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Abstract

In this paper, we investigate the influence of anti-predator behaviour due to the fear

of predators with a Holling-Tanner preydator-prey model incorporating a prey refuge.

First, the local asymptotic stability of the equilibrium points is discussed, and then

the condition of the existence of Hopf bifurcation is given by taking the fear level k

of the predator as the bifurcation parameter. Finally, using the canonical theory and

the central manifold theorem, the direction of Hopf bifurcation and the stability of

periodic solution of bifurcation are analyzed. Through calculation and analysis, it is

found that the fear effect can reduce the population density of predator at the positive

equilibrium.
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1. Úó

Holling-TannerÓ ö- ��.®²Úå
NõÆö�'5ÚïÄ, cÙéuäk'~�6�

Ó XÚ��'¯K�ïÄ, NõÆö®²é�. (1.1) �ÄåÆ?1
?Ø. 3 [1]¥, �öïÄ


�²ï)��Û5�Ú4����3��5. © [2]¥©Û
T�.�3����.� Hopf ©|,

© [3]é'Ç�6� Holling-Tanner Ó �.��ÛÄ�?1
���©a.
dx

dt
= rx(1− x

K
)− αxy

Ay + x
,

dy

dt
= sy(1− by

x
),

(1.1)

,, 3y¢�Nõ�¹e,  ��3;J¤, �þ�¢�ïÄL²:  �;J¤éÓ ö�.

k½z��^. 'u;J¤�ïÄ, ©z [4–8] Ñ3ØÓ��.¥Ñ�A/\\;J¤ù�Ï�?
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1ïÄ, ûr� [9]3�. (1.1) ¥Ú\
 �;J¤, ©Û
XÚ²ï)��Û5�Ú4���

�3��5(J, `²;J¤é �ÚÓ ö�m��p�^kX½k��K�. © [10]¥, �

öïÄ
XÚ (1.2) ¤«, �aäk;J¤Ú~êÂ¼�Ó XÚ�©|5�, uyk;J¤Ú~ê

Â¼, XÚ�ÄåÆ�\´L.
dx

dt
= rx(1− x

K
)− αy(x−m)

Ay + x−m
− h,

dy

dt
= sy(1− by

x−m
),

(1.2)

C
c, NõÆöïÄ
Ó ö�1�é�Ô�K�, ~XÓ ö��êÏ�. 2016 c, � [11]

�JÑ
�êÏf f(k, y) = 1
1+ky

, Ù¥, k �A
dÓ ö�)��ê§Ý. 3©z [12–14]�

ïÄ¥�Ä
�êÏ��Ú\éÓ öÚ�Ô�K�, Ü [12]�uy�ê�A�±ü$Ó ö�«

+�Ý. © [15]¥��uy�êY²�O\�±ÏL�Ø±Ï)5JpXÚ�½5, ¦?u��

²ïG��Ó ö«+êþ~�, �Ø¬��Ó ö�«ý.© [16]¥, ��uyduÓ ö��ê

ü$�Ô�)��Ç. �ud, �©(Ü©z [10]�Ä
�¹�Ô;J¤� Holling-Tanner �.

X (1.3) ¤«, ïÄ
duÓ ö��ê����Ó ö1��K�.


dx

dt
=

rx

1 + ky
− βx2 − ay(x−m)

Ay + x−m
,

dy

dt
= sy(1− by

x−m
),

(1.3)

Ù¥, r, K, α, A, s, b þ�~ê, x Ú y ©OL«3 t �� �ÚÓ ö«+��Ý, r, s �LÙ�

g�S�O�Ç, K��¸é ����NBþ, α Ú A ©O�Ó öÓ¼ÇÚÚ��Ú~ê,
x

b
´

�6u ��Ó ö�«1Uå. Ù¥, mL«¦^;J¤ ��ð½êþ, k(> 0) L«�êY²,

β: =
r

K
.

�©�(�SüXe: 11!Ì�0�
�.��µ9ÙïÄ�¿Â; 12!éXÚ (1.3) �²

ï:�½5?1©Û; 13!$^ Poincaé-Andronov-Hopf [17] ©|½n?Ø Hopf ©|��35;

14 !ÏL5�.nØ, Poincaé-Andronov-Hopf©|½n±9© [18] ��{©Û Hopf ©|��

�9©|±Ï)�½5; 15!?Ø�ê�Aé �ÚÓ ö�K�; 16!)º�©�Ì�(Ø.

2. ²ï:��35Ú½5

2.1. ²ï:��35

d�. (1.3) ���²ï:k²�²ï: E0 = (0, 0), �²�²ï: E1 = (
r

β
, 0), �²ï:

E∗ = (x∗, y∗), x∗= by∗ +m, y∗ ÷v��ng�§

f(y) := A1y
3 +A2y

2 +A3y +A4 = 0. (2.1)

DOI: 10.12677/pm.2023.135135 1323 nØêÆ

https://doi.org/10.12677/pm.2023.135135


ëÊ

Ù¥,

A1 = βb2kA+ βb3k > 0,

A2 = βb2A+ βb3 + 2bβmkA+ 2bβmk + abk > 0,

A3 = −rbA− rb2 + βm2kA+ βm2kb+ 2bmβA+ 2b2mβ + ab,

A4 = −rmA− rmb+ βm2A+ βm2b.

¼ê f(y) 'u y ¦�:

f ′(y) = 3A1y
2 + 2A2y +A3,

f ′′(y) = 6A1y + 2A2.

w,�±��,é?¿� y > 0, f ′′(y) > 0,¿�X f ′(y)3 (0,+∞)þî�4O.�
(½ f(y) = 0

���´Ä�3, ·��Ä±en«�/:

(i)� m <
r

β
�, f(0) < 0, f(y) = 0 ��k����. XJ k ≥ b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
, @o

3 (0,+∞)þ f ′(y) > 0, Ïd, f(y) = 0 k�����. XJ k < b(rA+rb−2mβA−2bmβ−a)
βm2(A+b)

, @o3

(0, ỹ)þ f ′(y) < 0, 3 (ỹ,+∞) þ f ′(y) > 0, §L² f(y) = 03 (0,+∞)þ�õk����. Ïd,

f(y) = 0 k�������. Ù¥

ỹ =
−(βb2A+ βb3 + 2bβmkA+ 2bβmk + abk) +

√
∆

3(βb2kA+ βb3k)

∆ = A2
2 − 3A1A3

(ii)�m =
r

β
�, f(0) = 0. aq/, XJ k ≥ b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
, @o f(y) = 0 vk��.

XJ k < b(rA+rb−2mβA−2bmβ−a)
βm2(A+b)

, @o f(y) = 0 k�����.

(iii)� m >
r

β
�, f(0) > 0. é²w� k ≥ b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
�, f(y) = 0 vk��. �

k < b(rA+rb−2mβA−2bmβ−a)
βm2(A+b)

�, XJ f(ỹ) > 0, f(y) = 0 vk��; XJ f(ỹ) = 0, f(y) = 0 k��

��; XJ f(ỹ) < 0, f(y) = 0 kü���.

nþ¤ã, eã(Ø¤á.

½n 1 (i) XJ(H1) : m <
r

β
, @oXÚ (1.3) k������²ï: E∗1 = (x∗1, y

∗
1), Ù¥,

x∗1 = by∗1 +m .

(ii)XJm =
r

β
� k < b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
, @oXÚ (1.3) k������²ï:, E∗2 =

(x∗2, y
∗
2), Ù¥, x∗2 = by∗2 +m, y∗2 =

−A2+
√
A2

2−4A1A3

2A1
.

(iii)XJm >
r

β
� k ≥ b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
, XÚ (1.3) vk��.

(iv)XJm >
r

β
� k < b(rA+rb−2mβA−2bmβ−a)

βm2(A+b)
.
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(a)XJ f(ỹ) < 0, XÚ (1.3) kü��²ï: E∗3 = (x∗3, y
∗
3) Ú E∗4 = (x∗4, y

∗
4), Ù¥,

y∗3 < ỹ < y∗4 , x
∗
i = by∗i +m(i = 3, 4).

(b)XJ f(ỹ) = 0, @o E∗3� E∗4Ü, XÚ (1.3) k������²ï: E∗5 = (x∗5, y
∗
5), Ù¥,

x∗5 = bỹ +m, y∗5 = ỹ.

(c)XJ f(ỹ) > 0, XÚ (1.3) vk�²ï:.

�Y�©='5(H1) : m <
r

β
¤á��/, Ù¦�/�aq?Ø.

2.2. ²ï:�ÛÜ½5

XÚ (1.3) 3 (x, y) ?� Jacobi Ý
Xe

J =

(
r

1+ky
− 2βx− aAy2

(Ay+x−m)2
−rkx

(1+ky)2
− a(x−m)2

(Ay+x−m)2

sby2

(x−m)2
s− 2sby

x−m

)
, (2.2)

e¡ÏLO�XÚ (1.3) 3z�²ï:?� Jacobi Ý
�A��, 5(½ù
²ï:�½5.

½n 2 (i)²�²ï: E0 = (0, 0) ´Ã^�Ø½�.

(ii)�²�²ï: E1 = (
r

β
, 0) ´Ã^�Ø½�.

(iii)b�(H1) ¤á, e÷v

(H2)2β(by∗ +m) >
r

1 + ky∗
− aA

(A+ b)2
,

�²ï: E∗1 = (x∗1, y
∗
1) ´ÛÜìC½�, ��´Ø½�.

y² (i)XÚ (1.3) 3²ï: E0 = (0, 0) ?� Jacobi Ý
�

J(E0) =


r −a

0 s

 . (2.3)

Ý
 (2.3) �A��� r Ú s, Ïd, ²ï: E0 ´Ø½�.

(ii) XÚ (1.3) 3²ï: E1 = ( r
β
, 0) ?� Jacobi Ý
�

J(E1) =


−r −kr2

β
− a

0 s

 . (2.4)

Ý
 (2.4) �A��� −r Ú s, Ïd, ²ï: E1 ´Ø½�.
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(iii) XÚ (1.3) 3²ï: E∗1 = (x∗1, y
∗
1) ?� Jacobi Ý
�

J(E∗1 ) =


a11 a12

a21 a22

 . (2.5)

Ù¥,

a11 =
r

1 + ky∗1
− 2β(by∗1 +m)− aA

(A+ b)2
, a12 =

−rk(by∗1 +m)

(1 + ky∗1)2
− ab2

(A+ b)2
,

a21 =
s

b
, a22 = −s.

Ý
 (2.5) �A��§�

λ2 − Tλ+D = 0. (2.6)

Ù¥,

D = det[J(E∗1)] = −s[ r

1 + ky∗1
− 2β(by∗1 +m)− aA

(A+ b)2
] +

s

b
[
rk(by∗1 +m)

(1 + ky∗1)2
+

ab2

(A+ b)2
],

T = tr[J(E∗1)] =
r

1 + ky∗1
− 2β(by∗1 +m)− aA

(A+ b)2
− s.

¤±, �²ï:�½5dDÚT�ÎÒû½. Ïd, � 2β(by∗1 +m) > r
1+ky∗1

− aA
(A+b)2

�, XÚ (1.3)

��²ï: E∗1 ´ÛÜìC½�. ��, �²ï: E∗1 ´Ø½�.

3. Hopf ©|��35

�!À��êY² k ��©|ëê5ïÄXÚ (1.3) 3�²ï: E∗1 ?� Hopf ©|��35.

Ún 3e^� (H1) ¤á, K�3 k∗ > 0, ¦�� k = k∗ �

r

1 + k∗y∗1
− 2β(by∗1 +m)− aA

(A+ b)2
− s = 0. (3.1)

y²- r
1+ky∗1

− 2β(by∗1 +m)− aA
(A+b)2

− s = 0 k

k =
r(A+ b)2

y∗1 [2β(by∗1 +m)(A+ b)2 + aA+ s(A+ b)2]
− 1

y∗1
.

- k∗ = k, � (H3) : r > 2β(by∗1 +m) + s+ aA
(A+b)2

. Ïd, �3 k∗ > 0, ¦� (3.1) ª¤á, � k∗ > 0

´���.

½n 4e^� (H1), (H3)¤á, K� k = k∗ �, XÚ (1.3) 3�²ï: E∗1 ?�) Hopf ©|.
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y²b� λ(k) = α(k)± ω(k) ´A��§ (2.6) ��, Ù¥

α(k) =
1

2
T =

1

2
[

r

1 + ky∗1
− 2β(by∗1 +m)− aA

(A+ b)2
− s],

ω(k) =
1

2

√
4D − T 2,

(3.2)

� k = k∗ �,

α(k∗) = 0, α′(k∗) = −ry
∗
1(k∗) + rky∗

′

1 (k∗)

2(1 + ky∗1(k∗))2
− βby∗

′

1 (k∗).

du y∗1 ÷v (2.1), Ïd

y∗
′

1 (k∗) =
(βb2A+ βb3)y∗31 + (2bβmA+ 2bβm+ ab)y∗21 + (βm2A+ βm2b)y∗1

f ′(y∗1)
,

d 2.1 !�?Ø¥�: e²ï: E∗1 �3, K f ′(y∗1) > 0, ¤±, y∗
′

1 (k∗) > 0, ? α′(k∗) < 0.

nþ, e^� (H1), (H3)¤á, � k = k∗ �,

(i) [T (k)]k=k∗ = 0;

(ii) [D(k)]k=k∗ > 0;

(iii) d
dk

[T (k)]k=k∗ 6= 0. Ïd, d Poincaé-Andronov-Hopf ©|½n��, XÚ (1.3) 3�²ï:

E∗1 �) Hopf ©|.

4. Hopf ©|���Ú½5

�!Ì�ïÄ� k = k∗ �, XÚ (1.3) 3�²ï: E∗1 NC�)� Hopf ©|���9d©|

�)�±Ï)�½5. ²£ (x∗1, y
∗
1), -

x̃ = x− x∗1, ỹ = y − y∗1 ,

�
�B, C��E^ x, y �O x̃, ỹ KXÚ (1.3) C�
dx

dt
=

r(x+ x∗1)

1 + k(y + y∗1)
− β(x+ x∗1)2 − a(y + y∗1)(x+ x∗1 −m)

A(y + y∗1) + (x+ x∗1)−m
,

dy

dt
= s(y + y∗1)(1− b(y + y∗1)

(x+ x∗1)−m
),

(4.1)

ò (4.1) ª���¤Xe/ª 
dx

dt

dy

dt

 = J(E∗1 )


x

y

+


f(x, y, k)

g(x, y, k)

 . (4.2)
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Ù¥

f(x, y, k) = a1x
2 + a2xy + a3y

2 + a4x
3 + a5x

2y + a6xy
2 + a7y

3 + · · · ,

g(x, y, k) = b1x
2 + b2xy + b3y

2 + b4x
3 + b5x

2y + b6xy
2 + b7y

3 + · · · .

±9

a1 = −β +
aAy∗21

(Ay∗1 + x∗1 −m)3
, a2 =

−rk
(1 + ky∗1)2

− 2aAy∗1(x∗1 −m)

(Ay∗1 + x∗1 −m)3
,

a3 =
rk2x∗1

(1 + ky∗1)3
+

aA(x∗1 −m)2

(Ay∗1 + x∗1 −m)3
, a4 = − aAy∗21

(Ay∗1 + x∗1 −m)4
,

a5 =
2aAy∗1(Ay∗1 + x∗1 −m)− 3aA2y∗1

(Ay∗1 + x∗1 −m)4
,

a6 =
rk2

(1 + ky∗1)3
− aA(x∗1 −m)(Ay∗1 + x∗1 −m)− 3aA2y∗1(x∗1 −m)

(Ay∗1 + x∗1 −m)4
,

a7 =
−rk3x∗1

(1 + ky∗1)4
− aA2(x∗1 −m)2

(Ay∗1 + x∗1 −m)4
, b1 = − sby∗21

(x∗1 −m)3
,

b2 =
2sby∗1

(x∗1 −m)2
, b3 = − sb

x∗1 −m
,

b4 =
sby∗21

(x∗1 −m)4
, b5 = − 2sby∗1

(x∗1 −m)3
,

b6 =
sb

(x∗1 −m)2
, b7 = 0.

½ÂÝ


R =


1 0

M N

 .

Ù¥, M = −a11
a12

, N = −ω(k)
a12

, Kk

R−1J(E∗1 )R =


α(k) −ω(k)

ω(k) α(k)

 .

@o

R−1 =


1 0

−M
N

1
N

 .
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� k = k∗ �

M∗ := M |k=k∗ , N∗ := N |k=k∗ , ω∗ := ω|k=k∗ .

�C� (x, y)T = R(u, v)T, XÚ (4.2) ���
du

dt

dv

dt

 = R−1J(E∗1 )R


u

v

+R−1


fR(u, v, k)

gR(u, v, k)

 ,

= 
du

dt

dv

dt

 =


α(k) −ω(k)

ω(k) α(k)



u

v

 =


f1(u, v, k)

g1(u, v, k)

 . (4.3)

Ù¥

f1(u, v, k) = f(u,Mu+Nv, k)

= (a1 + a2M + a3M
2)u2 + (a2 + 2a3M)Nuv + a3N

2v2

+ (a4 + a5M + a6M
2 + a7M

3)u3 + (a5 + 2a6M + 3a7M
2)Nu2v

+ (a6 + 3a7M)N2uv2 + a7N
3v3 + · · · ,

g1(u, v, k) = −M
N
f(u,Mu+Nv, k) +

1

N
g(u,Mu+Nv, k)

=
1

N
(−a1M + b1 − a2M2 + b2M − a3M3 + b3M

2)u2

+ (−a2M + b2 − 2a3M
2 + 2b3M)uv + (−a3M + b3)Nv

2

+
1

N
(−a4M + b4 − a5M2 + b5M − a6M3 + b6M

2 − a7M4)u3

+ (−a5M + b5 − 2a6M
2 + 2b6M − 3a7M

3)u2v + (−a6M + b6 − 3a7M
2)Nuv2

− a7MN2v3 + · · · .

e¡?14�IC�, XÚ (4.3) �du
τ̇ = α(k)τ + p(k)τ3 + · · · ,

θ̇ = ω(k) + q(k)τ2 + · · · ,
(4.4)
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3 k = k∗ ??1 Taylor Ðm
τ̇ = α′(k∗)(k − k∗)τ + p(k∗)τ3 + o((k − k∗)2τ, (k − k∗)τ3, τ5),

θ̇ = ω(k∗) + ω′(k∗)(k − k∗) + q(k∗)τ2 + o((k − k∗)2, (k − k∗)τ2, τ4).
(4.5)

��ä Hopf ©|���±9d©|�)�±Ï)�½5, IO� p(k∗) �ÎÒ, =

p(k∗) :=
1

16
(f1
uuu + f1

uvv + g1uuv + g1vvv)

+
1

16ω(k∗)
[f1
uv(f

1
uu + f1

vv)− g1uv(g1uu + g1vv)− f1
uug

1
uu + f1

vvg
1
vv],

Ù¥¤k� �êÑ��u©|: (u, v, k) = (0, 0, k∗) �

f1
uuu(0, 0, k∗) = 6(a4 + a5M0 + a6M

2
0 + a7M

3
0 ), f1

uvv(0, 0, k
∗) = 2(a6 + 3a7M0)N

2
0 ,

g1uuv(0, 0, k
∗) = 2(−a5M0 + b5 − 2a6M

2
0 + 2b6M0 − 3a7M

3
0 ), g1vvv(0, 0, k

∗) = −6a7M0N
2
0 ,

f1
uu(0, 0, k∗) = 2(a1 + a2M0 + a3M

2
0 ), f1

uv(0, 0, k
∗) = (a2 + 2a3M0)N0,

f1
vv(0, 0, k

∗) = 2a3N
2
0 , g

1
uu(0, 0, k∗) =

2

N0

(−a1M0 + b1 − a2M2
0 + b2M0 − a3M3

0 + b3M
2
0 ),

g1uv(0, 0, k
∗) = −a2M0 + b2 − 2a3M

2
0 + 2b3M0, g

1
vv(0, 0, k

∗) = 2(−a3M0 + b3)N0.

½Â��LyapunovXê�O�úªXe

µ2 = − p(k∗)

α′(k∗)
.

Ï� α′(k∗) < 0, d Poincaé-Andronov-Hopf ©|½n��.

½n 5 b� (H1)-(H3) ¤á, K�3 k = k∗ �, XÚ (1.3) 3E∗1 ?�) Hopf ©|.

(i) � p(k∗) < 0, Hopf ©|±Ï)´ìC½��©|��´æ�.�.

(ii) XJ p(k∗) > 0, Hopf ©|±Ï)´Ø½��©|��´��.�.

5. Hopf �ê�Aé �ÚÓ ö�K�

du�Ô�Ý��êY² k Ã', ¤±�ê�Aé�Ô�ÝvkK�. Ïd, ·��?Ø�ê�

AéÓ ö�Ý�K�.
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ò y∗ w�´'u k �ëY¼ê, 'u k ¦��:

dy∗

dk
= −(βb2A+ βb3)y∗3 + (2bβmA+ 2bβm+ ab)y∗2 + (βm2A+ βm2b)y∗

f ′(y∗)

éu�²ï: E∗1 XJ�3, @o f ′(y∗1) > 0, ¤±þªmà�u0, = dy∗1
dk

< 0 ¤á. =Ó ö«+

�²ï�Ý y∗ � k O�Åì~�, ù´Ï��êY²���, �<;�Ó� ��5�õ, Ó ö

�¼�� ��5��, KÓ ö�²ï�Ý��~�.

6. (Ø

�©ïÄ
�a�k�ê�A� Holling-Tanner �.. Äk?Ø
²ï:�ÛÜìC½

5, ,�±Ó ö��êY² k �©|ëê, �Ñ Hopf ©|�3�^�. ��, |^5�.nØ,

Poincaé-Andronov-Hopf ©|½nÚ¥%6/½n©Û Hopf ©|���9©|±Ï)�½5.

²©ÛO�uy�ê�A�±ü$Ó ö3�²ïG�e�«+�Ý.
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