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Abstract

Let T =

 
A 0

U B

!
be a formal triangular matrix ring, where A and B are rings and U

is (B,A)-bimodule. This article proves under certain conditions that if M =

 
M1

M2

!
'M

is

a Gorenstein FI-injective left T -modules, then M2 is a Gorenstein FI-injective left

B-modules, kerg'M is a Gorenstein FI-injective left A-module, and g'M is an epimor-

phism.
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1. Úó

Gorenstein �êåu 20 V 60 c�, Auslander ÚBridge 3©z [1]¥Ú\
V>ìA�

þk�)¤��G-�ênØ. 20 V 90 c�, Enochs �3©z [2] ¥Ú\
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ïÄ. 2014 c, Enochs �3

©z [4]¥3Gorenstein �K��^�e�Ñ
�T-�´Gorenstein Ý��ÚGorenstein S���

�d�x. 2007 c,fá#Ú¶H�3©z [5]½Â
FI-S���Vg. 2008 c,fá#Ú¶H�3

©z [6] ¥ïÄ
và�þ�Gorenstein FP- S��ÚGorenstein FP-²"�9Ù5�,�Ñ
�v

à�R þ�Gorenstein FP- S��R-���d^�. 2019 c,�ÀÚ�¾3©z [7]¥Ú\ÚïÄ
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�./

ªn�Ý
�3��nØ¥kX�/ ,3���ê©|Ñk�A^. 2020 c,fá#3©

DOI: 10.12677/pm.2023.1312390 3772 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2023.1312390


ë�À

z [8] ¥�Ñ
FP-S���d�x. 2022 c,ÕÕÚÜ}±3©z [9]¥ïÄ
Gorenstein FP-S

��.É�±þó��éu,�©ïÄ
/ªn�Ý
�þ�Gorenstein FI-S��.

3�©¥,¤k��þ�kü ���"(Ü�,�þ�j�. A, B ÚT ´�,·�^A-Mod,

B-Mod ÚT-Mod ©OL«�A-��Æ,�B-��ÆÚ�T-��Æ. Z L«�ê8.XJØAO`²T

oL«/ªn�Ý
�

 
A 0

BUA B

!
, ^pd(M) L«�M �Ý��ê.

£��e©z [10]Ú [11],�A;B´�,U ´(B;A)-V�,�

T =

 
A 0

U B

!
=

( 
a 0

u b

!
j a 2 A; b 2 B; u 2 U

)

Ù¦{½Â�

0@a 0

u b

1A0@a0 0

u
0

b
0

1A =

0@ aa
0

0

ua
0

+ bu
0

bb
0

1A,Ù¥
0@a 0

u b

1A,
0@a0 0

u
0

b
0

1A 2 T ,KT 'uÝ


�\{Ú¦{�¤���,¿¡��/ªen�Ý
�.�T -��Æ¥�é��±^n�|M =0@M1

M2

1A
'm

5L«,Ù¥M1 ´�A-�, M2´�B-�, g'M :U 
A M1 ! M2 ´B-�Ó�.?¿�ü�

�T- �M =

0@M1

M2

1A
'M

ÚM =

0@N1

N2

1A
'N

§��m����

0@f1
f2

1A, Ù¥f1 : M1 ! N1 ´A- �Ó

�, f2 :M2 ! N2 ´B- �Ó�.¿�÷vXe��ã

U 
AM1

1
f1
����! U 
A N1

'M

??y ??y'N
M2

f2
����! N2

�½T-�M =

0@M1

M2

1A
'M

, kg'M :M1 ! HomB(U;M2), Ù¥g'M (x)(u) = 'M (u
 x),x 2M1,u 2 U .

�T -�S�0 !

0@M 0

1

M
0

2

1A
'M

!

0@M1

M2

1A
'M

!

0@M 00

1

M
00

2

1A
'M

! 0 �Ü��=�S�0 ! M
0

1 !

M1 !M
00

1 ! 0 Ú0!M
0

2 !M2 !M
00

2 ! 0 �Ü.

£�©z [4] ��3T-Mod �A-Mod � B-Mod �m�¼f.

?�M =

0@M1

M2

1A
'M

2 T-Mod,

0@f1
f2

1A´T-Mod þ���, (M1;M2) 2 A-Mod � B-Mod

,(f1; f2) ´A-Mod � B-Mod þ���,Kk±e¼f.

(1)P : A-Mod�B-Mod! T-Mod,KP(M1;M2) =

0@ M1

(U 
AM1)�M2

1A ;P(f1; f2) =

0@ f1

(1
A f1)� f2

1A
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(2)H : A-Mod � B-Mod ! T-Mod, KH(M1;M2) =

0@M1 �HomB(U;M2)

M2

1A ;H(f1; f2)

=

 
f1 �HomB(U; f2)

f2

!

(3)Q : T-Mod ! A-Mod � B-Mod, KQ(

 
M1

M2

!
) = (M1;M2);Q(

 
f1

f2

!
) = (f1; f2).

P ´Q����,H ´Q�m��.

2. ý��£

½Â 2.1. [7]¡�R-�M ´Gorenstein FI-S��,XJ�3S��R-���Ü�:

� = � � � �! E1 �! E0 �! E0 �! E1 �! � � �

¦�M �= ker(E0 ! E1), �é?¿FI- S��R-� I, E/HomR(I;�) �Ü.

·K 2.1. [7]±e(Ø�d:

(1)M ´Gorenstein FI-S��;

(2)M÷v±e^�:

(a)é?¿�FI-S�� I, 9?¿���êi � 1, kExtiR(I;M) = 0;

(b)�3M��S�©):� � � �! E1 �! E0 �! M �! 0, �é?¿FI- S�� I, HomR(I;�)¦þ

ã�Ü��±�Ü.

Ún 2.1. [4]�T- �M =

 
M1

M2

!
'M

´S����=�M2 ´S��B��,kerg'M ´S��A-

�,�g'M ´÷Ó�.

Ún 2.2. [4] �R ´�,eRDäkk��Ý��ê,

E : � � � �! E1 �! E0 �! E0 �! E1 �! � � �

´S��R- ���Ü�,KE/HomR(D; E) �Ü.

Ún 2.3. [12]�R, S´�,eM ´S��S��, B�(S,R)-V�,�B�²"mR-�,KHomS(B;M)

´S��R-�.

3. /ªn�Ý
�þ�Gorenstein FI-S��

·K 3.1. �A,B ´�,¤kFI-S��A-�Ñäkk��Ý��ê, UA´²"�, BU äkk��Ý

��ê.eM �Gorenstein FI- S��B-�,KHomB(U;M) ´Gorenstein FI-S��A- �.

y²Ï�M �Gorenstein FI-S��B-�,¤±�3S��B-���Ü�µ

R : � � � �! E1 �! E0 �! E�1
��1

�! E�2 �! � � �
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¦�M �= ker(��1), ¿�é?¿FI- S��B- � I, S�HomB(I;R) �Ü.Ï� pd(BU)

< 1, dÚn2.2 �S�HomB(U;R) ´�A- ���Ü�.Ï� Ei ´S��B- �, U �(B;A)-

�,¤±dÚn2.3�HomB(U;Ei)(i 2 Z) �S��A- �,¤±S�HomB(U;R) ´S��A- ��

�Ü�.?�FI- S��A-�L, Kpd(AL) < 1.éL �Ý��ê?18B,XJpd(AL) = 0,�n >

0(n 2 Z), KHomA(L;HomB(U;R)) ´�Ü�.b�é?¿Ý��ê�n �FI-S��A-�Ñ¤

á.�pd(AL) = n+ 1 �,K�3���A-���Ü�

0! E
00

! E
0

! L! 0:

Ù¥E
0

´Ý��,E
00

�Ý��ê�n. 5¿�S�HomB(U;R) �z��Ñ´S��A- �,u´E

/�S�

0! HomA(L;HomB(U;R))! HomA(E
0

; HomB(U;R))! HomA(E
00

; HomB(U;R))! 0:

�Ü.Ï�HomA(E
00

; HomB(U;R))�HomA(E
0

; HomB(U;R))�Ü.¤±d���Ún�S�

HomA(L;HomB(U;R)) �Ü.¿�

HomB(U;M) �= HomB(U;Ker(�
�1)) �= ker(��1

�
)

Ù¥��1
�

: HomB(U;E�1)! HomB(U;E�2), �HomB(U;M) ´Gorenstein FI-S��A- �.

½n 3.1. ��T,A,B ¤k�FI-S��Ñäkk��Ý��ê, BU äkk��Ý��ê,K±e(

Ø¤á

(1)eM =

0@M1

M2

1A
'M

´Gorenstein FI-S��T-�,KM2´Gorenstein FI-S��B-�, kerg'M´
Gorenstein FI-S��A- �,¿�g'M ´÷Ó�.

(2) eM2 ´Gorenstein FI-S��B-�,K

0@HomB(U;M2)

M2

1A
�M

´Gorenstein FI-S��T-�.

(3) eker(g'M ) ´Gorenstein FI- S��A-�,K

0@ker(g'M )

0

1A ´Gorenstein FI-S��T-�.

y² (1)Ï�M =

0@M1

M2

1A
'M

´Gorenstein FI-S��T-�,¤±�3S��T-���Ü�:

I : � � � �!

0@I�11

I�12

1A
'�1

�!

0@I01
I02

1A
'0

 0

�!

0@I11
I12

1A
'1

�!

0@I21
I22

1A
'2

�! � � �

¦�M �= ker( 0), ¿�é?¿FI-S��T-�D =

0@D1

D2

1A
'D

, S�HomT (D; I) �Ü.dÚn2.1

�Ii2(i 2 Z)´S��B-�,lkS��B- �þ��Ü�:
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I2 : � � � �! I�12 �! I02
d0
2�! I12 �! I22 �! � � �

¿�M2
�= ker(d02), ?�FI-S��B- � C, Ï�pd(C) <1, ¤±dÚn2.2�S�HomB(C; I2) �

Ü.�M2 ´Gorenstein FI-S��B- �.

��1 : I
�1

1 ! M1; �2 : I
�1

2 ! M2,K�1; �2 ´÷Ó�,Ï�BU äkk��Ý��ê,¤±dÚ

n2.2�HomB(U; I2) �Ü. �2� : HomB(U; I
0
2 )! HomB(U;M2) ´÷Ó�.K�Ä��ã

I�11

�1����! M1

g'�1

??y ??yg'M
HomB(U; I

�1

2 )
�2�����! HomB(U;M2)

Ï�

 
I�11

I�12

!
S��T-�,¤±dÚn2.1�g'�1 ´÷Ó�. ?�2�g'�1 = g'M�1 ´÷Ó�,lg'M

´÷Ó�.

�3@i1ker(
e'i)! ker(g'i+1)(i 2 Z), ¦�kXe1�Ü���ã

0 ����! E ����! I1 ����! HomB(U; I2) ����! 0  
...

...
...??y ??y ??y

0 ����! ker(f'0) ����! I01
f'0

����! HomB(U; I
0
2 ) ����! 0

@0
1

??y d0
1

??y d0
2�

??y
0 ����! ker(f'1) ����! I11

f'1

����! HomB(U; I
1
2 ) ����! 0

@1
1

??y d1
1

??y d1
2�

??y
0 ����! ker(f'2) ����! I21

f'2

����! HomB(U; I
2
2 ) ����! 0

@2
1

??y d2
1

??y d2
2�

??y
...

...
...

Ï�HomB(U; I2), I1 ´�Ú�,¤±E �´�Ü�.dÚn2.1 �ker( e'i) ´S��A- �.�E ´S�

�A- ���Ü�.

�3@M1 : ker(g'M )! ker(f'1) KkXe1�Ü���ã
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0 0 0??y ??y ??y
0 ����! ker(g'M )

�
����! M1

g'M

����! HomB(U;M2) ����! 0

@M
1

??y 1

??y 2�

??y
0 ����! ker(f'0) �

����! I01
f'0

����! HomB(U; I
0
2 ) ����! 0

@0
1

??y d0
1

??y d0
2�

??y
0 ����! ker(f'1) ����! I11

f'1

����! HomB(U; I
1
2 ) ����! 0

@1
1

??y d1
1

??y d1
2�

??y
...

...
...

�1 : M1 ! I01 ; 2 : M2 ! I02 ´üÓ�.du�@M1 = 1� ´üÓ�,¤±@M1 ´üÓ�.?

ker(g'M ) �= ker(@01), ?�FI-S��A- �P, Ï�pd(P ) < 1 ¤±dÚn2.2�S�HomB(P;E)

�Ü.�ker(g'M ) ´Gorenstein FI-S��A- �.

(2)Ï�M2 ´Gorenstein FI-S��B-�,¤±�3S��B-���Ü�

I1 : � � � �! I�1 �! I0
d0

�! I1 �! I2 �! � � �

¦�M2
�= ker(d0), ¿�é?¿FI-S��B-�N, S�HomB(N; I1) �Ü.qÏ�pd(BU) <1 ¤±

dÚn2.2�S�HomB(U; I1) �Ü,��3�T-���Ü�

F : � � � !

 
HomB(U; I

�1)

I�1

!
��1

!

 
HomB(U; I

0)

I0

!
�0

�0

!

 
HomB(U; I

1)

I1

!
�1

! � � �

¿�

 
HomB(U;M2)

M2

!
�M

�= ker(�0).dÚn2.1�

 
HomB(U; I

i)

Ii

!
(i 2 Z) ´S��T-�.KS�F

´S��T- ���Ü�.?�FI- S��T-�H =

 
h1

h2

!
�H

.Ï�pd(H) < 1, ¤±dÚn2.2�S

�HomT (H;F) �Ü.�

 
HomB(U;M2)

M2

!
�M

´Gorenstein FI-S��T-�.

(3) Ï�ker(g'M ) ´Gorenstein FI-S��A-�,¤±�3S��A- ���Ü�

S : � � � �! E�1 �! E0 �0

�! E1 �! E2 �! � � �

¦�ker(g'M ) �= ker(�0), ¿�é?¿�FI-S��A- �L, S�HomA(L; S) �Ü.�3�T-���

Ü�

K : � � � !

 
E�1

0

!
��1

!

 
E0

0

!
�0

h0

!

 
E1

0

!
�1

!

 
E2

0

!
�2

! � � �
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¿�

 
ker(g'M )

0

!
�= ker(h0). dÚn2.1�

 
Ki

0

!
(i 2 Z) ´S��T-�,�K ´S��T- ��

�Ü�.?�FI-S��T-�J =

 
j1

j2

!
�J

, Ï�pd(J) < 1, ¤±dÚn2.2�S�HomT (J;K) �

Ü.�

 
ker(g'M )

0

!
´Gorenstein FI-S��T-�.

íØ 3.1. �R ´�.�R þ¤k�FI-S��Ñäkk��Ý��ê, RU äkk��Ý��ê,

T (R) =

 
R 0

R R

!
, M =

 
M1

M2

!
'M

: eM ´Gorenstein FI-S��T(R)-�,KM2, kerg'M´Gorenstein

FI-S��R- �,¿�g'M ´÷Ó�.

y²d½n3.1´�.

·K 3.2. �T, A, B þ¤kFI-S��Ñäkk��Ý��ê, BU äkk��Ý��ê.eM = 
M1

M2

!
�M

Gorenstein FI-S��T-�,HomB(U;M2) ´FI- S��A- �,K�3Gorenstein FI-S�

�A-�E ÚGorenstein FI- S��B-�Q, ¦�M �= H(E;Q).

y². �M =

 
M1

M2

!
�M

Gorenstein FI-S��T-�,¤±d½n3.1�f�M ´÷Ó�, ker(f�M )

´Gorenstein FI- S��A-�, M2´Gorenstein FI-S��B-�.��3�A-��Ü�

0! ker(f�M )!M1 ! HomB(U;M2)! 0

Ï�HomB(U;M2) ´FI-S��A-�,¤±d·K2.1 �Ext1A(HomB(U;M2); ker (f�M )) =0, lþ

ã�Ü���,=M1
�= ker(f�M )�HomB(U;M2). �E = ker(f�M ), Q =M2. Kk

M =

 
M1

M2

!
�=

 
ker(f�M )�HomB(U;M2)

M2

!
=

 
E �HomB(U;Q)

Q

!
= H(E;Q)

¤±kM �= H(E;Q).
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