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Abstract

The paper investigates the existence of mild solutions for semilinear measure functional
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differential equations with infinite delay in Banach spaces. Some existence criteria for

the system are obtained by using Schauder’s fixed point theorem. The results in this

paper improve and generalize those well known in the literature. Finally, an example

is given to illustrate our results.
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1. Úó

Cc5§duÙ2��A^§óÀ�©�§nØ®²��
éõïÄ¤J§�Ï~�óÀX

Ú�'§ÿÝ�©�§´,�«ïÄÄåXÚ¥óÀ1���{§ù«XÚ�A�´#N3k�

�m«mþkÃ¡õ�ØëY:§l
ù«XÚU£ã�
�²;¯K§~Xþf�AÚZeno1

�",	§ÄuØÓ�ÿÝ§ÿÝ�©�§�¹
~�©�§!�©�§ÚÏ~�óÀ�©�§±

9���mºÝþ�ÄåÆ�§[1–3]"�C§ÿÝ�©�§®²3A^+�Úå
#�'5§X

3D/¾�.!õ�UN��¥�A^[4–6]"

3[7–10]¥§�öïÄ
Ã�¢���5ÿÝ�©�§�§Ú)��35§
3¢SXÚ�

êÆ�.¥§Ã¡�¢´é­��§Bnach�m¥äkÃ¡�¢��¼�©�§®²��
'�

�õ�¤J[11]§�´§8c'uBnach�m¥Ã¡�¢�ÿÝ�¼�©�§�ïÄ�é�"¯¤

±�§3?nÃ¡�¢��¼�©�§�§I��ï��NN��m§3[12]¥§�
ïáäk

Ã¡�¢���5ÿÝ�©�§Ú2Â~�©�§�m�éX§�öúnz/½Â
��E,�

��m§
�©òë�[11]¥��{½Â��mB§Ï�ÿÝ�¼�©�§�)´ØëY�§I�
é[11]¥B�únz½Â�·��?U"

�©ïÄXe/ª�ÿÝ�¼�©�§

dx = Ax+ f(t, xt)dg, t ∈ J,
x0 = φ,

(1)

Ù¥§J = [0, b], b > 0§G�Cþx(·)3Banach�mX¥��"A : D(A) ⊆ X → X´C0�
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+T (t), t ≥ 0�Ã¡�)¤�[13]"xt : (−∞, 0]→ X áu,���mB§½Â�xt(θ) = x(t+θ), θ ∈
(−∞, 0], g : J → R´���ëY�üNØ~¼ê"dxÚdg©OL«xÚg�©Ù�ê"

�©|�Xe§31�Ü©§0�'uLebesgue-StieltjesÈ©Ú�K¼ê��
VgÚ(Ø§

±9��m�únz�ï§1nÜ©0��©�Ì�(J§1oÜ©o(�©¿JÑ#�ïÄg

´"

2. ý��£

�X´Banach�m§äk�ê‖ · ‖§[a, b]´��4«m"XJ4�

lim
s→t−

f(s) = f(t−), t ∈ (a, b] Ú lim
s→t+

f(s) = f(t+), t ∈ [a, b)

�3§K¡¼êf : [a, b] → X´½Â3«m[a, b]þ��K¼ê§m«m½ö�m�4«mþ�

�K¼ê�±aq½Â"�«mI ⊂ R§KG(I,X) L«¤k�K¼êf : I → X�¤�8Ü§

C(I,X)L«¤këY¼êf : I → X�¤�8Ü"���K¼ê�ØëY:8�õ´�ê8§�D

��ê‖f‖∞ = supt∈[a,b] ‖f(t)‖�§G([a, b], X)´Banach�m[14]"

Ún2.1[2] �k¼êf : [a, b]→ XÚg : [a, b]→ R÷vg´�K�§�È©
∫ b
a
fdg�3"Kéz

�t0 ∈ [a, b]§¼êh(t) =
∫ t
t0
fdg, t ∈ [a, b]�3�´�K¼ê§¿�÷v

h(t+) = h(t) + f(t)∆+g(t), t ∈ [a, b),

h(t−) = h(t)− f(t)∆−g(t), t ∈ (a, b],

ùp∆+g(t) = g(t+)− g(t)§∆−g(t) = g(t)− g(t−).

½Â2.2[2] 8ÜA ⊂ G([a, b], X)¡��Ý�K�§XJé?¿ε > 0§t0 ∈ [a, b]§�3δ > 0§

¦�

(i) XJx ∈ A§t ∈ [a, b]§t0 − δ < t < t0§K‖x(t0
−)− x(t)‖ < ε.

(ii) XJx ∈ A, t ∈ [a, b]§t0 < t < t0 + δ, K‖x(t)− x(t0
+)‖ < ε.

Ún2.3[2] �{xn}∞n=1´½Â3[a, b]þ§��3X¥���¼ê"XJ�n→∞�§xn Å:Â
ñ�x0§�{xn}∞n=1´�Ý�K�§Kxn��Âñ�x0"

e¡´'u�K¼ê�m¥��;8�(Ø§�±w¤ëY¼ê�m¥�Arzelá-Ascoli½n3

�K¼ê�m¥�í2"

Ún2.4[2] �X´Banach�m"b�8ÜA ⊂ G([a, b], X)´�Ý�K�§�éz�t ∈ [a, b]§

8Ü{x(t) : t ∈ A}´X¥��;8§K8ÜA´G([a, b], X)¥��;8"

Ún 2.5(SchauderØÄ:½n) [15] �X´Banach�m§B ⊆ X´k.4à8§XJ�fN :

B → B´�ëY�§KN3B¥��k��ØÄ:"

é�kÃ¡�¢��§§'�¯K��´ÀJ·����m"5¿�ÿÝ�¼��§�)Ø

ëY§�´�K�§·�½Â��mB´(−∞, 0]�X�¼ê�¤��5�m§äk��ê‖ · ‖B§
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(A) XJx : (−∞, b]→ X, b > 0÷vx0 ∈ B§x|[0,b] ∈ G([0, b];X)§Kéz�t ∈ [0, b]§e�^�¤

áµ

(i) xt ∈ B,

(ii) ‖x(t)‖ ≤ H(t)‖xt‖B,

(iii) ‖xt‖B ≤ K(t) sup{‖x(s)‖ : 0 ≤ s ≤ t}+N(t)‖x0‖B,

ùpH,N : [0,+∞)→ [0,+∞)§K : [0,+∞)→ [1,+∞)Ñ´ÛÜk.¼ê§¿�Õáux(·).

(B) �mB´���"

5µ 3ÿÝ�¼�©�§¥§N�t→ xt, t ∈ [0, b]´ØëY�§l
d?���mB�K
©
z[11]¥�ù�5�",	§~êH�t�¼êH(t)§Ø�¦¼êK(t)ëY",��¡§·�Ø�

¦½Â3(−∞, 0]þ�N�t→ ‖xt‖B´�K�§
©z[12]¥�¦ù�^�"

e¡·��Ñü�Ä���mB�~f"

~ 2.6 �Ä�m

BG = {ϕ ∈ G((−∞, 0], X) : ‖ϕ(θ)‖k.},

D��ê‖ϕ‖∞ = sup{‖ϕ(θ)‖ : −∞ < θ ≤ 0}.

ét ≥ 0§�H(t) = K(t) = N(t) = 1§´�yún(A)¥�^�÷v",��¡§XJ���

K¼êS�´��Âñ�§K§�4�¼ê�´�K�£y²aquëY¼ê��/¤§ùÒ�y


�mBG���5"

~ 2.7 é?Û¢~êρ§�Ä�m

Gρ = {ϕ ∈ G((−∞, 0], X) : lim
θ→−∞

eρθϕ(θ)�3},

D��ê

‖ϕ‖ρ = sup
−∞<θ≤0

‖eρθϕ(θ)‖.

�H(t) = 1, K(t) = max{1, e−ρt}§N(t) = e−ρt§´�yún(A)¥�^�÷v"

½Â�fF : Gρ → BG�(Fϕ)(θ) = eρθϕ(θ)§w,§´GρÚBG�m��åÓ�§l


dBG���5§��Gρ´�����m§ùÒ�y
^�(B)"

3. Ì�(Ø

��m

B̃ = {x : (−∞, b]→ X, x|J ∈ G(J ;X), x0 = φ ∈ B}.

�‖ · ‖b´½Â3B̃þ���êµ

‖x‖b = ‖φ‖B + sup{‖x(t)‖ : t ∈ J}, x ∈ B̃.
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�LSg(J,X)L«¤k'ug´Lebesgue-Stieltjes�¼êf : J → X�¤��m§µgL«dgp�

�Lebesgue-StieltjesÿÝ"e¡�ÑXeb�^�µ

(H1) T (t), t > 0,´Xþ�;�+§�M = sup0≤t≤b ‖T (t)‖.

(H2) ¼êf : J × B → X÷vµ

(i) éz�t ∈ J , ¼êf(t, ·) : B → XëY¶

(ii) 3ÿÝµg¿Âe§éA�??t ∈ J§¼êf(t, ·) : B̃ → X´ëY�¶é¤kψ ∈ B̃§¼
êf(·, ψ) : J → X´µg�ÿ�¶

(iii) éz��êl§�3'ug´Lebesgue-Stieltjes�¼êml : J → R+§÷v

sup
‖ψ‖B≤l

‖f(t, ψ)‖ ≤ ml(t), lim inf
l→∞

1

l

∫ b

0

ml(s)dg(s) = γ <∞.

½Â3.1 ¼êx ∈ B̃¡�XÚ(1)�§Ú)§XJx÷ve�ÿÝÈ©�§

x(t) = T (t)φ(0) +

∫ t

0

T (t− s)f(s, xs)dg(s), t ∈ J.

½n3.2 XJb�^�(H1)Ú(H2)¤á§�

MKbγ < 1, (2)

ùpKb = sup0≤t≤bK(t)§KXÚ(1)��d��§Ú)�3"

y²µ ½Â�fP : B̃ → B̃µ(Px)0 = φ �

(Px)(t) = T (t)φ(0) +

∫ t

0

T (t− s)f(s, xs)dg(s), t ∈ J.

K�fP�ØÄ:�´XÚ(1)�§Ú)"

éφ ∈ B§½Â

φ̂(t) =

{
φ(t), t ∈ (−∞, 0],

T (t)φ(0), t ∈ J.

-x(t) = y(t) + φ̂(t), t ∈ (−∞, b]. w,x´XÚ(1)�§Ú)§��=�y÷vy0 = 0�

y(t) =

∫ t

0

T (t− s)f(s, ys + φ̂s)dg(s), t ∈ J.

�Ä�m

B̃0 = {y : (−∞, b]→ X, y|J ∈ G(J,X), y0 = 0},
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‖y‖b = ‖y0‖B + sup{‖y(t)‖ : t ∈ J} = sup{‖y(t)‖ : t ∈ J},

K(B̃0, ‖ · ‖b)´��Banach�m"

½Â�fΦ : B̃0 → B̃0µ(Φy)0 = 0§�

(Φy)(t) =

∫ t

0

T (t− s)f(s, ys + φ̂s)dg(s), t ∈ J.

w,§�fPk��ØÄ:§��=��fΦk��ØÄ:§e¡y²�fΦk��ØÄ:"

�l´�u"�~ê§Bl = {y ∈ B̃0 : ‖y‖b ≤ l}. éz��êl§Blw,´B̃0¥�k.4à8"
éz�y ∈ Bl§t ∈ J§k

‖yt + φ̂t‖B
≤ ‖yt‖B + ‖φ̂t‖B
≤ K(t) sup0≤s≤t ‖y(s)‖+N(t)‖y0‖B +K(t) sup0≤s≤t ‖φ̂(s)‖+N(t)‖φ‖B
≤ K(t)l +K(t)M‖φ(0)‖+N(t)‖φ‖B
≤ Kb(l +M‖φ(0)‖) +Nb‖φ‖B = l′,

ùpKb = sup0≤t≤bK(t)§Nb = sup0≤t≤bN(t). P{ΦBl} = {Φy : y(·) ∈ Bl}.

Äky²�3���êl÷v{ΦBl} ⊆ Bl. eØ,§éz��êl§�3¼êyl(·) ∈ Bl§�

´(Φyl)(·) /∈ Bl§=é,�t ∈ J§‖(Φyl)(t)‖ > l. ,��¡§k

l < ‖(Φyl)(t)‖

=
∥∥∥∫ t0 T (t− s)f(s, yl,s + φ̂s)dg(s)

∥∥∥
≤M

∫ t
0
‖f(s, yl,s + φ̂s)‖dg(s)

≤M
∫ b
0
ml′(s)dg(s).

òþãØ�ªü>ÓØ±l§¿-l→ +∞§�e4�§�

1 ≤M lim inf
l→+∞

1

l′

∫ b

0

ml′(s)dg(s) · l
′

l
= MγKb.

ù�^�(2)gñ"l
é,��êl§k{ΦBl} ⊆ Bl.

e¡y²Φ´���ëY�f"Äky²8Ü{ΦBl}3Jþ´�Ý�K�§éz�t0 ∈ [0, b)§

k

‖(Φy)(t)− (Φy)(t0
+)‖

≤
∫ t0+

0
‖(T (t− s)− T (t0

+ − s))f(s, ys + φ̂s)‖dg(s)

+
∫ t
t0+ ‖T (t− s)f(s, ys + φ̂s)‖dg(s)

≤
∫ b
0
‖T (t− s)− T (t0

+ − s)‖ml′(s)dg(s) +M
∫ t
t0+ ml′(s)dg(s)

= I1 + I2.

DOI: 10.12677/pm.2023.1310314 3042 nØêÆ

https://doi.org/10.12677/pm.2023.1310314


ù�Ú

�â�+T (t), t > 0�;5ÚrëY5§T (t)3���fÿÀ�¿Âe´ëY�§l
�t →
t0

+�§I1 → 0. ,	§-h(t) =
∫ t
0
ml′(s)dg(s)§�âÚn2.1§h(t)´Jþ��K¼ê§l
§

�t→ t0
+�§I2 = h(t)− h(t0

+)→ 0.

Ón�y§ét0 ∈ (0, b]§�t→ t0
−�§‖(Φy)(t0

−)−(Φy)(t)‖ → 0. �â½Â2.2§{ΦBl}3Jþ
´�Ý�K�"

Ùgy²éz�t ∈ J§8ÜV (t) = {(Φy)(t) : y ∈ Bl}3X¥´�;�"�t = 0�§V (0) =

{0}§w,¤á"�½t, 0 < t ≤ b§�η´��¢ê�0 < η < t§éz�y ∈ Bl§½Â

(Φηy)(t) =
∫ t−η
0

T (t− s)f(s, ys + φ̂s)dg(s)

= T (η)
∫ t−η
0

T (t− s− η)f(s, ys + φ̂s)dg(s).

duT (t) (t > 0)´;�§�∥∥∥∥∫ t−η

0

T (t− s− η)f(s, ys + φ̂s)dg(s)

∥∥∥∥ ≤M ∫ b

0

ml′(s)dg(s),

Kéz�η, 0 < η < t§8ÜVη(t) = {(Φηy)(t) : y ∈ Bl}´X¥��;8"

,��¡§éz�y ∈ Bl§5¿�b�(H2)(iii)§k

‖(Φy)(t)− (Φηy)(t)‖ =
∥∥∥∫ tt−η T (t− s)f(s, ys + φ̂s)dg(s)

∥∥∥
≤M

∫ t
t−ηml′(s)dg(s).

Ï�g´�ëY�§�âÚn2.1§�η → 0+�§þ¡ªf¥����ªu"§l
�3�;

8?¿ªC8ÜV (t)§Ï
éz�t ∈ J§V (t)´X¥��;8"2�âÚn2.4§8Ü{(Φy)|J : y ∈
Bl}´G(J,X)¥��;8§8Ü{ΦBl}´B0¥��;8"nþ¤ã§Φ´;�f"

��y²Φ´Blþ�ëY�f"-{yn}´Bl¥�ÂñS�§��n → ∞�§yn → y§=‖yn −
y‖b → 0. K�âún(A)(iii)§éz�s ∈ J§k

‖yn,s − ys‖B ≤ K(s) sup{‖yn(τ)− y(τ)‖ : 0

≤ τ ≤ s} ≤ Kb‖yn − y‖b.

¤±yn,s → ys. ?�Ú§�âb�(H2)(i)§��f(s, yn,s + φ̂s) → f(s, ys + φ̂s). du‖f(s, yn,s +

φ̂s)‖ ≤ ml′(s)§�âLebesgue-StieltjesÈ©���Âñ½n§éz�t ∈ J§k

limn→∞(Φyn)(t) = limn→∞
∫ t
0
T (t− s)f(s, yn,s + φ̂s)dg(s)

=
∫ t
0

limn→∞ T (t− s)f(s, yn,s + φ̂s)dg(s)

=
∫ t
0
T (t− s)f(s, ys + φ̂s)dg(s)

= (Φy)(t).
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,	§du{Φyn}∞n=13Jþ´�Ý�K�§K�âÚn2.3§3Jþ§{Φyn}��Âñ�{Φy}§l


lim
n→∞

‖Φyn − Φy‖b = lim
n→∞

sup
t∈J
‖(Φyn)(t)− (Φy)(t)‖ = 0.

¤±�fΦ´ëY�§l
Φ´Blþ��ëY�f"�âÚn2.5§Φ3Bl¥k��ØÄ:y(·)§w
,x = y + φ̂´ÿÝXÚ(1) �§Ú)§y."

5µ �PC(J,X)L«½Â3Jþ�ÅãëY¼ê�¤��m§Ï�C(J,X) ⊂ PC(J,X) ⊂
G(J,X)§�âóÀ�¼�©�§ÚÿÝ�¼�©�§�m�éX[3]§�©�(J�±w�óÀ�

¼�©�§�A(J�í2"

~3.3 �Äe�ÿÝ. �¼�©�§µ
dtz(t, ω) = ∂2

∂ω2 z(t, ω) +
(∫ 0

−∞K(θ)z(t+ θ, ω)dθ
)
dg(t),

t ∈ [0, 1], ω ∈ [0, π],

z(t, 0) = z(t, π) = 0, t ∈ [0, 1],

z(θ, ω) = z0(θ, ω), θ ≤ 0, ω ∈ [0, π],

(3)

ùpK : (−∞, 0] → R´��ëY¼ê"éz�ω ∈ [0, π]§z0(·, ω) : (−∞, 0] → R3(−∞, 0]þ´�

K�¶éz�θ ≤ 0§z0(θ, ·) : [0, π] → R3[0, π]þ´ëY�"g : [0, 1] → R´���ëYüNØ~
¼ê"

-X = L2([0, π])§D�‖ · ‖L2�ê"½Â�fA : X → X�Ay = y′′§½Â��

D(A) = {y ∈ X : y, y′´ýéëY�, y′′ ∈ X, y(0) = y(π) = 0}.

KA)¤��rëY�;�+T (t), t ≥ 0[13]"d	§AklÑÌ§A��´−n2, n = 1, 2...§�A

�IOzA��þ�en(ζ) =
√

2/π sin(nζ), n = 1, 2, .... Ke�5�¤áµ

(a) XJy ∈ D(A)§K

Ay =
∞∑
n=1

n2〈y, en〉en;

(b) éz�y ∈ X§

T (t)y =

∞∑
n=1

e−n
2t〈y, en〉en.

w,§M = sup0≤t≤1 ‖T (t)‖ = 1.

���m�~2.7¥��mGρ§é¤kω ∈ [0, π]§ψ ∈ Gρ§½Â

f(ψ)(ω) =

∫ 0

−∞
K(θ)ψ(θ)(ω)dθ.
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- {
x(t)(ω) = z(t, ω) t ∈ [0, 1], ω ∈ [0, π],

φ(θ)(ω) = z0(θ, ω) θ ≤ 0, ω ∈ [0, π].
(4)

KXÚ(3)U�¤e�Ä�/ªµ{
dtx(t) = Ax(t) + f(xt)dg(t), t ∈ [0, 1],

x0 = φ ∈ Gρ.
(5)

b�e�^�¤áµ

(i)
√
πmax{1, e−ρ}(g(1)− g(0))

∫ 0

−∞ e
−ρθK(θ)dθ < 1.

(ii) limθ→−∞ e
ρθz0(θ, ω)�3§�éω ∈ [0, π]��.

éψ ∈ Gρ§k

‖ψ‖ρ = sup
θ≤0

eρθ‖ψ(θ)‖L2 = sup
θ≤0

eρθ
(∫ π

0

|ψ(θ)(ω)|2dω
)1/2

�

‖f(ψ)‖L2 =
(∫ π

0
|f(ψ)(ω)|2dω

)1/2
=

{∫ π
0

[∫ 0

−∞K(θ)ψ(θ)(ω)dθ
]2
dω

}1/2

≤
√
π
∫ 0

−∞ e
−ρθK(θ)

[
eρθ
(∫ π

0
|ψ(θ)(ω)|2dω

)1/2]
dθ

≤
(√

π
∫ 0

−∞ e
−ρθK(θ)dθ

)
‖ψ‖ρ.

-ml(t) =
(√

π
∫ 0

−∞ e
−ρθK(θ)dθ

)
l§K

γ =

∫ 1

0

√
π

∫ 0

−∞
e−ρθK(θ)dθdg(s) =

√
π(g(1)− g(0))

∫ 0

−∞
e−ρθK(θ)dθ.

Ïd§b�(H2)÷v§qd^�(i)§Ø�ª(2)¤á§l
½n3.2¥�¤k^�÷v§�â½

n3.2§ÿÝ.�§(5)k§Ú)�3"�âXÚ(3)�(5)�m�'Xª(4)§XÚ(3)k§Ú)�3"

4. o(

�©JÑ
Banach�m¥äkÃ¡�¢���5ÿÝ�¼�©�§§ù«XÚ�±���a

E,�·,XÚ�êÆ�."·�Äk½Â
·����m§,�A^SchauderØÄ:½ny²
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