts(α)(xs(α)),

K ∑
α∈Ev

gα(ys(α)) =
∑
α∈Ev

gαTs(α)(xs(α)) =
∑
α∈Ev

Tr(α)fα(xs(α))

=
∑
α∈Ev

Tvfα(xs(α)) = Tv
∑
α∈Ev

fα(xs(α)) ∈ Tv(
∑
α∈Ev

Imfα),

�
∑
α∈Ev

Imgα ⊆ Tv(
∑
α∈Ev

Imfα). Ón�y
∑
α∈Ev

Imfα ⊆ T−1
v (

∑
α∈Ev

Imgα),KTv(
∑
α∈Ev

Imfα) ⊆
∑
α∈Ev

Imgα,

�
∑
α∈Ev

Imgα = Tv(
∑
α∈Ev

Imfα).

(1) e(X, f)3v´4�, K
∑
α∈Ev

Imfα´Xv�4f�m. duTv´Ó��f, K
∑
α∈Ev

Imgα =

Tv(
∑
α∈Ev

Imfα)´Yv �4f�m, �(Y, g)3v´4�.

(2) e(X, f)3v´÷�, K
∑
α∈Ev

Imfα = Xv. duTv´Ó��f, K
∑
α∈Ev

Imgα = Tv(
∑
α∈Ev

Imfα)

= Tv(Xv) = Yv, �(Y, g)3v´÷�.

Ún3.5 �Γ = (V,E, s, r)´k��ã, (X, f) ´Γ�BanachL«. �v ∈ V´Γ�Â:, KN

�Φ+
Γ,v : End(X, f)→ End(Φ+

Γ,v(X, f))´��êN�.

y² �T ∈ End(X, f), S ∈ End(X, f), λ ∈ C.
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é?¿(xs(α))α∈Ev ∈ Yv, k

(Φ+
Γ,v(T + S))v((xs(α))α∈Ev) = ((T + S)s(α)xs(α))α∈Ev = ((Ts(α) + Ss(α))xs(α))α∈Ev

= (Ts(α)xs(α))α∈Ev + (Ss(α)xs(α))α∈Ev = (Φ+
Γ,vT )v((xs(α))α∈Ev) + (Φ+

Γ,vS)v((xs(α))α∈Ev)

= ((Φ+
Γ,vT )v + (Φ+

Γ,vS)v)((xs(α))α∈Ev) = (Φ+
Γ,vT + Φ+

Γ,vS)v((xs(α))α∈Ev),

(Φ+
Γ,v(TS))v((xs(α))α∈Ev) = ((TS)s(α)xs(α))α∈Ev = (Ts(α)Ss(α)xs(α))α∈Ev

= (Φ+
Γ,vT )v((Ss(α)xs(α))α∈Ev) = (Φ+

Γ,vT )v(Φ
+
Γ,vS)v((xs(α))α∈Ev) = ((Φ+

Γ,vT )(Φ+
Γ,vS))v((xs(α))α∈Ev),

(Φ+
Γ,v(λT ))v((xs(α))α∈Ev) = ((λT )s(α)xs(α))α∈Ev = λ(Ts(α)xs(α))α∈Ev

= λ(Φ+
Γ,vT )v((xs(α))α∈Ev) = (λΦ+

Γ,vT )v((xs(α))α∈Ev),

K

(Φ+
Γ,v(T + S))v = (Φ+

Γ,vT + Φ+
Γ,vS)v, (Φ+

Γ,v(TS))v = ((Φ+
Γ,vT )(Φ+

Γ,vS))v, (Φ+
Γ,v(λT ))v = (λΦ+

Γ,vT )v.

éu ∈ V , u 6= v, k

(Φ+
Γ,v(T + S))u = (T + S)u = Tu + Su = (Φ+

Γ,vT )u + (Φ+
Γ,vS)u = (Φ+

Γ,vT + Φ+
Γ,vS)u,

(Φ+
Γ,v(TS))u = (TS)u = TuSu = (Φ+

Γ,vT )u(Φ+
Γ,vS)u = ((Φ+

Γ,vT )(Φ+
Γ,vS))u,

(Φ+
Γ,v(λT ))u = (λT )u = λTu = λ(Φ+

Γ,vT )u = (λΦ+
Γ,vT )u,

�

Φ+
Γ,v(T + S) = Φ+

Γ,vT + Φ+
Γ,vS, Φ+

Γ,v(TS) = Φ+
Γ,v(T )Φ+

Γ,v(S), Φ+
Γ,v(λT ) = λΦ+

Γ,v(T ).

nþ��, Φ+
Γ,v : End(X, f)→ End(Φ+

Γ,v(X, f))´��êN�.

½n3.6 �Γ = (V,E, s, r)´k��ã, v ∈ V´Γ�Â:, (X, f)´Γ�BanachL«. e(X, f)

3v´÷�, KN�Φ+
Γ,v : End(X, f)→ End(Φ+

Γ,v(X, f))´��êÓ�.
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y² P(Y, g) = Φ+
Γ,v(X, f), dÚn3.5��N�Φ+

Γ,v : End(X, f)→ End(Y, g)´��êN�.

kyΦ+
Γ,v´ü�. �T ∈ End(X, f)÷vS = Φ+

Γ,v(T ) = 0. �u ∈ V , u 6= v�, kTu = Su = 0.

duv ´Γ�Â:, Ké?¿α ∈ Ev, r(α) = v, s(α) 6= v, �Ts(α) = 0. é?¿xs(α) ∈ Xs(α), d

uT ∈ End(X, f), K

Tv(
∑
α∈Ev

fα(xs(α))) = Tr(α)(
∑
α∈Ev

fα(xs(α))) =
∑
α∈Ev

Tr(α)fα(xs(α)) =
∑
α∈Ev

fαTs(α)(xs(α)) = 0.

du(X, f)3v´÷�, =
∑
α∈Ev

Imfα = Xv, KTv = 0, �T = (Tu)u∈V = 0, ¤±Φ+
Γ,v´ü�.

eyΦ+
Γ,v´÷�. �S = (Su)u∈V ∈ End(Y, g). éu ∈ V , u 6= v, -Tu = Su. dué?

¿α ∈ Ev, s(α) 6= v, qdu(X, f)3v´÷�, =
∑
α∈Ev

Imfα = Xv, K�½Â�f

Tv : Xv → Xv : Tv(
∑
α∈Ev

fα(xs(α))) =
∑
α∈Ev

fαTs(α)(xs(α)), xs(α) ∈ Xs(α).

e�3x′s(α) ∈ Xs(α), α ∈ Ev, ¦�
∑
α∈Ev

fα(xs(α)) =
∑
α∈Ev

fα(x′s(α)), K

hv((xs(α) − x′s(α))α∈Ev) =
∑
α∈Ev

fα(xs(α) − x′s(α)) =
∑
α∈Ev

fα(xs(α))−
∑
α∈Ev

fα(x′s(α)) = 0

Ù¥hvX½Â2.9(1), =(xs(α) − x′s(α))α∈Ev ∈ kerhv = Yv. �Sv((xs(α) − x′s(α))α∈Ev) ∈ Sv(Yv) ⊆
Yv = kerhv, =

0 = hv(Sv((xs(α) − x′s(α))α∈Ev)) =
∑
β∈Ev

fβgβ(Sv((xs(α) − x′s(α))α∈Ev)).

é?¿β ∈ Ev, Kr(β) = s(β) = v, s(β) = r(β) 6= v. duS = (Su)u∈V ∈ End(Y, g), K

gβ(Sv((xs(α) − x′s(α))α∈Ev)) = gβSs(β)((xs(α) − x′s(α))α∈Ev) = Sr(β)gβ((xs(α) − x′s(α))α∈Ev)

= Ss(β)(xs(β) − x′s(β)) = Ts(β)(xs(β) − x′s(β)),

�

0 =
∑
β∈Ev

fβTs(β)(xs(β) − x′s(β)) =
∑
β∈Ev

fβTs(β)xs(β) −
∑
β∈Ev

fβTs(β)x
′
s(β),

=
∑
β∈Ev

fβTs(β)xs(β) =
∑
β∈Ev

fβTs(β)x
′
s(β), �Tv´(½�. w,Tv´�5�.

du(X, f)3v´÷�, Khv´÷�. dmN�½n, �3~êM > 0, ¦�é?¿(xs(α))α∈Ev

DOI: 10.12677/pm.2022.1210194 1822 nØêÆ

https://doi.org/10.12677/pm.2022.1210194


UZu§Ü�H

∈
⊕
α∈Ev

Xs(α),

‖(xs(α))α∈Ev‖ ≤M‖hv((xs(α))α∈Ev)‖ = M‖
∑
α∈Ev

fα(xs(α))‖.

duΓ´k��ã, KEv´k��8, ��Ev´K�8. é?¿x ∈ Xv, du(X, f)3v´÷

�, =
∑
α∈Ev

Imfα = Xv, K�3(xs(α))α∈Ev ∈
⊕
α∈Ev

Xs(α), ¦�x =
∑
α∈Ev

fα(xs(α)). dué��

f(fαTs(α))α∈Ev ∈ B(
⊕
α∈Ev

Xs(α),
⊕
α∈Ev

Xr(α)), K

‖Tvx‖ = ‖Tv(
∑
α∈Ev

fα(xs(α)))‖ = ‖
∑
α∈Ev

fαTs(α)(xs(α))‖ ≤
∑
α∈Ev

‖fαTs(α)(xs(α))‖

≤ K2(
∑
α∈Ev

‖fαTs(α)(xs(α))‖2)
1
2 = K2‖((fαTs(α))α∈Ev)((xs(α))α∈Ev)‖

≤ K2‖(fαTs(α))α∈Ev‖‖(xs(α))α∈Ev‖ ≤ K2‖(fαTs(α))α∈Ev‖ ·M‖
∑
α∈Ev

fα(xs(α))‖

= K2M‖(fαTs(α))α∈Ev‖‖x‖,

�Tv ∈ B(Xv).

é?¿α ∈ Ev, Kr(α) = v. é?¿xs(α) ∈ Xs(α), -

xs(γ) =
{ xs(α), γ = α,

0, γ 6= α,
γ ∈ Ev,

K

Tvfα(xs(α)) = Tv(
∑
γ∈Ev

fγ(xs(γ))) =
∑
γ∈Ev

fγTs(γ)(xs(γ)) = fαTs(α)(xs(α)),

=Tr(α)fα = Tvfα = fαTs(α). é?¿α ∈ E\Ev, Ks(α) 6= v, r(α) 6= v, �

Tr(α)fα = Sr(α)gα = gαSs(α) = fαTs(α).

ÏdT = (Tu)u∈V ∈ End(X, f).

éu ∈ V , u 6= v,kSu = Tu = (Φ+
Γ,vT )u. duS = (Su)u∈V ∈ End(Y, g),Ké?¿(xs(α))α∈Ev ∈
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Yv, kSv((xs(α))α∈Ev) ∈ Yv. qdué?¿β ∈ Ev, kr(β) = s(β) = v, s(β) = r(β) 6= v, K

Sv((xs(α))α∈Ev) = (gβSv((xs(α))α∈Ev))β∈Ev = (gβSs(β)((xs(α))α∈Ev))β∈Ev

= (Sr(β)gβ((xs(α))α∈Ev))β∈Ev = (Ss(β)xs(β))β∈Ev = (Ts(β)xs(β))β∈Ev = (Φ+
Γ,vT )v((xs(α))α∈Ev),

=Sv = (Φ+
Γ,vT )v. �Φ+

Γ,v(T ) = S. ÏdΦ+
Γ,v´÷�.

nþ¤ã, N�Φ+
Γ,v : End(X, f)→ End(Φ+

Γ,v(X, f))´��êÓ�.

Ä7�8
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