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Abstract

In this paper, the closed-convex curve flow with preserved length on the plane and its
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application are studied. If the initial closed-convex curve is a constant width curve of

width, then the development curve remains constant width under the flow, and the

width is equal to the width of the initial curve, and the curve flow is used to prove

the geometric inequality of the reciprocal integral of a curvature of the closed convex

curve on the plane, and the equivalence sign is established to explain the geometric

classification in detail.
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1. Úó9Ì�(J

�é�Ý¼ê¥¹k| ¼ê��6, 32001c, �)�3© [1]¥ïÄL�Ý¼ê�±e(

���6. �X0´Ð©4à�, X(u, t) : S1 × [0, T )→ R2´�x²¡1w�. X(u, t) ÷v±

eüz�§ {
∂X
∂t

= ( 2π
L(t)

p− 1)N,

X(u, 0) = X0,
(1.1)

Ù¥p = p(u, t)�üz��| ¼ê, N = Nin(u, t)�üz��ü S{�þ, L(t)�üz�

�Ý.

3�6¥, Ï�UCuÐ�§����þ�K���ëêL«, ØK����ªAÛ

/G, ¤±�±ÀJ��·����þ5{z��AÛ©Û. 3© [1]¥�Ä��§(1.1)�d�

�uÐ�§Xe: {
∂X
∂t

= [ 2π
L(t)

p− 1]Nin + γT,

X(u, 0) = X0(u), u ∈ S1,
(1.2)

γ = − 1
k

∂[ 2π
L(t)

p−1]
∂s

���©þ, T�üz�ü ��þ.

�)�3© [1]¥��: X0´Ð©4à�, �X(u, t)36(1.2)eüz, 3üzL§¥

�X(u, t)�±4à5�C��5��, �ÝL(t)�±ØC, ¡ÈA(t)O\, ��mªuÃ¡�, 3C∞

Ýþe��4�´±�»� L
2π
��.

Cc5, �63²¡4à��AÛØ�ªA^�~É'5. ~X: Yang3© [2]¥ÏL��
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�Â 6y²
k'��Ç����Ø�ª; YangÚWu3© [3]¥ÏL�«��Ý�Â 6

é_�±Ø�ª�Ñ#�y²; gx#ÚHö!3© [4]¥ÏLïá²¡¥��Â 6�üNú

ª, �Ñ
n�²¡�AÛØ�ª#�y², ��. É© [1–4]�éu, �©ò|^�6(1.2)�

Ñ, XJÐ©4à�´°Ýw(θ, 0) = L(0)
π
�~°�, @o3T6euÐ��±~°, ¿�°Ý

�Ð©�°Ý��. Ó�|^T6òy²��'uÇ�ê�È©�²¡4à�AÛØ�ª,

AOé�Ò¤á�
�[�AÛ©a)º. �©�Ì�½nQãXe:

½n1.1 XJÐ©4à�´°Ýw(θ, 0) = L(0)
π
�~°�, @o36(1.2)euÐ��±~

°, ¿�°Ý�Ð©�°Ý��.

½n1.2 eX´²¡4à�, �Ý�L, ¡È�A, Kk±eØ�ª¤á

µ(L2 − 4πA) + 2A+
∣∣∣Ã∣∣∣ ≤ ∮

X

1

k
ds, (1.3)

Ù¥−∞ < µ ≤ 1
π

, k��Ç, ÃL«Ç¥%;,�k�¡È, AO/,

(1)−∞ < µ < 1
π

, (1.3)�Ò¤á�Ù=�X´�;

(2)µ = 1
π

, Ø�ª(1.3)�Ò¤á�Ù=�X��½ögê�6�õ�ª�, �4à�Ñkü

^*dp�R��é¡�, õ�ª��§Xe

0 = y6 + (3x2 − L2

4π2
+ 15a2 − 9

aL

π
)y4

+ (3x4 − 78a2x2 − L2

2π2
x2 + 2

aL3

π3
+ 20

a2L2

π2
− 72

a3L

π
+ 48a4)y2

+ x6 + 15a2x4 + 9
aL

π
x4 − L2

4π2
x4

+ 72
a3L

π
x2 − 4a2L4 + 32

L2

π2
a4 − 64a6.

�©�(�Sü

�©©�n�Ü©, 1�Ü©�ÚóÚÌ�½n, ùÜ©Ì�0�
�Ý¼ê¥¹k| ¼ê

��Ý��6ïÄ�µ9(J, ¿��ÑCAcÜ©^�6y²Ø�ª�ïÄ?Ð, Ó��Ñ

�©�ïÄ8�ÚÌ�(J; 1�Ü©�ý��£ÚÌ�Ún, ùÜ©Ì�½Â
4à��AÛ

þ, �ÑA���Ún; 1nÜ©�Ì�½n�y², ùÜ©|^�)�3© [1]¥ïÄ�²¡þ

��Ý�4à�6�Ñ�©�Ì�½ny².

2. ý��£ÚÌ�Ún

½Â2.1 [5]�²¡þC2a�(C)��§�

r̄ = r̄(t). (2.1)

�(C)þ�:M , Ùg,ëê�t(t ∈ [a, b]), ,��C:M1, Ùg,ëê�t +4t. 3M!M1ü
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:���(C)�ü ��þT (t) ÚT (t + 4t). ü���þm�Y�´4θ , =r:M1���

þT (t+4t)²£�:M�, ü��þT (t) ÚT (t+4t)�Y��4θ. ·�^²¡�3:M?��
�þél��^=�Ý5½Â�3:M�Ç, =²¡�(C)3:M�Ç�

k(t) = lim
4t→0

∣∣∣∣4θ4t
∣∣∣∣ , (2.2)

Ù¥4t�M:9Ù�C:M1m�l�, 4θ��3:MÚM1���þY�.

½Â2.2 [5]�X(s)�Ç¥%;,�X̃(s)��§�

X̃(s) = X(s) +
1

k(s)
Nin(s) (2.3)

Ù¥s�l�ëê, Nin(s)�ü S{�þ.

½Â2.3 [5]à8�| ¼êÚ°Ý¼ê: �K�k.4à8, 3²¡þ?¿À��IXx0y. g

�:0Ú��0R. �R�u0R ��K���?¿���G1(P1, θ). 8p1�þ(.�p, =

p = sup {p1 : G1(p1, θ) ∩K 6= ∅} , (2.4)

Ù¥G1�K�����L«G1�K���¿g. �(2.4)ª¥p�A���G(p, θ)w,�K�| �,

¡�K÷θ ���| �. ¼êp(θ)¡�à8K�| ¼ê. qÚ?¼ê

w(θ) = p(θ) + p(θ + π), (2.5)

w,, w(θ)´éu��θ,Úθ+π�ü²1| ¼êm�ål,¡�à8K÷θ���°Ý,¼êw(θ)¡

�à8K�°Ý¼ê

Ún2.1 [6] �²¡þ4à�X��Ý�L, �¤�¡È�A, Ç�k, Ç¥%;,�¤�k

�¡È�Ã, | ¼ê�p, θ�ü ��þ�x¶���Y�, @oX, L, A, k, Ã�d| ¼ê��

�L«�e�/ª

4à�XL«�: {
x(θ) = p(θ) sin(θ) + pθ(θ) cos(θ),

y(θ) = −p(θ) cos θ + pθ sin(θ).
(2.6)

��ÝLL«�:

L =

∫ 2π

0

p(θ)dθ. (2.7)

��¤¡ÈAL«�:

A =
1

2

∫ 2π

0

(p2(θ)− p2θ(θ))dθ. (2.8)

��ÇkL«�:

k =
1

p(θ) + pθθ(θ)
. (2.9)
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Ç¥%;,�¤�k�¡ÈÃL«�:

Ã =
1

2

∫ 2π

0

(p2θ − p2θθ)dθ. (2.10)

Ún2.2 [7] ²¡4à�k(2.11)/ª�| ¼ê, @o4à��gêØ�L6�õ�ª

�, �4à�Ñkü^*dp�R��é¡�.

p(θ) =
L

2
+ a1 cos θ + b1 sin θ + a2 cos 2θ + b2 sin 2θ. (2.11)

Ù¥a1, a2, b1, b2�~ê, L���Ý.

Ún2.3 [7]²¡���IX²L·��C�Ú^=��, 4à�(2.11)ª�| ¼êC

�(2.12)ª, õ�ª��§/ª÷v£2.13¤ª.

p =
L

2π
+ a cos(2θ), (2.12)

0 = 4π4a6y6 + (12π4a6x2 − π2L2a6 + 60π4a8 − 36π3La7)y4

+ (12π4a6x4 − 312π4a8x2 − 2π2L2a6x2 + 8πL3a7

+ 80π2L2a8 − 288π3La9 + 192π4a10)y2

+ 4π4a6x6 + 60π4a8x4 + 36π3La7x4 − π2L2a6x4

+ 288π3La9x2 − 16L4a8 + 128π2L2a10 − 256π4a12,

(2.13)

Ù¥a =
√
a22 + a22, L���Ý.

Ún2.4 4à�X(u, 0)36(1.2)eüz, §�| ¼ê�p, K| ¼ê÷v±eð�ª¤á

a0 =
1

π

∫ 2π

0

pdθ. (2.14)

p =
a0
2

+
∞∑
n=1

(an cosnθ + bn sinnθ). (2.15)

pθ =

∞∑
n=1

n(−an sinnθ + bn cosnθ). (2.16)

pθθ =

∞∑
n=1

n2(−an cosnθ − bn sinnθ). (2.17)

∫ 2π

0

p2dθ =
πa20
2

+ π
∞∑
n=1

(a2n + b2n). (2.18)

∫ 2π

0

p2θdθ = π
∞∑
n=1

n2(a2n + b2n). (2.19)
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∫ 2π

0

p2θθdθ = π
∞∑
n=1

n4(a2n + b2n). (2.20)

y²Ún2.4 Ï�p, pθ, pθθÑ´±Ï�2π�±Ï¼ê, éÙ?1Fp�?êÐm��(2.14-

2.17), 36(1.2)eüz��| ¼êëYÙÂñ, ¤±døl��ð�ª�(2.18-2.20).

Ún2.5 [1] 4à�X(u, t)Uì�§(1.2)üz, Kk

θt = 0, Lt = 0. (2.21)

pt = 1− 2π

L
p. (2.22)

At =
L2 − 4πA

L
. (2.23)

kt =
2π

L
k − k2. (2.24)

3. Ì�½n�y²

½n1.1�y² d½Â2.3�(2.5)�Ún(2.5)�(2.22)�

∂w(θ, t)

∂t
=
∂p(θ, t)

∂t
+
∂p(θ + π, t)

∂t

= 1− 2π

L(0)
p(θ, t) + 1− 2π

L(0)
p(θ + π, t)

= 2− 2π

L(0)
[p(θ, t) + p(θ + π, t)]

= 2− 2π

L(0)
w(θ, t).

(3.1)

d(3.1)�Ð©^�� {
∂w(θ,t)
∂t

= − 2π
L(0)

w(θ, t) + 2,

w(θ, 0) = L(0)
π
,

(3.2)

e¡)�§(3.2), Äk-

w(θ, t) = C(t)e−
2π
L(0)

t. (3.3)

é(3.3)üà'ut¦��

∂w(θ, t)

∂t
=

dC(t)

dt
e−

2π
L(0)

t − 2π

L(0)
C(t)e−

2π
L(0)

t (3.4)
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ò(3.3)�\(3.2)2éá(3.4)�
dC(t)

dt
= 2e

2π
L(0)

t, (3.5)

é(3.5)È©�

C(t) = w(θ, 0) +
L(0)

π
(e

2π
L(0)

t − 1). (3.6)

ò(3.6)�\(3.3)�

w(θ, t) = [w(θ, 0) +
L(0)

π
(e

2π
L(0)

t − 1)]e−
2π
L(0)

t. (3.7)

Ï�w(θ, 0) = L(0)
π

, ¤±w(θ, t) = L(0)
π

, =½n(1.1)¤á.

·K3.1 �X(u, 0)´Ð©4à�, X(u, t)´�6(1.2)�), ½Â¼êϕ(t)Xe:

ϕ(t) =

∮
X

1

k
ds− µ[L2(t)− 4πA(t)]− 2A(t)−

∣∣∣Ã∣∣∣ , (3.8)

e−∞ < µ ≤ 1
π

, Kkϕ(t)üN4~ÙÂñ�0.

y²·K3.1: ddθ = kds±9Ún2.5, ��é(3.8)ü>'ut¦��

dϕ(t)

dt
= −2

∫ 2π

0

λ(t)k − k2

k3
dθ + (4πµ− 2)At + Ãt. (3.9)

qdÚn2.1¥(2.10)�Ún2.4¥(2.22)�

Ãt =
1

2

∫ 2π

0

(2pθptθ − 2pθθptθθ)dθ

= − 4π

L(t)

∫ 2π

0

p2θ − p2θθdθ

= − 4π

L(t)
Ã(t).

(3.10)

ò(3.10)�\(3.9), 2(ÜÚn2.1�

dϕ(t)

dt
= − 2π

L(0)

∫ 2π

0

p2θθdθ +
2π

L(0)
(4πµ+ 1)

∫ 2π

0

p2θdθ −
2π

L(0)
4πµ

∫ 2π

0

p2dθ + 4πµL(0),

2dÚn2.4�n�
dϕ(t)

dt
= − 2π2

L(0)

∞∑
n=1

(a2n + a2n)(n2 − 1)(n2 − 4πµ).

d−∞ < µ ≤ 1
π

, dÚn2.4�, þª?êÂñ, �dϕ(t)
dt
≤ 0, ¤±ϕ(t)üN4~. qÏ�X(u, t)3

6(1.2)eÂñ�k��, ¤±k

lim
t→∞

[

∮
X

1

k
ds− µ[L2(t)− 4πA(t)]− 2A(t)−

∣∣∣Ã∣∣∣] = 0.

nþ, ·K3.1¤á.
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½n1.2�y² d·K3.1�ϕ(0) ≥ 0, =∮
X

1

k
ds ≥ µ(L2 − 4πA) + 2A+

∣∣∣Ã∣∣∣ , (3.11)

e−∞ < µ < 1
π

, Kk

∮
X

1

k
ds− µ(L2 − 4πA)− 2A−

∣∣∣Ã∣∣∣ =

∫ 2π

0

p2 + p2θθ − 2p2θdθ + (2πµ− 1)

∫ 2π

0

p2 − p2θdθ

− µ(

∫ 2π

0

pdθ)2 +
1

2

∫ 2π

0

p2θ − p2θθdθ

=
1

2

∫ 2π

0

p2θθdθ − (2πµ+
1

2
)

∫ 2π

0

p2θdθ

+ 2πµ

∫ 2π

0

p2dθ − µ(

∫ 2π

0

pdθ)2

=
1

2
π

∞∑
n=1

(a2n + b2n)(n2 − 1)(n2 − 4πµ)

= 0.

dþª��, e(n ≥ 2), �Ò¤á, kan = bn = 0, =| ¼ê�:p = a0
2

+ a1 cos θ + b1 sin θ, lX

´�, =(1)¤á.

eµ = 1
π

, Kk

∮
X

1

k
ds− L2 − 2πA

π
−
∣∣∣Ã∣∣∣ =

1

2
π

∞∑
n=1

(a2n + b2n)(n2 − 1)(n2 − 4) = 0.

dþª�, en ≥ 3�Ò¤á, Kkan = bn = 0, ¤±| ¼ê�

p(θ) =
a0
2

+ a1 cos θ + b1 sin θ + a2 cos 2θ + b2 sin 2θ.

2dÚn2.2�2.3�, ea =
√
a22 + b22 = 0, Kk| ¼ê�:p = a0

2
+ a1 cos θ + b1 sin θ, �Ò¤á�

�=�X´�. ea =
√
a22 + b22 6= 0, dÚn2.2�2.3�, �Ò¤á�Ù=�X�gê�6�õ�ª

�, �4à�Ñkü^*dp�R��é¡�, �§Xe

0 = y6 + (3x2 − L2

4π2
+ 15a2 − 9

aL

π
)y4

+ (3x4 − 78a2x2 − L2

2π2
x2 + 2

aL3

π3
+ 20

a2L2

π2
− 72

a3L

π
+ 48a4)y2

+ x6 + 15a2x4 + 9
aL

π
x4 − L2

4π2
x4

+ 72
a3L

π
x2 − 4a2L4 + 32

L2

π2
a4 − 64a6.

nþ, ½n1.2¤á.
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�©`: (1)3½n1.2¥, eµ = 1
π

, TØ�ª3© [8]¥�p��ïÄ, ��Ò¤áØ
4à

�X´�±	, gê�6�õ�ª��4à�Ñkü^*dp�R��é¡��U¦�Ò¤á.

(2)ÏL²¡þ4à���Ý6y²AÛØ�ª, �E¹ë¼ê, ÏL�Â 6�üNúª�±

¿©/éëê��?1©a?Ø, AO/§·K3.1¥¼ê�üN5�y
Ð©��Ø�ª(3.11)¤

á, Ny
½n1.2¥4à��?¿5.

ë�©z

[1] �)�. AÛØ�ª�Ç6[D]: [Æ¬Æ Ø©]. þ°: uÀ���Æ, 2001.

[2] Yang, Y.L. (2020) An Inequality for the Minimum Affine Curvature of a Plane Curve. Comptes

Rendus Mathematique, 358, 139-142. https://doi.org/10.5802/crmath.19

[3] Yang, Y. and Wu, W. (2021) The Reverse Isoperimetric Inequality for Convex Plane Curves

through a Length-Preserving Flow. Archiv der Mathematik, 116, 107-113.

https://doi.org/10.1007/s00013-020-01541-5

[4] gx#, Hö!. �63²¡��A�Ø�ª¥�A^[J/OL]. êÆÆ�(¥©�), 2022.

https://kns.cnki.net/kcms/detail/11.2038.O1.20220318.1020.014.html, 2022-03-21.

[5] r�², �¹�. �©AÛ[M]. �®: �®p���Ñ��, 2008.

[6] ?�>. È©AÛÆÚØ[M]. þ°: þ°�ÆEâÑ��, 1988.

[7] Gao, L., Zhang, Z. and Zhou, F. (2020) An Extension of Rabinowitz’s Polynomial Represen-
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