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Abstract

For n ≥ 1, let pn > 1 and Dn = {0, an, bn} ⊂ Z, where an < bn < pn. In this paper we study

the existence of infinite orthogonal exponential sets of moran measures

µ := δp−1
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∗ δp−1
1 p−1

2 {0,a2,b2}
∗ · · · ∗ δp−1

1 p−1
2 ···p
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which is generated by the sequence of integers {pn}∞n=1 and the sequence of number sets

{Dn}∞n=1. We obtain the necessary and sufficient conditions for infinite convolution µ

to have infinite orthogonal exponential sets, this provides a good idea for constructing

the spectrum of this function space.
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1. Úó

� µ � Rd þäk;| � Borel VÇÿÝ, XJ�3�ê8 Λ ⊂ Rd ¦��ê¼êx
EΛ := {e−2πi<λ,x> : λ ∈ Λ}�¤ L2(µ)�IO��Ä,K¡ µ�ÌÿÝ,¿¡ Λ� µ�Ì.eÌÿÝ

µ���3;8 Ωþ� LebesgueÿÝ, K¡ Ω�Ì8.NÚ©Û���Ä�¯K´ïÄ µÛ��Ì

ÿÝ±9§�ÌäkÛ«/ª?'uÌïÄ¯K, Fuglede [1]u 1974cJÑ
Í¶�Ì8ß�:

Ì8ß� Ω�Ì8��=� Ω´²£ Tile,=�3�ê¢ê8 Γ¦� Ω ⊕ Γ = Rd , Ù¥ ⊕L«
�Ú,�Ò3���� Lebesgue"ÿ8¿Âe¤á.

dß�®²�y²3n�9±þ�êÑØ¤á,�ù�ß�3��Ú��þ´Ä¤áE´m¯

K.'uÛÉÿÝ�ÌïÄ¯K, JorgensenÚ Pedersen [2]u 1998c�E
1��ÛÉ�ÌÿÝ,

�´1��©/ÌÿÝ.Ó��Ñ�Ø '�óê�,IO CantorÿÝ µb {0,1}�ÌÿÝ,�Ø '

� 1
3
�Ã¡BernoulliòÈÿÝdu�kk��ê.��8,�Ø´ÌÿÝ.ù�uy-å
ïÄö
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�4�,�,g�ÿÝÚMoranÿÝ�&¢����d�m,�þ�ÌÿÝ��EÑ5,X [3–11].

·���,�älÑ8Ü Λ´Ä�ÿÝ µ�Ì,Ì�l��5Ú��5ü��¡�y.Ïd,·�3

�EÿÝ µ�Ì�,ÄkI�u�Ù��5. HuÚ Lau3 [12]¥y²
êi8� {0, 1}�g�qÿ
Ý µäkÃ¡�ê��8��=�ÙØ '� p

q
� ng��,Ù¥ p�Ûê, q�óê.�� An, He

Ú Li3 [4]¥�Ñ
�aÃ¡ BernoulliòÈäkÃ¡�ê��8�¿�^�.

Éþã©z�éu,·�F"í2��¹����Moran.ÿÝ.�©Ì�ïÄ���/ed

�ê8� {Dn}∞n=1)¤��aMoranÿÝ�Ã¡�ê��8��35. � {pn}∞n=1��êS��

é?¿� n ≥ 1,

pn ≥ 2, Dn = {0, an, bn} ⊂ Z, an < bn < pn. (1.1)

XJ

∞∑
n=1

p−1
1 p−1

2 · · · p−1
n bn <∞, (1.2)

�â [13]��,ÿÝS�

µn = δp−1
1 {0,a1,b1}

∗ δp−1
1 p−1

2 {0,a2,b2}
∗ · · · ∗ δp−1

1 p−1
2 ···p

−1
n {0,an,bn}

fÂñ��äk��;| � BorelVÇÿÝ

µ := µ{pn},{Dn} = δp−1
1 {0,a1,b1}

∗ δp−1
1 p−1

2 {0,a2,b2}
∗ · · · , (1.3)

Ù¥, δE = 1
#E

∑
e∈E δe, #E �8Ü E �³,� δe �ü: e ∈ Rþ� DiracÿÝ. ·�¡TÿÝ�

MoranÿÝ,� µ| 3Xe Cantor −Moran8þ:

T ({pn}, {Dn}) =

∞∑
n=1

p−1
1 p−1

2 · · · p−1
n Dn. (1.4)

3�©¥,·�í2¿[z [14]¥�(Ø,Ì�ïÄdn�êi8)¤�MoranÿÝ µ3�o�¹

ekÃ¡�ê��8.é?¿� n ∈ Z\{0},·�½Â ν3(n) = max{t : 3t | n},¿P

kn = ν3(p1p2 · · · pn)− ν3(3gcd(an, bn)). (1.5)

Äuþ¡PÒ,Ì�(ØXe:

½n1.1 b� {pn}∞n=1, {Dn}∞n=1 X (1.1)¤½Â.K (1.3)¤½Â�Ã¡òÈ µäkÃ¡�ê��

8��=��3Ã¡�êS� {nt}t≥1 ¦� {
ant

gcd(ant ,bnt )
,

bnt
gcd(ant ,bnt )

} ≡ {1,−1} (mod3)� {knt}t≥1

î�4O.

��5`,�Ñ�aMoranÿÝkÃ¡�ê��8�¿�^�´��(J�¯�,�8¤�(

J�~�,Ù'�3u7�5.·�ù�©Ùl&Ä":8� 3Ïf�êÑu,é�
 µ{pn},{Dn} �
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3Ã¡�ê��8�¿�^�.

�©�Ì�µeXe.·�31�!¥Ì�0��
~^óäÚ®�(J.31n!¥,·�|

^�y{y²½n 1.1�7�5,Ì�g���":8� 3Ïf�êØO�,�â pn > bn (n ≥ 1)

¬íÑgñ,ly�7�5.ÏL�E µ{pn},{Dn}���Ã¡�ê��85�y¿©5.

2. ý��£

3�!¥,·�ò0��
Ä�Vg9®�(J.

� µ´ Rþäk;| � BorelVÇÿÝ, µ� FourierC�½Â�

µ̂(ξ) =

∫
e−2πiξxdµ(x). (2.1)

� f � Rþ�¼ê,P f(x)�":8�

Z(f) = {x : f(x) = 0}. (2.2)

éu�êf8 Λ ⊂ R,�â��5±9":8½Â,·�k±e�5�.ù´�EÿÝ���8�

~^�{.

Ún2.1 8Ü Λ´ÿÝ µ���8��=�

(Λ− Λ)\{0} ⊂ Z(µ̂). (2.3)

Ø���5,�©ob� 0 ∈ Λ.

�k�f8 D ⊂ R,·�¡

MD(x) =
1

#D

∑
d∈D

e2πidx, x ∈ R (2.4)

� D�Mask¼ê.l µ�Fp�C���¤

µ̂(x) =

∞∏
n=1

MDn(p−1
1 p−1

2 · · · p−1
n x). (2.5)

3. Ì�½n�y²

é?¿� n ∈ Z\{0},·�½Â h(n) = n
3v3(n) ,= n¥�� 3Ïf.K

n = 3ν3(n)h(n). (3.1)

3e©¥, é?¿� n ≥ 1, ·�P µn = δp−1
1 D1

∗ · · · ∗ δp−1
1 p−1

2 ···p
−1
n Dn

, v>n = δp−1
n+1Dn+1

∗
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δp−1
n+1p

−1
n+2Dn+2

· · · .K

µ = µn ∗ v>n
(

1

p1 · · · pn

)
. (3.2)

Ún3.1 � D = {0, a, b}´n��ê8, Z(MD)d (2.2)¤½Â,K :

(i) Z(MD) 6= ∅��=� { a
gcd(a,b)

, b
gcd(a,b)

} ≡ {1,−1}(mod 3).

(ii)e Z(MD) 6= ∅,K Z(MD) = 3Z±1
3gcd(a,b)

.

y² d (2.4),·�k

MD(x) = 1
3
(1 + e−2πiax + e−2πibx), x ∈ R.

�MD(x) = 0 ⇔ e−2πiax + e−2πibx�¢Ü� −1,JÜ� 0 ,={
cos2πax+ cos2πbx = −1

sin2πax+ sin2πbx = 0 ,

⇔ ax = l1 ±
1

3
, bx = l2 ∓

1

3
, l1, l2 ∈ Z.

⇔ a =
1

3x
(3l1 ± 1), b =

1

3x
(3l2 ∓ 1), l1, l2 ∈ Z, x 6= 0. (3.3)

d (3.3)�� a, b� 3Ïf�ê�Ó.·�P

a = gcd(a, b)a′, b = gcd(a, b)b′, a′, b′ ∈ 3Z± 1. (3.4)

äó { a
3ν3(gcd(a,b)) ,

b
3ν3(gcd(a,b)) } ≡ {1,−1}(mod 3)��=� { a

gcd(a,b)
, b
gcd(a,b)

} ≡ {1,−1}(mod 3).

y²äó d (3.1)�� gcd(a, b) = 3ν3(gcd(a,b))h(gcd(a, b)),Ø�� h(gcd(a, b)) ∈ 3Z + 1.

7�5 :� { a
3ν3(gcd(a,b)) ,

b
3ν3(gcd(a,b)) } ≡ {1,−1}(mod 3)�,Ø�� a

3ν3(gcd(a,b)) ∈ 3Z+1, b
3ν3(gcd(a,b)) ∈

3Z− 1,·�k

a

gcd(a, b)
=

a

3ν3(gcd(a,b))h(gcd(a, b))
∈ 3Z + 1.

ÄK,e a
3ν3(gcd(a,b))h(gcd(a,b))

∈ 3Z− 1.d��3 z1, z2 ∈ Z¦�

a

3ν3(gcd(a,b))
= (3z1 + 1)(3z2 − 1) ∈ 3Z− 1.

ù�®�gñ,� a
gcd(a,b)

∈ 3Z + 1.Ón�y b
gcd(a,b)

∈ 3Z− 1,äó�7�5�y.

DOI: 10.12677/pm.2023.132039 358 nØêÆ

https://doi.org/10.12677/pm.2023.132039


=x

¿©5 : �7�5y²aq, � { a
gcd(a,b)

, b
gcd(a,b)

} ≡ {1,−1}(mod 3) �, Ø�� a
gcd(a,b)

∈
3Z + 1, b

gcd(a,b)
∈ 3Z− 1,N´��

a

3ν3(gcd(a,b))
=

a

gcd(a, b)
h(gcd(a, b)) ∈ 3Z + 1.

¿�, b
3ν3(gcd(a,b)) ∈ 3Z− 1.nþ,äó�y.

(i)däó��,=y Z(MD) 6= ∅��=� { a
3ν3(gcd(a,b)) ,

b
3ν3(gcd(a,b)) } ≡ {1,−1}(mod 3).

7�5 :d (3.3)�� a
b

= 3l1±1
3l2∓1

,=

a+ b = ±3 (al2 − bl1), (3.5)

�k 3 | a+ b.

(a)e a ∈ 3Z± 1, b ∈ 3Z∓ 1,(Øw,¤á.

(b)e 3 | a, 3 | b. d (3.5)�� a′ + b′ = ±3 (a′l2 − b′l1).é a′, b′?1aq/©Û��

{ a
3ν3(gcd(a,b)) ,

b
3ν3(gcd(a,b)) } ≡ {1,−1}(mod 3).

¿©5 :e { a
3ν3(gcd(a,b)) ,

b
3ν3(gcd(a,b)) } ≡ {1,−1}(mod 3),K�3m1,m2 ∈ Z¦�

a

3ν3(gcd(a,b))
= 3m1 ± 1,

b

3ν3(gcd(a,b))
= 3m2 ∓ 1.

Ïd,��� l1 = m1, l2 = m2Òk

a

b
=

3m1 ± 1

3m2 ∓ 1
=

3l1 ± 1

3l2 ∓ 1
.

u´,o�±é� l1, l2 ∈ Z÷v (3.3),� Z(MD) 6= ∅.

(ii)d (3.3)!(3.4)��,

x ∈ Z(MD) ⇔ x ∈ 1

3a
(3Z± 1) ∩ 1

3b
(3Z∓ 1) =

1

3gcd(a, b)

(
1

a′
(3Z± 1) ∩ 1

b′
(3Z∓ 1)

)
.

ey 1
a′

(3Z± 1) ∩ 1
b′

(3Z∓ 1) = 3Z± 1,Ù¥ gcd(a′, b′) = 1.du a′, b′ ∈ 3Z± 1,K

3Z± 1 ⊆ 1

a′
(3Z± 1), 3Z± 1 ⊆ 1

b′
(3Z∓ 1).

� 3Z± 1 ⊆ 1
a′

(3Z± 1)∩ 1
b′

(3Z∓ 1).,��¡,é?¿� x /∈ 3Z± 1,·�k x /∈ 1
a′

(3Z± 1).ÄK¬

�3 z1, z2 ∈ Z¦�

a′(3z1) = 3z1 ± 1.

ùw,Ø�U.� 3Z± 1 ⊇ 1
a′

(3Z± 1) ∩ 1
b′

(3Z∓ 1).nþ, Z(MD) = 3Z±1
3gcd(a,b)

. �

DOI: 10.12677/pm.2023.132039 359 nØêÆ

https://doi.org/10.12677/pm.2023.132039


=x

dþãÚn,·�k

Z(µ̂) =
∞⋃
n=1

p1p2 · · · pn
3Z± 1

3gcd(an, bn)
=
∞⋃
n=1

3kn
h(p1p2 · · · pn)

h(gcd(an, bn))
(3Z± 1). (3.6)

y²½n1.1

7�5 :·�Äky²�3Ã¡õ� n ≥ 2¦� { an
gcd(an,bn)

, bn
gcd(an,bn)

} ≡ {1,−1} (mod3).ÄK,

b��3 N ∈ N¦�� n > N �, { an
gcd(an,bn)

, bn
gcd(an,bn)

} 6= {1,−1} (mod3).dÚn 3.1 (i)��

Z
(
v̂>N

(
1

p1 · · · pN

))
= ∅.

b� Λ´ µ�Ã¡��8� 0 ∈ Λ.�âÚn 2.1(Ü (3.2),k

(Λ− Λ)\{0} ⊆ Z(µ̂) = Z(µ̂N ).

ù� Λ�Ã¡��8gñ,�b�Ø¤á.

ùp·�Ø��é?¿ n ≥ 1,k { an
gcd(an,bn)

, bn
gcd(an,bn)

} ≡ {1,−1} (mod3).ey�3�Ã¡�

êS� {nt}t≥1¦� {knt}t≥1î�4O.ÄK¬k±eü«�/ :

�/ I : {kn}n≥1 Ãe..Ø�� {kn}n≥1 î�4~.b� Λ´ µ�Ã¡��8� 0 ∈ Λ,dÚn

2.1(Ü (3.6)��?� λ0 ∈ Λ,�3��ê n0±9 t0 ∈ 3Z± 1¦�

λ0 = 3kn0
h(p1p2 · · · pn0

)

h(gcd(an0
, bn0

))
t0.

du {kn}n≥1î�4~,��3Ã¡õ�ê nj > n0 (j > 0),¦� λj ∈ Λ�

λj ∈ 3knj
h(p1p2 · · · pnj )
h(gcd(anj , bnj ))

(3Z± 1), knj < kn0
.

Ø���3 tj ∈ 3Z± 1¦�

λj = 3knj
h(p1p2 · · · pnj )
h(gcd(anj , bnj ))

tj .

K

λ0 − λj =


3kn0

h(p1p2···pn0
)

h(gcd(an0
,bn0

))

(
t0 − 3knj−kn0

h(gcd(an0
,bn0

))

h(p1p2···pn0
)

h(p1p2···pnj )

h(gcd(anj ,bnj ))
tj

)
3knj

h(p1p2···pnj )

h(gcd(anj ,bnj ))

(
−tj + 3kn0

−knj h(gcd(anj ,bnj ))

h(p1p2···pnj )

h(p1p2···pn0
)

h(gcd(an0
,bn0

))
t0

)
,

d knj < kn0
´� λ0 − λj /∈ 3kn0

h(p1p2···pn0
)

h(gcd(an0
,bn0

))
(3Z ± 1). Ïd, d Λ ���5�� λ0 − λj ∈
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3knj
h(p1p2···pnj )

h(gcd(anj ,bnj ))
(3Z± 1).u´,

h(gcd(anj , bnj ))

h(p1p2 · · · pnj )
h(p1p2 · · · pn0

)

h(gcd(an0
, bn0

))
t0 ∈ Z.

�Ò´`,

t0 ∈
h(pn0+1pn0+2 · · · pnj )h(gcd(an0

, bn0
))

h(gcd(anj , bnj ))
Z. (3.7)

� pn > bn ( n ≥ 1 ),¤±

p1p2 · · · pn
3gcd(an, bn)

= 3kn
h(p1p2 · · · pn)

h(gcd(an, bn))
→ +∞, n→ +∞.

qÏ� {kn}n≥1î�4~.��k

h(p1p2 · · · pn)

h(gcd(an, bn))
→ +∞, n→ +∞. (3.8)

ù��3 t0 ∈ 3Z± 1�÷v (3.7)gñ.

�/ II : {kn}n≥1 ke.. d��3 N ∈ N ¦� {kn}n≥N Ñ�Ó� { an
gcd(an,bn)

, bn
gcd(an,bn)

} ≡
{1,−1} (mod3) .

XJ Λ′ (0 ∈ Λ′ )´ v>N

(
1

p1···pN

)
�Ã¡��8,dÚn 2.19Ún 3.1 (ii)��?� λ0 ∈ Λ,�

3��ê n0 > N ±9 q0 ∈ 3Z± 1¦�

λ0 = 3kn0
h(p1p2 · · · pn0

)

h(gcd(an0
, bn0

))
q0.

du {kn}n≥N Ñ�Ó,��3Ã¡õ�ê nj > n0 (j > 0)9 qj ∈ 3Z± 1,¦� λj ∈ Λ�

λj = 3knj
h(p1p2 · · · pnj )
h(gcd(anj , bnj ))

qj , knj = kn0
.

u´

λ0 − λj =


3kn0

h(p1p2···pn0
)

h(gcd(an0
,bn0

))

(
q0 −

h(gcd(an0
,bn0

))

h(p1p2···pn0
)

h(p1p2···pnj )

h(gcd(anj ,bnj ))
qj

)
3knj

h(p1p2···pnj )

h(gcd(anj ,bnj ))

(
−qj +

h(gcd(anj ,bnj ))

h(p1p2···pnj )

h(p1p2···pn0 )

h(gcd(an0
,bn0

))
q0

)
,

du n > N �, {kn}n≥N Ñ�Ó.Ïd, (3.8)E,¤á.��/ Iaq,ù��3� t0 ∈ 3Z ± 1

9Ã¡õ tj ∈ 3Z± 1 (j > 0)gñ. � v>N

(
1

p1···pN

)
�kk��ê��8,d (3.2)��ù�®� µ

kÃ¡�ê��8gñ.7�5�y.

¿©5 :�â®�^�,·�Ø��é?¿ n ≥ 1,k { an
gcd(an,bn)

, bn
gcd(an,bn)

} ≡ {1,−1} (mod3)
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� {kn}n≥1�î�4OS�.e�E µ���Ã¡�ê��8.

P

Λσn = {3k1h(p1)3σ1 + 3k2h(p1p2)σ2+ · · ·+ 3knh(p1p2 · · · pn)σn : σ1, · · · , σn ∈ {0, 1,−1}},

Λσ =
∞⋃
n=1

Λσn.

?� λ, λ′ ∈ Λσ � λ 6= λ′. d��½¬�3�ê z, z′ ≥ 1 9 σj ∈ {0, 1,−1} (1 ≤ j ≤ z), σ′j ∈
{0, 1,−1} (1 ≤ j ≤ z′)¦�

λ =
z∑
j=1

3kjh(p1p2 · · · pj)σj , λ′ =
z′∑
j=1

3kjh(p1p2 · · · pj)σj .

b� s (s ≥ 1)�1��¦� σs 6= σ′s�eI,K

λ− λ′ =3ksh(p1p2 · · · ps)[(σs − σ′s) + 3α] ∈ 3ksh(p1p2 · · · ps)(3Z± 1), α ∈ Z.

�â (3.6)ª�� λ− λ′ ∈ Z(µ̂),�dÚn 2.1�� Λσ ´ µ���Ã¡�ê��8.½n�y.
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