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Abstract

In this paper, we mainly study the curvature integral inequality of simple closed convex

curves on the plane. We use the unit-speed outward normal flow to simplify the proof

of Green-Osher’s results, find a recurrence relationship between the high-order and

low-order cases of the curvature integral inequality, generalize the previous results,

and find a special function.
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1. Úó9Ì�(J

·K1.1 (Gage�±Ø�ª [1])î¼²¡R2þ4à�γ¤�¤�«�K�¡ÈA§±�L÷

vØ�ª ∫
γ

k2ds ≥ πL

A
, (1.1)

Ù¥k�γ�Ç§�Ò¤á��=�γ��"

Gage�±Ø�ª�Çkk'§káu�K	%ØCþ§daAÛØ�ª¡�	3.AÛØ�

ª"1999cGreenÚOsher|^Green-OsherØ�ªéGage�(J?1
í2��
�X�#�	

3.AÛØ�ª ∫
γ

k3ds ≥ πL2 − 2π2A

A2
, (1.2)∫

γ

k4ds ≥ πL3 − 3π2AL

A3
. (1.3)
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2014cê[ÚQSA|^àAÛ©Û¥| ¼êÚü �Ç	{�6��{é±þ�AÛØ

�ª�Ñ
{zy² [2]"3dy²�¥·�uy
�«AÏ�¼ê§±9uyÇp�È©Ø�

ªÚ$��È©Ø�ª�m�34í'X"·�ò4í'Xí2�
�ÊH��¹"Çk�n�

�¹÷vB�±|^�©�9Ï¼êÏLü �Ç	{�6y²'n$�¤k�êÑ¤á"

½Â1.2�C�î¼²¡þ�{ü4à�§C��ü �Ç	{�6�Ð©�§¼

êGn(t)�

Gn(t) =

∫
S1

kn(t)dθ − π

2nAn(t)
[(L(t) + u(t))n + (L(t)− u(t))n], n ∈ N+. (1.4)

½n1.3¼êGn(t)÷v±e'X

Gn(t) =
(−1)n

n!
G

(n)
1 (t), n ∈ N+. (1.5)

Ù¥G
(n)
1 (t)L«G1(t)�n��ê"

½n1.4ÇÈ©Ø�ª¥ek��ê�n¤á�§��k��ê�un��¹Ñ¤á"

�©�(�Sü

�©©�n�Ü©§1�Ü©�ÚóÚÌ�½n§ùÜ©Ì�0�
c<éAÛØ�ª�ï

Ä§Ó��Ñ
�©�ïÄ8�Ú(J¶1�Ü©�ý��£§ùÜ©½Â| ¼ê±�|^|

 ¼êL�
��Ç§±�§¡È�AÛþ"0�
ü 	{�6��AÛþ�üz�¹§±

9Green−OsherØ�ª���A^"1nÜ©�Ì�½Â�y²§ùÜ©ÏL�E¼ê��{y
²��
¼êGn(t)���A:§¿ÏLT¼ê��
ÇÈ©Ø�ª�m4í'X"

2. ý��£

�C�²¡þ�{ü4à�§?¿À��IXxOy§p�l�:O��Cþ�:?���½

�R�ål§θ �lx¶����ù^R����k��"w,§p´θ�ü�¼ê�±2π�±Ï§

Ï~¡(θ§p(θ))��C���4�I§p(θ)�C�Minkowski| ¼ê"d	§�C�±��L§

�¤¡È�A§K(ë�©z [3])

k =
1

p+ p′′ , (2.1)

L =

∮
ds =

∫ 2π

0

1

k
dθ =

∫ 2π

0

p+ p
′′
dθ, (2.2)

A =
1

2

∫ 2π

0

(p2 − p
′2)dθ =

1

2

∫ 2π

0

p(p+ p
′′
)dθ, (2.3)

Ún2.1 [4]�Äü �Ç	{�6X(u, t) : S1 × [0,∞)→ R2

{
∂X
∂t

(u, t) = Nout,
X(u, 0) = C,
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�Ù| ¼ê�p(θ, t) = p(θ) + t§±��L(t)§�¤¡È�A(t)§Ç�k(t)§K

k(t) =
k

1 + tk
, (2.4)

L(t) =

∫ 2π

0

p+ p
′′

+ tdθ = L+ 2πt, (2.5)

A(t) =
1

2

∫ 2π

0

(p+ t)(p+ t+ p
′′
)dθ = A+ tL+ πt2, (2.6)

L2(t)− 4πA(t) = L2 − 4πA, (2.7)

Ïd

dL(t)

dt
= 2π,

dA(t)

dt
= L(t),

dk(t)

dt
= −k2(t) (2.8)

rà¼êF (x) = 1
xn�\Green-OsherØ�ª§��e¡�Únµ

Ún2.2 [5]�C�²¡þ�{ü4à�§±��L§�¤¡È�A§Ç�k§XJn ∈ N+§

u =
√
L2 − 4πA§K ∫

S1

kndθ ≥ π

2nAn
[(L+ u)n + (L− u)n], (2.9)

�Ò¤á���=�C��"�n = 1�§(2.9)Ò´Í¶�Gage�±Ø�ª§∫
S1

k2ds ≥ πL

A
.

3. Ì�½n�y²
½n1.3¼êGn(t)÷v±e'X

Gn(t) =
(−1)n

n!
G

(n)
1 (t), n ∈ N+. (3.1)

Ù¥G
(n)
1 (t)L«G1(t)�n��ê"

y éGn(t)?1¦�

d

dt
Gn(t) =

d

dt
(

∫
S1

kn(t)dθ − π

2nAn(t)
[(L(t) + u(t))n + (L(t)− u(t))n]),

d

dt
Gn(t) = n

∫
S1

kn−1
dk(t)

dt
dθ − π

2n
n[L(t) + u(t)]n−1 d(L(t)+u(t))

dt

An(t)

− π

2n
n[L(t)− u(t)]n−1 d(L(t)−u(t))

dt

An(t)
+
ndA(t)

dt
[(L(t) + u(t))n + [L(t)− u(t)]n]

An+1(t)
,

(2.7)�\þª�n�

d

dt
Gn(t) = −n

∫
S1

kn+1dθ − π

2n
n[L(t) + u(t)]n−1(2π + du(t)

dt
)

An(t)

+
n[L(t) + 2πt][(L(t) + u(t))n + [L(t)− u(t)]n]

An+1(t)
, (3.2)
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Ù¥

du(t)

dt
=

4πL(t)− 4πL(t)

2
√
L2(t)− 4πA(t)

= 0,

�\(3.3)�

dGn(t)

dt
= −n(

∫
S1

kn+1(t)dθ − π

2n
L(t)[L(t) + u(t)]n + L(t)[L(t)− u(t)]n

An+1(t)

+
π

2n
2πA(t)[L(t) + u(t)]n−1 + 2πA(t)[L(t)− u(t)]n−1

An+1(t)
),

= −n(

∫
S1

kn+1(t)dθ − π

2n+1

[L(t) + u(t)]n+1 + [L(t)− u(t)]n+1

An+1(t)
),

= −nGn+1(t). (3.3)

d(3.3)¿éG1(t)¦n���n���

Gn(t) =
(−1)n

n!
G

(n)
1 (t), n ∈ N+.

½n1.4ÇÈ©Ø�ª¥ek��ê�n¤á�§��k��ê�un�Ñ¤á"

yd(3.4)Úb���

dGn(t)

dt
= −nGn+1(t) ≤ 0.

ò(2.4)-(2.6)�\(3.1)�

Gn(t) =

∫
S1

(
k

1 + tk
)ndθ − π

2n
[L+ 2πt+ u0]

n + [L+ 2πt− u0]n

(A+ tL+ πt2)n
,

d?u0 =
√
L2(t)− 4πA(t) =

√
L2 − 4πA ≥ 0§��Ð©�À�k'"

lim
t→∞

Gn(t) = 0− 0 = 0,

Ïd§é?¿�t ≥ 0§ÑkGn(t) ≥ 0"

AO�§�t=0�§

Gn(0) =

∫
S1

kndθ − π

2nAn
[(L+ u)n + (L− u)n] ≥ 0,

= ∫
S1

kndθ ≥ π

2nAn
[(L+ u)n + (L− u)n],

�Ò¤á��=�C��"
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úª�A^§Xn = 3�ÇÈ©Ø�ª¤á§=∫
S1

k3dθ ≥ πL(L2 − 3πA)

A3

�y²n = 2��¤á��E¼ê

G2(t) =

∫
S1

k2(t)dθ − π[L2(t)− 2πA(t)]

A2(t)

éG2(t)¦���
dG2(t)

dt
= −2G3(t) ≤ 0

q

lim
t→∞

G2(t) = 0

��é?¿�t ≥ 0§ÑkG2(t) ≥ 0§AO��t=0"k∫
S1

k2dθ ≥ π[L2 − 2πA]

A2

Ón�±y²n = 1��¤á"

ë�©z
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