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Abstract

In this paper, using Fermat’s little theorem, the solutions of some congruence equations and inde-
finite equations are mainly studied. Through the idea of Fermat’s small theorem in the proof, some
important conclusions are obtained according to the detailed derivation. These conclusions are

mainly given. The equations 21x* +2y” —x*-3=0(mod7) and x*+3=0(mod5) have not integer
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solutions. The indefinite equations x°—3xy?+ y®=2981 and 15x*-7y’=9 have not integer solu-
tions. In addition, some polynomial problems are also considered. And the solutions of pentadic
indefinite equation x°+ y®=7° are investigated by using Fermat’s small theorem. Finally, the
others applications of the Fermat’s small theorem are given.
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1. 518

AP AL, 2K B/ e SR O b 1035 e B11] [2] [3] [4] [5], BARE T,

[11[2]p &FEH, af%E, ptallaP*=1(modp).

WOR T/ N BT 2N, X 90 R AR FEAAS s 5 FE A 1) 1) e 6 A S B . A E
TR /NE B R, BF T — L8R 42 5 RE AR 58 7 R 0 B B A 1) 7L

RFTREEN, AT ZFERAEGAEFRANE, 8RR p FHRRELEITRNGIE. HE6R
L RIRH 2R g B L AT WA IE FORE B o A SCKE X T I S A — L6 ) @25 H EL AR VR (110 B S %
IF) B 1R FH 2 R By /s 2 B 1R 98 R B K E BT AN T REfEn=5, n=7 5n=31E i g,
FEERAFEYn=5, n=7H, WEFEMR, WEHE THRPIEFER, Min=7 2 —MEHREN: [FE
WA T n =3 BAH R 25 SR ATUERA

Al PR B/ e ) B AR R Tl R, EEAR T FHMSR. Hk, BEIFAE
RITFE 21 +2y*° —x* —3=0(mod 7) il x* +3=0(mod5) LEEH MR . Kk, FEIFHAAE 57
x® —3xy? +y® =2981 F116x* —7y* =9 TLEEAfRIIEE R . fa, FIHSR/R G /e R 2R E T
Z I, BT RN E TR X® + y° = 2° H b E 5| xyz i £ i .

2. RIRFEN TR M6

R J7FE X* +3=0(mod5) TLEEHfE

UEW: WA x=0(mod5), WARMBLFJE. BOE x 2T, W51 x.

H1 /R By hsg BT 45 x* =1(mod5) .

JE AR B 77, A X' +6x° +9=0(mod5), EP1+5x*+x*+9=0(mod5).

HIETTH1 x* =0(mod5), 551 x FJ&, Brbl R FRTBEM. IEE.

W FESCHR[L1H 5 36 D) 3 A FE T AR /24 x = 0,1,2,3,4,5(mod 5) AR NFGHIE . #57 RF 2 /R Ty /N iE
BEUEN], WP —RAIAT . i ERIERERE, B 5RE S N FERIIE X +2=0(mod5) I BEHE

fE A R 7 R 21x° + 2% — x*° + 4x —3=0(mod 7) TCHE S fi# .

FESCHR[2]H 58 193 T 3 /2 S MifL IR T 72 20 + 2x™° — x*° + 4x—3=0(mod 7) , 55 45 2 B Hzl
A x=0,41,+2,+3(mod7) T+ 5 M % [ R I RETC M o A SCR ] R B/ E BRAER . B 74 x, I
x* =1(mod7) .
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BRI 24 mod 7 B
x'=x°-x=x(mod7),x* =x*(mod7),x’ = x*(mod7),x" = x*(mod7),x* =1(mod7),
x° =x2.x*=x*(mod7),9=2(mod7),16 =14+ 2=2(mod7),-27 =1-28=1(mod 7),
64=63+1=1(mod7),24=3(mod7) .

FECL R UER] Y, 5 S R 31X 0 ] B R 5

WEB: 568 x> =0(mod7) [t Bl x=0(mod7).

B FARNJR 475 21x° +2x° - ' + 4x—3=0(mod 7) " ] LAf3 5] -3=0(mod 7) , F=ET /G .

BRI 74 x, SRR TR 24 REON 7 IAFEU IR 13 2x° — x° + 4x—3=0(mod 7) - JaEFEM R R 5
2% —x* +4x-3=0(mod7) . ZITEMIFEMTERN x* +3=2x7 +4x(mod7)

b 5 JE BEAT BB A, BB mod7, KRS X° + 6x* +9=4x° +16x* +16x° (mod7) ,
M X* +6x* +9=4+16x* +16x* (mod7) . #—FA445=10x" +15x*(mod7), Bl -2=3x*+x*(mod7) .

BN —2=3x" + x* (mod 7) Wi -1 5 5 4k, [AREREE mod7, SUARIKTT T
4=9x°+6x° +x*(mod7), MIMH 4=2x*+6+x"(mod7).

Bk, WRI-2=x*+2x*(mod7) . T/&4=x"+4x°+4x*(mod7), MIH 4=x"+4+4x*(mod7),
B F A 4x + %% =0(mod7) , A 4x* =—x*(mod7) , Bl 4x* =-1(mod7) .

b AL 5 RT3 64x° =—1(mod 7) BRI A 65=0(mod7) , 7= A7 JE o it A Rl 5 F2 Tk o HiE B

3. REHENEHMEE

R FE15x? - Ty? =9 TLREHfE .

HEBH: BT 3|15, FrbA3|y, 3|y*. FRXAEH3|x.

¥ x=3a,y =30, RN AE 7 #24315(3a%) - 7(3b)° =9, BIf5 9(15a° —7b* ~1) =0, 15a° — 7b* ~1=0.
T {415a% =7b% +1.

NIfUER] 15a% = 7Tb? + 1 TC R .

AR, #3|b, M15a® =7b® +17)G. #31b, W HR/RG/NEH b’ =1(mod3) .

¥ b? =1(mod3) fA A 15a% =7b% +11, f315a% =7b* +1=8(mod3), EP15a*=8(mod3), F/&.

T, 15a° —7b* -1%0, 9(15a° —7b° —1) =0 I LA E i R RS o EHE .

AETTRE X —3xy? + y° = 2891 LK ik

ERH: 1T 2891=7x59, FFLA7{x, 7ty

KSR NE T xF 7 |y o RS — AL, W55 — MG

TR X -3xy*+y*, H7°12891, F)5.

H1 2% /R /e BT A x° = y® =1(mod 7)) .

JEASE T RERE 7 T4 x° - 3xy? +y* =0(mod7), B x° -3xy® =-y*(mod7) .

R PTG FRE A AL, TR KA

+9x%y* =y (mod7),x° —6x*y* +9x*y* =1(mod7),-6x"y* +9x*y* =0(mod7) .

HT6=-1, 9=2(mod7), —6x'y*+9x’y*=0(mod7), AJUA#E—5fEA —x* =2y?*(mod7).
—x* =2y*(mod 7) FisiiisL 77 13 —x° =8y° (mod7) , Bl —1=8(mod7) , 7477 Ji o T LLJEAN 52 77 2 i o
T,

TESCHR[A]HR 5 555 45 19 [IMO, 4(i)AERT T x* —3xy® + y° = 2891 LR H i, {HiX L4 H —ANH 0
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fiif BHEV:
FETLIRAE TTRE X +y® = 2° b g 5| xyz
HEB: iS5t xyz, WS x*=y*=2z" =1(mod5) -
X’ =x"-x=x+5, y*=y+5m, z°=z+5n.
RNFNERELFEC +y* =2 h 13 x+5l+y+5m=z+5n, Bl x+y+5(l+m-n)=z.
ERFIEI-m-n=k, WHx+y+5k=z. ¥ x+y+5k=z A +y* =", A5

0=(x+ y)s—xs—y5+5(x+ y)4(5k)+10(x+ y)3(5k)2+10(x+ y)2(5k)3+5(x+ y)(5k)4+(5k)50
(W = W (IR TRV
0=(x+y) —x° -y +5%A,
o A=(x+y) k+10(x+ y)3 k* +50(x + y)2 k®+125(x+y)k* +125k° .
E|30=(x+y)5—x5—y5+52AtH7iEIf%'a
0=5x"y +10x°y* +10x°y* +5xy* +5° A=5xy(x* + 2x°y + 2xy* +y*) + 5’ A
:5xy[(x+ y)(xz—xy+ y2)+2xy(x+ y)]+52A=5xy(x+ y)(x2+xy+ y2)+52A.
M5t xyz B x+y+5(1+m—n)=z k154 x+y, REUEHT 51X +xy+y®, WALIFH
0=5xy(x+ y)(x2+xy+ y2)+52Ao

TRTFETIE,
TUES X2 +xy+Yy° o
X +xy+y>=5m, FhjEHE
(5m)2=(x2+xy+ y2)2=x4+x2y2+y4+2x3y+2x2y2+2xy352+3x2y2+2xy(x2+y2)(mod5),
E[J052+3x2y2+2xy(x2+y2)(mod5)o U\ﬁﬁﬁf?%'a2+3x2yzz—2xy(x2+y2)(mod5)o
AT R R, RIS

4+12x°y? +9x*y* = 4x°y? (x* +2x°y? + y* ) (mod5) »

4+12x°y* +9=4x"y*(2+2x°y*)(mod5) ,
4+12x*y? +9=8x*y* +8x"y*(mod5),

4+4x%y? +9=8(mod5), 4x*y?=-5=0(mod5).
b P43 16Xyt =0(mod5) , LTI E#31=0(mod5) . FE. XBIEM T 54 x* +xy+y? o
FITBLO =5xy (X +y)(X* +xy +y? ) +5° AR, LEHE .
A ETTHE

(7a+1)x° +(7b+2)y* +(7c+4)z° +(7d +1)xyz =0 1)
INEBK R x=y=2=0.
BB ASCH SRS /ANERE, HHATHE 7 UE, 2 TR IO
M7z, 71 xy B, x°=y° =1(mod7), M(1)=FF x° +2y*=0(mod7), BIx°=-2y*(mod7). bxlFJ5

3 x° =4y®(mod7) . FR1=4(mod7). FJ&.
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BTLTIX 71y R, W@ 2y° +42° =0(mod 7) o X2 BT (L) ML

BT, 747y B, (@R A3 x°+4y°* =0(mod7) , B x*=-4y*(mod7) . b J5 w45
x®=16y°(mod7). T/&1=16(mod7), FJ&.

MTIxy, 71z, 42° =0(mod7) A k. [FFE, 7|yz,7tx B, Tff: TIxe, 7ty i, IR,

B7xyz BF, x°=y®=2°"=1(mod7). M(1)X7H

x° +2y° +42° =—xyz(mod7). )
NS T E )
(x3+2y3)3+3(x3+2y3)2(423)+3(x3+2y3)(423)2+6429z—(xyz)3(mod7),

R
|:x9 +3x6(2y3)+3x3(2y3)2 +8y9}r3(x6 +4x3y° +4y6)(4z3)+(3x3 +6y3)(1626)+64zg :—(xyz)3(mod 7).

BT x° =x*(mod7),y° = y*(mod7),z° = z°(mod7),64 =63+1=1(mod7),16 =14+ 2=2(mod 7) ,

NS s

[x3 +6y° +3x3(4y6)+ y3:|+[1223 +48x°y37° +482?’]+(3x3 +6y3)<1626)+ 2% =—(xyz)’ (mod7) .

N

[x3 +6y° +12x° + y‘?’]+[12z3 +48x%y*7° +4823]+(3x3 +6y3)(1626)+ 2 z—(xyz)s(mod 7),

Hrh 48x’y*z® =—x°y®z*(mod7);7y® =0(mod 7);162° =2(mod 7) .

M AT
X° +12x° +(-32°) + 6x° +12y° + 2 =0(mod 7) ,
12x* +12y° - 2z° =0(mod 7) ,
—2x*-2y*-2z°=0(mod7),
x*+y*=-2°(mod7).
E R A 15

X+ 2%y +y® =z%(mod7),
1+2x°y° +1=1(mod7),
2x%y® =-1(mod7) ,
4x°y® =1(mod7).
TRM LR 4=1(mod7), FJE.
gZibpnk, xy,zh, RE AR T BT E, 3 MAE 7 KIS G . R =G
7R, TR x=Te,y=7f,2=7g, 1RANQ@)XTH
(7a+1)e’ +(7Tb+2) f°+(7c+4)g° +(7d +1)efg =0. (3)
R E) A I AT ST, SRR N L. T Xy, 2 R EAREL AR AT 7
PUER R, Rfix=y=2=0, AL T L. KFHUWAQ)MAGMx=y=2=0. iFt.
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4. HibRiF

KT =2 I a8

([4) ¥ a,b 2%, 11ta, iFRH111a® +5b%,

EB: A RIE.

Fi11la®+5b%, TR11tb. FNEE1a, FE.

/R TN E I A @ =D =1(mod11) . #11]a® +5b7, WI11|(a® +50%) . TR
11]a™® +5a° (5b2 ) +10a° (5b%)° +10a* (5b2)’ +5a? (5b)" +(5b)’ -

1]
a'® +5a° (5b? ) +10a° (5b%)* +10a* (5b%)° +5a° (5b)' +(5b*)’
=1+5a° (5b%) + 5a? (5b%)" +10a° (5b%)° +10a’ (5b%)° +5° (mod11)
=1+5a’ (SbZ)[as +(5b2)3} +10a* (5b%)" (a? + 5b%) + 5° (mod11).

BT +y =(x+y)(X* —xy+y*) J:ﬁ%:Iﬁé,\(az)3+(5b2)3, [Fi i
5° = (22+3)-(22+3)-5=3-3-5(mod11) ,
FFBh11] (a2 +5b%) =1+0+0+3-3-5=46(mod11), F/&. BIL11}a® +50% . i,
WA T
x'+y' =2z, 4)
Hx=1(mod7) 5 y=1(mod7) ANBERIIS BRAL, WAE 7 1 xyz .
it BORD/NERE A A E AL ER, RATH SR DN E SR T A BEOHE X +y* =2,
WA 7E 5| xyz o A SR [3]H AR BEATAE T -
EBH: (1) & 7+xyz, H/RGER, WX =y =2°=1(mod7).
WX =xx=x+7l; y=y+7m; 2 =z+7n, RA@RPH
X+7l+y+7m=z+7n.
Wx+y+7(1+m-n)=x+y+7k=2z, FRA@)HXHH
x7+y7=z7=(x+y+7k)7
=(x+ y)7+7(x+ y)6(7k)+21(x+y)5(7k)2+35(x+y)4(7k)3
+35(x+y) (7k)" +21(x+y)* (7k)” +7(x+ y)(7k)" +(7k) .

0=(x+y) —x —y" +7(x+ y)6(7k)+21(x+ y)5(7k)2 +35(x+ y)4(7k)3
+35(x+ y)4(7k)3 +35(x+ y)?’(7k)4 +21(x+ y)2(7k)5 +7(x+ y)(7k)6 +(7k)7.
(Al it
0=7xy +21x°y? +35x"y® + 35x°y* + 21x°y® + Txy® + 7% (x + y)6 k+3-7%(x+ y)5(7k2)
+5-7%(x+ y)4(72k3)+5-72(x+ y)3(73k4)+3-72(x+ y)2(74k5)+72(x+ y)(75k6)+72(75k7),

B

k
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0=x°y+3x°y? +5x*y® +5x°y* +3x°y° + xy® + 7T, (5)

)
+

T=(x+y)ek+3(x+y)5(7k2)+5(x+y)4(72k3)+5(x+y)3(73k4)
+3(x+y)2(74k5)+(x+y)(75k6)+75k7.
10 A=xXCy+3x°y” +5x*y? +5x°y* +3x°y° +xy® . M ERATHES, REUEWHT 71 A, WE)RA AT,
WHE T 7 1 xyz &7 &1
(2) NHARIEEIET LA
BT x=1(mod7), M x*=1(mod7) 5k x> =-1(mod7) . K y*=1(mod7)=k y* =—1(mod7), X
O ERRAE, T2 niTie.
HxP=-1(mod7), y>=-1(mod7), x’y*=1(mod7)K, (5)Xiie
0=x°y+3x°y? +5x*y® +5x°y* +3x°y® + xy® + 7T (mod 7)
=y-3x’y® +5x+5y—3x*y’ + X+ 7T (mod 7)
=6(x+y)-6x’y*+ 7T (mod7).
#(5) oL, A
x+y-x?y*=0(mod7), ©)
x+y=x"y*(mod7).
P DY IR T AT A
(x+y) =(xy) =(xy)’ (xy)* =(xy)" =x+y(mod7).
M 71x+y, MERXATHE
(x+ y)szl(modY),
x* +3x%y +3xy? + y* =1(mod7),
—1+3x%y +3xy? —1=1(mod7),
3x*y +3xy® =3(mod7). )
X (6) 2 i i [7) 7€ X2y W 13
x’y? (x+y)=x"y* =—xy(mod7),
x°y? +x*y® = —xy(mod7),
—x? —y* =-xy(mod7),
x? +y? = xy(mod7).
PR LT A A
X2 +3x'y? +3x°y* +y° E(xy)3 =1(mod?7),
1-3xy’ -3x*y +1=1(mod7),
-3x*y —3xy? =-1(mod7),

3x*y +3xy* =1(mod 7). (8)

»
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MO, @)RH1=3(mod7), BAFE. 4 x*=1(mod7),y* =-1(mod7),(xy)’ =-1(mod7) I, (4)
it 2
0=y+3x’y? —5x =5y —3x’y* + X+ 7T =—4x—4y + 7T (mod 7).

H@RoL, MET|x+y, XEx+y+7k=2,71z TG
Hxd=-1y° zl,(xy)3 =—1(mod7) i, (4):\mh2
0=y-3x’y* —5x—5y+3x’y* + X+ 7T =—4x—4y + 7T (mod 7).

[F6)—+, T
Zia LA LW RIB) AL, FrBA7 [ xyz o WEHE

5. B4

AL EERENS B IR By /N BRAEANGE 7 RER 5 R OB SO A ML o xR 22 mT DA i i B ) A At
AT PRI, ASCAXABGE L 9K /g BN 5 AT IER, BORFERAREF . 55— T, AR
/INGE PRLAE W] — L ] B HLRBCHIAS T R I, At A TR UL RO ASE 7 REAN R AR T i o AR A8 )i o
I PR /N E AT IR I, WS T S ARAF A AR o SRR, Xt fij B 4 R AR AR ) ) )
BT LA ARBOCHIANE, G5 A B R BN B[N L B I 55 38 B 2 R TR AT R BE R, AR e
(1T SRR A T LA 8 5 ) Vi

E&WmE

AR ST SRR U HUE T AU O I (B H 45 CMC20220209) A1 H [ 1 57 K27 ()
SO 7T S I H (9 H 25 2022086) B .

P

[ AT, 7h. UL M. 55 2 B Jost: Bis s, 2000.
[2] WK, R, FIHIAIMI. b5 JERURE R AL, 2007.

(8] HIH, #. HEUEX(FH) M. JLse % 8 HiARiE, 1990,

[4] WK, R VSHOLIML % 3R, JEst LSRR, 2017,

[5] Edwards, H.M. (2011) Fermat’s Last Theorem: A Genetic introduction to Algebraic Number Theory. Science Press,
Beijing.
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