
Pure Mathematics nØêÆ, 2023, 13(12), 3514-3524

Published Online December 2023 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2023.1312366

4��f���f3Morrey �m�k.5±

9é Lipschitz �m��x

��� &&&

.ûô��Æ�§êÆ�ÆÆ�§ç9ô .ûô

ÂvFÏµ2023c11�12F¶¹^FÏµ2023c12�13F¶uÙFÏµ2023c12�22F

Á �

� M � Hardy-Littlewood 4��f§M ] � sharp 4��f§b ´ÛÜ�È¼ê"�©�Ä


� b áu Lipschitz �m�§M Ú M ] � b )¤�4���fÚ��5��f3Morrey �

m¥�k.5§¿�Ñ
 Lipschitz �m��
#�d�x"

'�c

Hardy-Littlewood 4��f§Sharp 4��f§��f§Lipschitz �m§Morrey �m

Boundedness of the Commutators of the
Maximal Operator on Morrey Spaces and

Their Characterization of Lipschitz Spaces

Di Fan

School of Mathematical Science, Mudanjiang Normal University, Mudanjiang Heilongjiang

Received: Nov. 12th, 2023; accepted: Dec. 13th, 2023; published:Dec. 22nd, 2023

©ÙÚ^: �&. 4��f���f3Morrey �m�k.5±9é Lipschitz �m��x[J]. nØêÆ, 2023,
13(12): 3514-3524. DOI: 10.12677/pm.2023.1312366

https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2023.1312366
https://www.hanspub.org
https://doi.org/10.12677/pm.2023.1312366


�&

Abstract

Let M be the Hardy-Littlewood maximal operator, M ] be the sharp maximal operator

and b be a locally integrable function. In this paper, we consider the boundedness of

maximal and nonlinear commutators generated by M and M ] with b on Morrey spaces

when b belongs to the Lipschitz spaces, by which some new characterizations of the

Lipschitz spaces are given.
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1. Úó�(J

� T �²;ÛÉÈ©�f, b �ÛÜ�È¼ê, d T � b )¤���f [b; T ] ½Â�

[b; T ](f)(x) = T
�
(b(x)� b)f

�
(x) = b(x)T (f)(x)� T (bf)(x): (1.1)

1976c, Coifman, Rochberg ÚWeiss 3© [1] ¥y²
� b 2 BMO(Rn) �, ��f [b; T ] ´

Lp(Rn) k.� (1 < p < 1). 1978 c, Janson 3© [2] ¥y²
 b 2 _��(R
n)(0 < � < 1) ��=�

[b; T ] ´l Lp(Rn) � Lq(Rn) k.�, Ù¥ 1 < p < n=�, 1=p� 1=q = �=n(���© [3]).

^ Q L«�>©O²1u�I¶��N, jQj L« Q � Lebesgue ÿÝ, ^ �Q L« Q �A�

¼ê. éuÛÜ�È¼ê f , P fQ = (f)Q = 1
jQj

R
Q
f(x)dx:

� f �ÛÜ�È¼ê, Hardy-Littlewood 4��fM ½Â�

M(f)(x) = sup
Q3x

1

jQj

Z
Q

��f(y)��dy;

DOI: 10.12677/pm.2023.1312366 3515 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2023.1312366


�&

sharp 4��fM ] ½Â�

M ](f)(x) = sup
Q3x

1

jQj

Z
Q

��f(y)� fQ
��dy;

Ù¥þ(.�H R
n ¥¤k�¹ x ��N Q.

aqu 1.1 ª, ·��±½Â Hardy-Littlewood 4��f�üa��f.

M ÚÛÜ�È¼ê b )¤�4���fMb ½Â�

Mb(f)(x) =M
�
(b(x)� b)f

�
(x) = sup

Q3x

1

jQj

Z
Q

��b(x)� b(y)
����f(y)��dy;

Ù¥þ(.�H R
n ¥¤k�¹ x ��N Q.

M �ÛÜ�È¼ê b )¤���5��f

[b;M ](f)(x) = b(x)M(f)(x)�M(bf)(x):

aq/�±½ÂM ] � b )¤���5��f

[b;M ]](f)(x) = b(x)M ](f)(x)�M ](bf)(x):

w,, Mb ´�K�Úg�5�,  [b;M ] Ú [b;M ]] QØ´�K��Ø´g�5�. Ïd, 4�

��fMb Ú��5��f [b;M ] äk��ØÓ.

C��Ac5, ¯õÆöé4��f���f�k.5?1
�þ�ïÄ, ~X [4{12]. 2017

c, Zhang 3© [11] ¥�Ñ
� b 2 _��(R
n) �, ��fMb Ú [b;M ] 3 Lebesgue �mÚMorrey �

m¥�k.5, ¿�Ñ
 Lipschitz �m��
#��x. 2019 c, Zhang 3© [13] ¥|^��f

Mb, [b;M ] Ú [b;M ]] 3C�I�m¥�k.5�Ñ
 Lipschitz �m�
#��d�x.

Éþãó��éu, �©òïÄ� b áu Lipschitz ¼êa�, ��fMb, [b;M ] Ú [b;M ]] 3

Morrey �m¥�k.5, ¿�Ñ Lipschitz �m�eZ#��d�x.

�Qã�©�(J, Äk£ÁA�½ÂÚÎÒ.

½Â1.1. - 0 < � < 1� b �ÛÜ�È¼ê. e�3~ê C, ¦�é?¿� x; y 2 Rn; k

jb(x)� b(y)j � Cjx� yj�;

K¡ b áu Lipschitz �m _��. ��~ê C ¡� b � _�� �ê¿P� kbk _��
.

Morrey �m Lp;� Äk´dMorrey 3© [14] ïÄ��ý�. �©�§)�ÛÜ5��¤Ú

?�. e¡·��ÑMorrey �m�½Â.

½Â1.2. ( [15]) - 1 � p <1 � 0 � � � n. Morrey �m½Â�

Lp;�(Rn) = ff 2 Lp
loc(R

n) : kfkLp;� <1g;

DOI: 10.12677/pm.2023.1312366 3516 nØêÆ

https://doi.org/10.12677/pm.2023.1312366


�&

Ù¥

kfkLp;� := sup
Q

� 1

jQj�=n

Z
Q

jf(x)jpdx
�1=p

:

� 1 � p <1 �, k Lp;0(Rn) = Lp(Rn) Ú Lp;n(Rn) = L1(Rn).

� Q0 ´���½�N, ��3 Q0 þ�4��f½Â�

MQ0
(f)(x) = sup

Q3x
Q�Q0

1

jQj

Z
Q

��f(y)��dy;

Ù¥þ(.�H¤k÷v Q � Q0 � Q 3 x ��N Q.

y3�±�ã·��(J.

½n1.1. � b ´ÛÜ�È¼ê� 0 < � < 1. q� 1 < p < n=�; 0 < � < n � �p �

1=q = 1=p� �=(n� �). Ke¡�·K�dµ

(1) b 2 _��(R
n);

(2) Mb l Lp;�(Rn) � Lq;�(Rn) k.;

(3) �3~ê C > 0, ¦�

sup
Q

1

jQj�=n
k(b� bQ)�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:

51.1. Zhang 3© [11] ¥y²
 (1) Ú (2) �d. §�� (3) ��d5´#�� (3) �Ñ


Lipschitz �m#��d�x.

½n1.2. � b ´ÛÜ�È¼ê� 0 < � < 1. q� 1 < p < n=�; 0 < � < n � �p �

1=q = 1=p� �=(n� �). Ke¡�·K�dµ

(1) b 2 _��(R
n) � b � 0;

(2) [b;M ] l Lp;�(Rn) � Lq;�(Rn) k.;

(3) �3~ê C > 0, ¦�

sup
Q

1

jQj�=n
k
�
b�MQ(b)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:

51.2. Zhang 3© [11] ¥y²
 (1) Ú (2) �d. §�� (3) ��d5´#�� (3) �Ñ
�

K Lipschitz ¼ê�#�x.

½n1.3. � b ´ÛÜ�È¼ê� 0 < � < 1. q� 1 < p < n=�; 0 < � < n � �p �

1=q = 1=p� �=(n� �). Ke¡�·K�dµ

(1) b 2 _��(R
n) � b � 0;

(2) [b;M ]] l Lp;�(Rn) � Lq;�(Rn) k.;

(3) �3~ê C > 0, ¦�
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sup
Q

1

jQj�=n
k
�
b� 2M ](b�Q)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:

51.3. [b;M ]] 3 Lebesgue �mÚC�ê Lebesgue �m¥�k.5��d�x�© [16]

Ú [13].

2. ý��£ÚÚn

�!·��Ñ�
Ún, ù
Únò^uy²·��(J.

Ún2.1. ( [3]). � 0 < � < 1 � 1 � q <1. ½Â

_��;q(R
n) :=

�
f 2 L1

loc(R
n) : kfk _��;q

= sup
Q

1

jQj�=n

�
1

jQj

Z
Q

jf(x)� fQj
qdx

�1=q

<1

�
;

Kéu¤k� 0 < � < 1 � 1 � q <1, k _��(R
n) = _��;q(R

n).

Ún2.2. ( [17]). - 1 � p <1 � 0 < � < n, K�3=�6u n �~ê C > 0, ¦�

k�QkLp;�(Rn) � CjQj
n��
np :

Ún2.3. � 0 < � < 1. q� 1 < p < n=�; 0 < � < n� �p � 1=q = 1=p� �=(n� �), Ké?

¿��N Q, k

k�QkLp;�(Rn) � jQj
�=nk�QkLq;�(Rn):

yyy²²² éu?¿�½��N Q, 5¿� 1=q = 1=p� �=(n� �), ·�k

k�QkLp;�(Rn) = sup
Q0

�
1

jQ0j�=n

Z
Q0

j�Q(x)j
pdx

�1=p

= sup
Q0

�
1

jQ0j�=n

Z
Q0\Q

j�Q(x)j
pdx

�1=p

� sup
Q0

�
1

jQ0j�=n

Z
Q0\Q

j�Q(x)j
qdx

�1=q�
1

jQ0j�=n

Z
Q0\Q

1dx

�(1�p=q)=p

� sup
Q0

�
1

jQ0j�=n

Z
Q0

j�Q(x)j
qdx

�1=q

jQ0 \Qj(1��=n)(1=p�1=q)

� sup
Q0

�
1

jQ0j�=n

Z
Q0

j�Q(x)j
qdx

�1=q

jQj�=n

= jQj�=nk�QkLq;�(Rn):

Ún�y.

Zhang, Wu Ú Sun 3© [16] �íØ 1.1 ÚíØ 1.2 ¥�Ñ
�K Lipschitz ¼êa�Xe�d

�x.

Ún2.4. ( [16]). � b ´ÛÜ�È¼ê� 0 < � < 1. Ke¡�·K�dµ
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(1) b 2 _��(R
n) � b � 0;

(2) �3~ê C > 0, ¦�

sup
Q

1

jQj1+�=n

Z
Q

jb(x)�MQ(b)(x)jdx � C;

(3) �3~ê C > 0, ¦�

sup
Q

1

jQj1+�=n

Z
Q

jb(x)� 2M ](b�Q)(x)jdx � C:

3. ½n1.1-1.3 �y²

½½½nnn1.1 ���yyy²²².3© [11] �½n 1.2 ¥y²
 (1) Ú (2) �d, ·��Iy² (2) ) (3) Ú

(3)) (1).

(2)) (3): é?¿�½��N Q Úé?¿� x 2 Q, k

jb(x)� bQj �
1

jQj

Z
Q

jb(x)� b(y)jdy

=
1

jQj

Z
Q

jb(x)� b(y)j�Q(y)dy

�Mb(�Q)(x):

u´, é?¿� x 2 Q, k

j(b(x)� bQ)�Q(x)j �Mb(�Q)(x):

d (2)�Mb ´l Lp;�(Rn)� Lq;�(Rn)k.. 5¿� 1=q = 1=p��=(n��)¿¦^Ún 2.3�

k(b(x)� bQ)�QkLq;�(Rn) � kMb(�Q)kLq;�(Rn)

� Ck�QkLp;�(Rn)

� CjQj�=nk�QkLq;�(Rn):

¤±k
1

jQj�=n
k(b� bQ)�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:

5¿�þª¥� C � Q Ã', Ïd (2)) (3) �y.

(3) ) (1): �y b 2 _��(R
n), �âÚn 2.1, �Iy�3~ê C > 0, ¦�é?¿�N Q � R

n,

k
1

jQj1+�=n

Z
Q

jb(x)� bQjdx � C:
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é?¿��N Q, |^ H�older Ø�ªÚÚn 2.2, k

1

jQj1+�=n

Z
Q

jb(x)� bQjdx

=
1

jQj1+�=n

Z
Q

j
�
b(x)� bQ

�
�Q(x)jdx

�
1

jQj1+�=n

�Z
Q

j
�
b(x)� bQ

�
�Q(x)j

qdx
�1=q

jQj1�1=q

=
jQj�=(nq)

jQj�=n+1=q

� 1

jQj�=n

Z
Q

j
�
b(x)� bQ

�
�Q(x)j

qdx
�1=q

�
jQj�=(nq)

jQj�=n+1=q
k(b� bQ)�QkLq;�(Rn)

=
1

jQj�=n
k(b� bQ)�QkLq;�(Rn)

jQj(n��)=nq

�
C

jQj�=n
k(b� bQ)�QkLq;�(Rn)

k�QkLq;�(Rn)

� C:

5¿�þª¥� C � Q Ã', ÏddÚn 2.1 � b 2 _��(R
n).

�d, ½n 1.1 ¼y.

½½½nnn1.2 ���yyy²²². 3© [11] �½n 1.6 ¥y²
 (1) Ú (2) �d, ·��Iy² (2) ) (3) Ú

(3)) (1).

(2) ) (3): é?¿�½��N Q � R
n, éu?¿� x 2 Q, k (y²�© [5] ·K 4.1, ���

© [18] � (2.4) ª)

M(�Q)(x) = �Q(x)

Ú

M(b�Q)(x) =MQ(b)(x):

d (2)� [b;M ]´lLp;�(Rn)�Lq;�(Rn)k.. 5¿� 1=q = 1=p��=(n��)¿¦^Ún 2.3�

k
�
b�MQ(b)

�
�QkLq;�(Rn) = k

�
bM(�Q)�M(b�Q)

�
�QkLq;�(Rn)

= kbM(�Q)�M(b�Q)kLq;�(Rn)

= k[b;M ](�Q)kLq;�(Rn)

� Ck�QkLp;�(Rn)

� CjQj�=nk�QkLq;�(Rn):

¤±k
1

jQj�=n
k
�
b�MQ(b)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:
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5¿�þª¥� C � Q Ã', Ïd (2)) (3) �y.

(3) ) (1): �y b 2 _��(R
n) � b � 0, dÚn 2.4 �, �Iy�3~ê C > 0, ¦�é?¿�N

Q � Rn, k
1

jQj1+�=n

Z
Q

jb(x)�MQ(b)(x)jdx � C:

é?¿�½��N Q, |^ H�older Ø�ªÚÚn 2.2 ��

1

jQj1+�=n

Z
Q

jb(x)�MQ(b)(x)jdx

=
1

jQj1+�=n

Z
Q

���b(x)�MQ(b)(x)
�
�Q(x)

��dx
�

1

jQj1+�=n

�Z
Q

���b(x)�MQ(b)(x)
�
�Q(x)

��qdx�1=q

jQj1�1=q

=
jQj�=(nq)

jQj�=n+1=q

� 1

jQj�=n

Z
Q

���b(x)�MQ(b)(x)
�
�Q(x)

��qdx�1=q

�
jQj�=(nq)

jQj�=n+1=q
k
�
b�MQ(b)

�
�QkLq;�(Rn)

=
1

jQj�=n
k
�
b�MQ(b)

�
�QkLq;�(Rn)

jQj(n��)=nq

�
C

jQj�=n
k
�
b�MQ(b)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)

� C:

5¿�þª¥� C � Q Ã', Ïd (3)) (1) �y.

�d½n 1.2 ¼y.

½½½nnn1.3 ���yyy²²². (1)) (2): b� b 2 _��(R
n) � b � 0. éu?Û÷vM ](f)(x) <1 � x, k

��[b;M ]](f)(x)
�� =

���� sup
Q3x

b(x)

jQj

Z
Q

��f(y)� fQ
��dy � sup

Q3x

1

jQj

Z
Q

��b(y)f(y)� (bf)Q
��dy

����
� sup

Q3x

1

jQj

����
Z
Q

��b(x)f(y)� b(x)fQ
��dy �

Z
Q

��b(y)f(y)� (bf)Q
��dy

����
� sup

Q3x

1

jQj

Z
Q

�����b(x)� b(y)
�
f(y)� b(x)fQ + (bf)Q

����dy
� sup

Q3x

�
1

jQj

Z
Q

����
��b(x)� b(y)

����f(y)��dy + ��b(x)fQ � (bf)Q
���

�Mb(f)(x) + sup
Q3x

1

jQj

Z
Q

��b(x)� b(z)
����f(z)��dz

� 2Mb(f)(x):

(3.1)

d© [19] �M ´ Lp;�(Rn) k.�, éu f 2 Lp;�(Rn), kM(f)(x) <1; a:e: x 2 Rn, u´d

M ](f)(x) � 2M(f)(x) �,M ](f)(x) < 1; a:e: x 2 Rn. 2d b ´ÛÜ�È¼ê� b3 R
n þA�

??k�. Ïd, (3.1) ªé a:e: x 2 Rn ¤á.
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Ï� b 2 _��(R
n), ¤±d½n 1.1, � [b;M ]] ´l Lp;�(Rn) � Lq;�(Rn) k.�.

(2)) (3):éu?¿�½��N Q, k ([!�© [5] 1 3333 �½© [10] 1 1383 �)

M ](�Q)(x) =
1

2
; é?¿� x 2 Q:

b� [b;M ]] ´l Lp;�(Rn) � Lq;�(Rn) k.�, |^Ún 2.3, k

�b� 2M ](b�Q)
�
�Q


Lq;�(Rn)

=
2�1

2
b�M ](b�Q)

�
�Q


Lq;�(Rn)

=
2�bM ](�Q)�M ](b�Q)

�
�Q


Lq;�(Rn)

� 2k[b;M ]](�Q)kLq;�(Rn)

� Ck�QkLp;�(Rn)

� CjQj�=nk�QkLq;�(Rn):

5¿�þª¥� C � Q Ã', ¤±k

sup
Q

1

jQj�=n
k
�
b� 2M ](b�Q)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)
� C:

(3)) (1): �y b 2 _��(R
n) � b � 0, dÚn 2.4 �, �Iy�3~ê C > 0, ¦�

1

jQj1+�=n

Z
Q

jb(x)� 2M ](b�Q)(x)jdx � C:

b� (3) ¤á, é?¿?¿�½��N Q, |^ H�older Ø�ªÚÚn 2.2 ��

1

jQj1+�=n

Z
Q

jb(x)� 2M ](b�Q)(x)jdx

=
1

jQj1+�=n

Z
Q

���b(x)� 2M ](b�Q)(x)
�
�Q(x)

��dx
�

1

jQj1+�=n

�Z
Q

���b(x)� 2M ](b�Q)(x)
�
�Q(x)

��qdx�1=q

jQj1�1=q

=
jQj�=(nq)

jQj�=n+1=q

� 1

jQj�=n

Z
Q

���b(x)� 2M ](b�Q)(x)
�
�Q(x)

��qdx�1=q

�
jQj�=(nq)

jQj�=n+1=q
k
�
b� 2M ](b�Q)

�
�QkLq;�(Rn)

=
1

jQj�=n
k
�
b� 2M ](b�Q)

�
�QkLq;�(Rn)

jQj(n��)=nq

�
1

jQj�=n
k
�
b� 2M ](b�Q)

�
�QkLq;�(Rn)

k�QkLq;�(Rn)

� C:

5¿�þª¥� C � Q Ã', Ïd (3)) (1) �y.
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�d½n 1.3 ¼y.

Ä7�8

.ûô��Æ��ïìèï��8(?Ò: D211220637)Úç9ô��á��p�¥
|±/�

p�U�uÐ�8(`D�c<â�8)(?Ò: 2020YQ07) ]Ï"

ë�©z
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