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Abstract

In this paper, we prove the asymptotic compactness of processes associated with the

non-autonomous strongly-damped wave equation by using the method of contractive
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function, then, existence of time-dependent pullback attractor of non-autonomous

dynamical systems is obtained.
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1. Úó

�©ïÄe¡��g£Å�§:
ε(t)utt −4ut + ut −4u+ f(u) = h(x, t), x ∈ Ω, t > τ,

u|∂Ω = 0,

u(x, τ) = u0(x), ut(x, τ) = v0(x), x ∈ Ω,

(1.1)

Ù¥ Ω ⊂ RN (N ≥ 3)´��k.1w«�, ε = ε(t) ´'u t �¼ê. ε,��5� f Ú h ©O÷v:

(1) ¼ê ε ∈ C1(R) üN4~¿÷v

lim
t→+∞

ε(t) = 0, (1.2)

AO/, �3~êL > 0, ¦�

sup
t∈R

[|ε(t)|+ |ε
′
(t)|] ≤ L. (1.3)

(2) ��5� f ∈ C1(R) �÷v±e^�:

|f
′
(s)| ≤ c(1 + |s| 2

N−2 ), ∀s ∈ R, (1.4)

|f(s1)− f(s2)| ≤ c|s1 − s2|[1 + |s1|
2

N−2 + |s2|
2

N−2 ], ∀s1, s2 ∈ R, (1.5)

2F (u) ≥ −(1− µ)u2 − c, ∀u ∈ R, (1.6)

2f(u)u ≥ 2F (u)− (1− µ)u2 − c, ∀u ∈ R, (1.7)
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Ù¥F (u) =
∫ u

0
f(s)ds, 0 < µ < 1, c > 0´~ê.

(3) 	å� h(x, ·) ∈ L2
loc(R;L2(Ω)) �k∫ t

−∞
eσs‖h(s)‖2L2ds <∞, ∀t ∈ R, (1.8)

Ù¥ σ > 0, ò3�¡��O¥(½.

Å�§�±£ãÔnÆ¥�Å,X(Å,1ÅÚYÅ.§åu(Æ,>^ÆÚ6NåÆ�+¢

¥. üX�Å�§, ¿ØU�Ð/�º��Ôny�, ¤±Ï~¬D�Ð©^�,>.^��, ¦

Ù¤���Ð�¯K, >�¯K½öÐ->�¯K. r{ZÅ�§Ì�A^u�[Ê�5á���

Ä. NõÆöér{ZÅ�§?1
�[�ïÄ, �©z [1–4]�. ��§ (1.1)¥� ε(t) ≡ 1, f

{Z�Xê´'u�mCþ x�¼ê�, ©z [1]y²
T�§áÚf��35. ©z [5]¥, �ö

�âc<�ó�(�©z [6–8]±9¦��ë�©z), ��
.£áÚf��35½n¿y²
�

§ utt + ηut − 4u + f(u) = g(x, t).£áÚf��35. �©ò3þã©Ù�éue, ò|^©

z [9]¥'u D− ìC;�Vg5�Ä�g£r{ZÅ�§(1.1)�.£áÚf, ¿��â©z [5]¥

�Ø ¼ê�{y².£ D−ìC;.

�©{eSNSüXe. 12!0�ý��£. 13!Ì�?Ø�§ (1.1).£áÚf��35.

2. ý��£

P A = −4, §´ L2(Ω) þ��, g���k;_��f. � λ1 ´§�1�A��. P�m

V = H1
0 (Ω)× L2(Ω) , D��ê

‖ w ‖V = (‖ u ‖2H1
0 (Ω) + ‖ ∂tu ‖2L2(Ω))

1
2 , ∀w = (u, ∂tu) ∈ V. (2.1)

e¡� Sobolevi\¤á,

H1
0 (Ω) ↪→ Lq(Ω), ∀q ∈ [1,

2N

N − 2
] ,

eù�i\´;���=� q ∈ [1, 2N
N−2

).

½n 2.1. [8] - (θ, φ) � Q ×X þ��g£ÄåXÚ, b�8Üx D = {Dq}q∈Q � φ �.

£áÂ8� φ ´.£ D−ìC;�, K φ Pk.£áÚf A = {Aq}q∈Q �

Aq =
⋂
t≥0

⋂
s≤t

φ(s, θ−s(q), Dθ−s(q)), q ∈ Q. (2.2)

½n 2.2. [8] - (θ, φ) � Q × X þ��g£ÄåXÚ, b�8Üx D = {Dq}q∈Q �
D̃ = {D̃q}q∈Q ÷vé?¿� q ∈ Q, �3�� tq = t(q,D, D̃) ≥ 0, ¦�

φ(t, θ−t(q), Dθ−t(q)) ⊂ D̃q, ∀t ≥ tq, (2.3)

b�é?¿� ε > 0, q ∈ Q, ¿��3�� t = t(ε, D̃, q) ≥ 0 �½Â3 D̃−θt(q) × D̃θ−t(q) þ�Ø ¼
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ê Φt,q(·, ·), ¦�é?¿� x, y ∈ D̃θ−t(q) , k

‖φ(t, θ−t(q), x)− φ(t, θ−t(q), y)‖X ≤ ε+ Φt,q(x, y). (2.4)

K φ 3 X þ´.£ D−ìC;�.

3. .£áÚf��35

éu¯K (1.1) ) u ��35, �ÏLIO� Galerkin �{��, y²lÑ.

½n 3.1. b�^� (1.2)− (1.8)¤á,K3«m [τ, t], t ≥ τ þ,é?¿Ð� u0 ∈ H1
0 , u1 ∈ L2,

¯K (1.1) �3���f) u ∈ C([τ, t);H1
0 (Ω)), ut ∈ C1([τ, t);L2(Ω)).

�
Ö��B, P y(t) = (u(t), ut(t)) = (u(t), v(t)), y0 = (u0, v0). d¯K (1.1), �±3�m V

¥�E�g£ÄåXÚ, - Q = R, θτ t = τ + t,∀t ∈ R, ¿�½Â

φ(t+ s, τ, y0) = y(t+ τ ; τ, y0) =
(
u(t+ τ), v(t+ τ)

)
, τ ∈ R, t ≥ 0, y0 ∈ V, (3.1)

d¯K (1.1) �)��3��5, ��

φ(t+ s, τ, y0) = φ(t, s+ τ, φ(s, τ, y0)), τ ∈ R, t, s ≥ 0, y0 ∈ V.

é?¿ τ ∈ R, t ≥ 0, (3.1) ½Â�N� φ(t, τ, ·) : V → V ´ëY� [8]. Ïd, (3.1) ½Â�N� φ3

V þ´��ëY��.

½n 3.2 b�^� (1.2)− (1.8) ¤á, K¯K (1.1) 'u θ ��� φ 3 V ¥�3.£áÂ8

D = {Dq}q∈Q Ú÷v (2.3) �k.8x D̃ = {D̃q}q∈Q.

y² ò�§ (1.1) � q = ut + δu 3 L2 þ�SÈ, ��

d

dt

(
ε(t)‖q‖2 + ‖∇u‖2

)
+ 2δ(∇ut,∇u)− ε

′
(t)‖q‖2 + 2(1− δε(t))‖q‖2 − 2δ(1− δε(t))(u, q)

+ 2‖∇q‖2 + 2δ(1− δ)‖∇u‖2 + 2(f(u), q) = 2(h, q),

(3.2)

- 0 < δ < min{ 1
2L
, λ1

2λ1L−4
}, ¿d Höder, Y oung�Poincaré Ø�ª, ��

2δ(∇ut,∇u)− ε
′
(t)‖q‖2 + 2(1− δε(t))‖q‖2 − 2δ(1− δε(t))(u, q)

+ 2‖∇q‖2 + 2δ(1− δ)‖∇u‖2 − 2(h, q)

=2δ(∇ut,∇u)− ε
′
(t)‖q‖2 + 2(1− δε(t))‖q‖2 − 2δ(1− δε(t))(u, q)

+ 2‖∇ut‖2 + 4δ(∇u,∇ut) + 2δ2‖∇u‖2 + 2δ(1− δ)‖∇u‖2 − 2(h, q)

≥2(1− δε(t))‖q‖2 − 2δ(u, q) + 2δ‖∇u‖2 − 2(h, q)

≥(2− 2δε(t))‖q‖2 +
3δ

2
‖∇u‖2 − 2δ

λ1

‖q‖2

≥(
1

2
− 2δε(t)− 2δ

λ1

)‖q‖2 +
3

2
δ‖∇u‖2 − ‖h‖2 +

1

2
‖q‖2

≥δε(t)‖q‖2 +
3

2
δ‖∇u‖2 − ‖h‖2 +

1

2
‖q‖2,

(3.3)
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2(Ü (1.7), k

2(f(u), q) = 2(f(u), ut) + 2δ(f(u), u)

≥ 2
d

dt
(F (u), 1) + 2δ(F (u), 1)− δ(1− µ)‖∇u‖2 − δc,

(3.4)

(Ü (3.2), (3.3)Ú(3.4), ��

d

dt

(
‖∇u‖2 + ε(t)‖q‖2 + 2(F (u), 1)

)
+ σ

(
‖∇u‖2 + ε(t)‖q‖2 + 2(F (u), 1) +

1

2
‖q‖2

)
≤‖h‖2 + δc,

(3.5)

P

E(t) = ‖∇u‖2 + ε(t)‖q‖2 + 2(F (u), 1) + c, (3.6)

�â^� (1.2)− (1.7) ¿�d Poincaré Ø�ªÚi\½n, ��

E(t) ≥ µ‖∇u‖2 + ε(t)‖q‖2 ≥ µ(‖∇u‖2 + ε(t)‖q‖2) ≥ µ(‖∇u‖2 + ε(t)‖ut‖2), (3.7)

�

E(t) ≤ ‖∇u‖2 + ε(t)‖q‖2 + 2

∫
Ω

(1 + |u| N
N−2 )udx+ c

≤ (1 +
2δ2L

λ1

)‖∇u‖2 + 2ε(t)‖ut‖2 + C‖∇u‖
2N−2
N−2 + C

≤ µ1(‖∇u‖2 + ε(t)‖ut‖2 + ‖∇u‖
2N−2
N−2 ) + C,

(3.8)

Ù¥ µ1 = max{1 + 2δ2L
λ1

, 2, C}, K (3.4) �P�

d

dt
E(t) + σE(t) +

1

2
‖q‖2 ≤ ‖h‖2 + δc,

dþª��
d

dt
(eσtE(t)) +

1

2
eσt‖q‖2 ≤ eσt‖h‖2 + 2δceσt,

éþªl t− τ � tþÈ©, k

eσtE(t) +
1

2

∫ t

t−τ
eσs‖q‖2ds

≤eσ(t−τ)E(t− τ) +

∫ t

t−τ
eσs‖h(s)‖2ds+

2δc

σ
(eσt − eσ(t−τ)),

(3.9)

Ü¿ (3.7), (3.8)Ú(3.9) , k
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‖∇u‖2 + ε(t)‖ut‖2 +
1

2µ
e−σt

∫ t

t−τ
eσs‖q‖2ds

≤C1(‖∇u0‖2 + ε(t− τ)‖u1‖2 + ‖∇u0‖
2N−2
N−2 )

+ C2e
−σt
∫ t

t−τ
eσs‖h(s)‖2ds+ C3(1− e−στ ) + C,

(3.10)

Ù¥ C1 = µ1

µ
, C2 = 1

µ
, C3 = 2δc

µσ
.

Ïd, é ∀y0 ∈ Dt−τ , t ∈ RÚτ > 0, k

‖φ(τ, t− τ, y0)‖2V ≤C1(‖∇u0‖2 + ε(t− τ)‖u1‖2 + ‖∇u0‖
2N−2
N−2 )

+ C2e
−σt
∫ t

t−τ
eσs‖h(s)‖2ds+ C.

(3.11)

�

R2
t = 2C2e

−σt
∫ t

t−τ
eσs‖h(s)‖2ds+ 2C <∞, (3.12)

(Ü (1.8)��, ¯K (1.1)'u θ��� φ3 V ¥�3.£áÂ8

Dt = {y ∈ V : ‖y‖2V ≤ Rt}. (3.13)

d (3.11)��, 8Üx D = {Dt}t∈R� V ¥�.£áÂk.8x.

À� σ̃ ,¦�
σ(N − 1)

N − 2
< σ̃ < σ, (3.14)

K (3.11)é σ̃E¤á.

- y0 ∈ Dt−τ , Kk

‖φ(τ, t− τ, y0)‖2V ≤ C1e
−σ̃τ (R2

t−τ +R
2N−2
N−2

t−τ ) + C2e
−σt
∫ t

t−τ
eσs‖h(s)‖2ds+ C. (3.15)

d (3.12)Ú(3.14)��

lim
τ→∞

e−σ̃τR2
t−τ = 0, lim

τ→∞
e−σ̃τR

2N−2
N−2

t−τ = 0, (3.16)

(Ü (3.14)Ú(3.15) , -

R̃2
t = 2C2e

−σ̃t
∫ t

t−τ
eσ̃s‖h(s)‖2ds+ 2C, (3.17)

�

D̃t = {y ∈ V : ‖y‖2V ≤ R̃t}. (3.18)

K8Üx D̃ = {D̃t}t∈R÷v (2.3), ½n�y.

½n 3.3 b�^� (1.2)− (1.8) ¤á, Kd (3.1)½Â��g£ÄåXÚ (θ, φ)3 V ¥�3�

���m�6.£áÚf A = {At}t∈R.
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y² é?¿ t ∈ R, - yi = (ui(t), uit(t))(i = 1, 2)´ (1.1)'uÐ� yi0 = (ui0, v
i
0) ∈ D̃t−τ ×

D̃t−τ �),Ù¥ τ > 0,-w(t) = u1(t)−u2(t),Kw'uÐ©^� (w(τ), wt(τ)) = (u1
0, v

1
0)−(u2

0, v
2
0)

÷v

ε(t)wtt −4wt + wt −4w = f(u2)− f(u1). (3.19)

-

Ew(t) =
1

2
(‖∇w‖2 + ε(t)‖wt‖2).

ò (3.19)� eσ̃twt3 L2¥�SÈ, ��

d

dt
(eσ̃tEw(t))− 1

2
eσ̃tε

′
(t)‖wt‖2 + eσ̃t‖∇wt‖2 + eσ̃t‖wt‖2

=σ̃eσ̃tEw(t) + eσ̃t(f(u2)− f(u1), wt),

(3.20)

é (3.20)3 [s, t]þÈ©, �d ε(t)�üN4~5, k

eσ̃tEw(t)− eσ̃sEw(s) +

∫ t

s

eσ̃ξ‖wt‖2dξ

≤σ̃
∫ t

s

eσ̃ξEw(ξ)dξ +

∫ t

s

eσ̃ξ(f(u2)− f(u1), wt)dξ,

(3.21)

2é (3.21)'u s3 [t− τ, t]þÈ©, k

τeσ̃tEw(t)−
∫ t

t−τ
eσ̃sEw(s)ds+

∫ t

t−τ

∫ t

s

eσ̃ξ‖wt‖2dξds

≤σ̃
∫ t

t−τ

∫ t

s

eσ̃ξEw(ξ)dξds+

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), wt)dξds,

(3.22)

aq/, ò (3.19)� eσ̃tw3 L2¥�SÈ, ��

d

dt
(ε(t)eσ̃t(wt, w)) + eσ̃t(∇wt,∇w) + eσ̃t‖∇w‖2

=(ε
′
(t)− 1)eσ̃t(wt, w) + σ̃ε(t)eσ̃t(wt, w)− ε(t)eσ̃t‖wt‖2 + eσ̃t(f(u2)− f(u1), w),

(3.23)

é (3.23)3 [s, t]þÈ©, k

ε(t)eσ̃t(wt, w)− ε(s)eσ̃s(wt, w) +

∫ t

s

eσ̃ξ‖∇w‖2dξ

≤σ̃
∫ t

s

ε(ξ)eσ̃ξ(wt, w)dξ −
∫ t

s

ε(ξ)eσ̃ξ‖wt‖2dξ +

∫ t

s

eσ̃ξ(f(u2)− f(u1), w)dξ,

(3.24)

2é (3.24)'u s3 [t− τ, t]þÈ©, k
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τε(t)eσ̃t(wt, w)−
∫ t

t−τ
ε(s)eσ̃s(wt, w)ds+

∫ t

t−τ

∫ t

s

eσ̃ξ‖∇w‖2dξds

≤σ̃
∫ t

t−τ

∫ t

s

ε(ξ)eσ̃ξ(wt, w)dξds−
∫ t

t−τ

∫ t

s

ε(ξ)eσ̃ξ‖wt‖2dξds

+

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), w)dξds,

(3.25)

ò (3.25)�\ (3.22), k

τeσ̃tEw(t)−
∫ t

t−τ
eσ̃sEw(s)ds+

∫ t

t−τ

∫ t

s

eσ̃ξ‖wt‖2dξds

≤ σ̃
2

∫ t

t−τ
ε(s)eσ̃s(wt, w)ds− σ̃τ

2
ε(t)eσ̃t(wt, w)

+
σ̃2

2

∫ t

t−τ

∫ t

s

ε(ξ)eσ̃ξ(wt, w)dξds+
σ̃

2

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), w)dξds

+

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), wt)dξds,

(3.26)

é (3.23)3 [t− τ, t]þÈ©, k

ε(t)eσ̃t(wt, w)− ε(t− τ)eσ̃(t−τ)(wt,w) +

∫ t

t−τ
eσ̃ξ‖∇w‖2dξ

≤σ̃
∫ t

t−τ
ε(ξ)eσ̃ξ(wt, w)dξ −

∫ t

t−τ
ε(ξ)eσ̃ξ‖wt‖2dξ +

∫ t

t−τ
eσ̃ξ(f(u2)− f(u1), w)dξ,

(3.27)

ò (3.27)�\ (3.26), k

τeσ̃tEw(t) +

∫ t

t−τ
eσ̃sEw(s)ds

≤ε(t− τ)eσ̃(t−τ)(wt, w)− (1 +
σ̃τ

2
)ε(t)eσ̃t(wt, w)

+
3σ̃

2

∫ t

t−τ
ε(ξ)eσ̃ξ(wt, w)dξ +

∫ t

t−τ
eσ̃ξ(f(u2)− f(u1), w)ds

+
σ̃2

2

∫ t

t−τ

∫ t

s

ε(ξ)eσ̃ξ(wt, w)dξds+
σ̃

2

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), w)dξds

+

∫ t

t−τ

∫ t

s

eσ̃ξ(f(u2)− f(u1), wt)dξds.

(3.28)

,��¡, é (3.20)3 [t− τ, t]þÈ©, k

eσ̃tEw(t)− eσ̃(t−τ)Ew(t− τ) +

∫ t

t−τ
eσ̃ξ‖wt‖2dξ

≤σ̃
∫ t

t−τ
eσ̃ξEw(ξ)dξ +

∫ t

t−τ
eσ̃s(f(u2)− f(u1), wt)dξ,

(3.29)
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ò (3.28)Ú (3.29)Ü¿, �

Ew(t)

≤ 1

σ̃τ
e−σ̃τEw(t− τ)− 1

σ̃τ
Ew(t) +

1

σ̃τ

∫ t

t−τ
eσ̃(ξ−t)(f(u2)− f(u1), wt)dξ

+
1

τ
ε(t− τ)eσ̃τ (wt(t− τ), w(t− τ))− (

1

τ
+
σ̃

2
)ε(t)(wt(t), w(t))

+
3σ̃

2τ

∫ t

t−τ
ε(ξ)eσ̃(ξ−t)(wt, w)dξ +

1

τ

∫ t

t−τ
eσ̃(ξ−t)(f(u2)− f(u1), w)dξ

+
σ̃2

2τ

∫ t

t−τ

∫ t

s

ε(ξ)eσ̃(ξ−t)(wt, w)dξds+
σ̃

2τ

∫ t

t−τ

∫ t

s

eσ̃(ξ−t)(f(u2)− f(u1), w)dξds

+
1

τ

∫ t

t−τ

∫ t

s

eσ̃(ξ−t)(f(u2)− f(u1), wt)dξds.

(3.30)

e¡�O (3.30)�m>,
�, k

3σ̃

2τ

∫ t

t−τ
ε(ξ)eσ̃(ξ−t)(wt, w)dξ

≤3σ̃

4τ
(ε(t)‖w‖2 − e−σ̃τε(t− τ)‖w‖2 −

∫ t

t−τ
ε
′
(ξ)eσ̃(ξ−t)‖w‖2dξ

− σ̃
∫ t

t−τ
ε(ξ)eσ̃(ξ−t)‖w‖2dξ)

≤3σ̃

4τ
L(‖w‖2 +

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ),

σ̃2

2τ

∫ t

t−τ

∫ t

s

ε(ξ)eσ̃(ξ−t)(wt, w)dξds

≤ σ̃
2

4τ
(τε(t)‖w(t)‖2 −

∫ t

t−τ
ε(ξ)eσ̃(ξ−t)‖w‖2dξ

+ τL

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ − σ̃τ

∫ t

t−τ
eσ̃ξ‖w‖2dξ)

≤ σ̃
2

4
L(‖w(t)‖2 +

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ),

aqu©z [8], ÏL (1.5), HölderØ�ª±9i\½n, k∫ t

t−τ

∫ t

s

eσ̃(ξ−t)(f(u2)− f(u1), w)dξds

≤Cτ
(
1 + (

∫ t

t−τ
eσ̃(ξ−t)(‖∇u2‖2 + ‖∇u1‖2)dξ)

N
N−2

) 1
2 (

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ) 1

2 ,

(3.31)

�â)�k.5, �íÑé¤k� (u0, v0) ∈ D̃t−τ × D̃t−τ ,

(

∫ t

t−τ
eσ̃(ξ−t)‖∇u‖2dξ) N

N−2 ≤ Ct,τ <∞, (3.32)
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�â (3.31)Ú(3.32), k∫ t

t−τ

∫ t

s

eσ̃(ξ−t)(f(u2)− f(u1), w)dξds ≤ τC̃t,τ (

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ) 1

2
<∞.

½Â

Φt,τ ((u1
0, v

1
0), (u2

0, v
2
0))

=C̃t,τ (
1

τ
+
σ̃

2
)(

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ) 1

2
+ (

3σ̃

4τ
+
σ̃2

2
)L‖w(t)‖2

+ (
3σ̃

4τ
+
σ̃2

2
)L

∫ t

t−τ
eσ̃(ξ−t)‖w‖2dξ − (

1

2
+
σ̃

2
)ε(t)(wt(t), w(t))

+
1

σ̃τ

∫ t

t−τ
eσ̃(ξ−t)(f(u2)− f(u1), wt)dξ

+
1

τ

∫ t

t−τ

∫ t

s

eσ̃(ξ−t)(f(u2)− f(u1), wt)dξds.

(3.33)

(Ü (3.30)Ú(3.33), k

Ew(t) ≤ Cτ−1e−σ̃τR̃2
t−τ + Φt,τ ((u1

0, v
1
0), (u2

0, v
2
0)),

Ï� limτ→∞ e
−σ̃τR2

t−τ = 0, ¤±é?¿ ε > 0,�3 τ0 = τ0(ε, D̃, t) ≥ 0,¦�é?¿� (ui0, v
i
0) ∈

D̃t−τ0 × D̃t−τ0 ,k

Ew(t) ≤ ε+ Φt,τ ((u1
0, v

1
0), (u2

0, v
2
0)).

d½n2.1Ú2.2, �y² V ¥��m�6.£áÚf�3, �Iyd (3.33)½Â� Φt,τ0(·, ·)�
D̃t−τ0 × D̃t−τ0 �Ø ¼ê. Ïd, - (un(t), unt(t))�éAÐ� (ui0, v

i
0) ∈ D̃t−τ0 × D̃t−τ0 �). du

D̃t−τ0 � V ¥�k.f8��â (3.9), ��é?¿� s ∈ [t− τ0, t]k

‖(un(t), unt(t))‖V ≤ C
′

t,τ0
<∞. (3.34)

Ø���5, ��

un → u f*ÂñuL∞(t− τ0, t;L
2N
N−2 (Ω)), (3.35)

unt → ut f*ÂñuL∞(t− τ0, t;L
2(Ω)), (3.36)

un → u rÂñuL2(t− τ0, t;L
2(Ω)), (3.37)

3L2(Ω)ÚL
2N−2
N−2 (Ω), un(t− τ0)→ u(t− τ0)�un(t)→ u(t), (3.38)

y3, ?n (3.33)¥�z��,

Äk, du (3.37)Ú(3.38), ��

lim
n→∞

lim
m→∞

∫ t

t−τ0
eσ̃ξ‖un(ξ)− um(ξ)‖2dξ = 0, (3.39)
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�

lim
n→∞

lim
m→∞

∫
Ω

(unt(t)− umt(t))(un(t)− um(t))dx = 0, (3.40)

Ùg, aqu©z [8]¥½n3.3�y², (Ü (3.35)Ú(3.36), k

lim
n→∞

lim
m→∞

∫ t

t−τ0
eσ̃(ξ−t)

∫
Ω

(unξ(t)− umt(ξ))(f(unξ)− f(umξ))dxdξ

= lim
n→∞

lim
m→∞

[ ∫
Ω

F (un(t))dx− e−σ̃τ
∫

Ω

F (un(t− τ))dx− σ̃
∫ t

t−τ0
eσ̃(ξ−t)

∫
Ω

F (un(ξ))dxdξ

−
∫ t

t−τ0
eσ̃(ξ−t)

∫
Ω

unt(ξ)f(um(ξ))dxdξ −
∫ t

t−τ0
eσ̃(ξ−t)

∫
Ω

umt(ξ)f(un(ξ))dxdξ

+

∫
Ω

F (um(t))dx− e−σ̃τ
∫

Ω

F (um(t− τ))dx− σ̃
∫ t

t−τ0
eσ̃(ξ−t)

∫
Ω

F (um(ξ))dxdξ
]

=0,

(3.41)

Ó��, k

lim
n→∞

lim
m→∞

∫ t

t−τ0

∫ t

s

eσ̃(ξ−t)
∫

Ω

(unt(ξ)−umt (ξ))(f(un(ξ))− f(um(ξ)))dxdξds = 0. (3.42)

Ü¿ (3.39)− (3.42), �� φt,τ0(·, ·)´ D̃t−τ0 × D̃t−τ0 �Ø ¼ê. ½n�y.

Ä7�8
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