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Abstract

In this paper, the authors study the asymptotic behavior of the solutions to the

beam equation with rotational inertia and strong damping: ε(t)(1 + (−∆)α)∂2
t u+ ∆2u−

γ∆∂tu + f(u) = g(x), Where α ∈ [0, 1). When the growth exponent of nonlinear terms

satisfies 1 ≤ p < p∗ = N−α¤¤
N−4

, N ≥ 5, firstly, by use Faedo-Galerkin approximation

method and asymptotic regular estimate technique, the well-posedness and regularity

of solutions are established; secondly, the asymptotic compactness of the solution

process is proved via the method of contraction function; finally, the existence of

time-dependent attractor is obtained in the time-dependent space Hαt .
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1. Úó

�©�Ä�k=Ä.þ�ù�§

ε(t)(1 + (−∆)α)∂2
t u+ ∆2u− γ∆∂tu+ f(u) = g(x), (x, t) ∈ Ω× [τ,+∞), (1.1)

u|∂Ω = 0, u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω (1.2)

��m�6áÚf��35,Ù¥^=.5Xê α ∈ [0, 1), γ ∈ (0,+∞), Ω ∈ RN (N ≥ 5)´äk1

w>.�k.«�, f(u)´��5�, g(x)´	å�.�m�6Xê¼ê ε(t)Ú��5¼ê f(u)©

O÷v:

� ε(t) ∈ C1(R)´��üN4~k.¼ê,÷v:

lim
t→+∞

ε(t) = 0, (1.3)

��3~ê L > 0,¦�

sup
t∈R

[|ε(t)|+ |ε′(t)|] 6 L. (1.4)
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¿� f ∈ C1(R), f(0) = 0,�� 1 ≤ p < p∗ = N−α
N−4

, N ≥ 5,�,÷v:

lim inf
|s|→∞

f(s)

s
> −λ1, (1.5)

|f ′(s)| 6 C(1 + |s|p−1). (1.6)

Ù¥ λ1��f −∆3 Dirichlet>.^�e�1�A��.

5 1.1 �â (1.5)��,�3��~ê β0,÷v 0 < β0 < 1,¦�

〈F (s), 1〉 > −(1− β0)λ2
1

2
‖s‖2 − Cβ0

, s ∈ R,

〈f(s), s〉 > −(1− β0)λ2
1‖s‖2 − Cβ0

, s ∈ R

¤á, Ù¥ F (s) =
∫ s

0
f(r)dr.

ÅÄ�§´ �©�§¥�a���§,L«Å�$Ä5Æ.y3kéõó§á�,X·vè,

pàÜá�±9?up�C/G��7áá�,Qäk�55�,qäkÊ55�,ù«oä�55

�ÚÊ55��á�¡�Ê�5N.3	å�^e,Ê�5N¬�)�5C/,�C/¬��mu

)Cz,^�5åÆ�{5ïÄÊ�5N¿ØU���N¢S�¹,Ïd�5�õ�<ïÄ3^=

.5�AeÊ�5�5�,äk^=.5�Ê�5ÅÄ�§´êÆÔnÆ.�ïÄ9:��.

� (1.1)¥�Xê ε�~ê,= ε��m tÃ'�,éuäk=Ä.þ��.�ù�§�ïÄ®

kNõ(J:� (1.1)¥� α = 0�, SilvaÚ Narciso3© [1]ïÄ
äk��5(�{Z��.�ù

�§�.:

∂2
t u+ ∆2u−M(‖∇u‖2)∆u+N(‖∇u‖2)(−∆)α∂tu+ f(u) = g(x), x ∈ Ω, t > 0, (1.7)

Ù¥, ÑÑ�ê 0 ≤ α ≤ 1. ©¥�öJÑ
���`�g�.�ê, 1 ≤ p < ∞ (N ≤ 4)Ú

1 ≤ p ≤ p∗ := N
(N−4)

(N ≥ 5),¿�©Oy²
�§r)Úf)��·½5,±9ÏL¦^© [2]¥

[½ÄåXÚ��{y²
�ÛÚ2Â�êáÚf��35.éu α = 0�Ù§ïÄ�±ë�©

z [3–6].

� (1.1)¥� α > 0�,3 2008c, ChueshovÚ Lasiecka3© [7]JÑ
äk^=å� Berger

�*Ðù(�)�§:

(1− ω∆)∂2
t u+ ∆2u− γ∆∂tu+ (Q+ ‖∇u‖2)∆u = p(u, ∂tu), (1.8)

Ù¥,ëê ω ≥ 0L«^=å,ëê QL«�\3�þ�²¡Så,¼ê pL«�6u £ uÚ�

Ý ∂tu�î�1Ö,©¥�ö?Ø
T�§�·½5Ú)�ìC5�.� ω > 0�,ù«^=�¹L

«äkk�DÂ�Ý�XV�§)�ÄåÆ1�,� ω = 0�,�§ (1.6)�Ï~� Berger��

.. [8]

3 2020c, Niimura3© [9]ïÄ
�ÛÜ(�{Z�.:

(1− α∆)∂2
t u+ ∆2u− φ(‖∇u‖2)∆u−M(‖∇u‖2)∆∂tu+ f(u) = h, (1.9)
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Ù¥ α ∈ [0, 1] ,©¥�öy²
�Û)�·½5,�ÛáÚf��35,±9�ÛáÚfx�þ�ë

Y5.

3© [9]�Ä:þ,�<3© [10]^�E,��ÛÜUþ{Z −M(‖ξu‖2H)∆∂tu�O
�ÛÜ

(�{Z −M(‖∇u‖2)∆∂tu��
�.:

(1− α∆)∂2
t u+ ∆2u− φ(‖∇u‖2)∆u−M(‖ξu‖2H)∆∂tu+ f(u) = h, Ω× (0,∞), (1.10)

Ù¥ α ∈ [0, 1] , ‖ξu‖2H = ‖(u, ∂tu)‖2H = ‖∆u‖2 + ‖∂tu‖2´�m H��ê,©¥�öJÑ
���`

�g�.�ê p∗ = N+2
(N−4)

, N ≥ 5 ,¿�y²
�Û)�·½5,�êáÚfÚ�ÛáÚf��35

ÚëY5.

� ε���m tk'��4~k.¼ê�,â·�¤�,éuäk=Ä.þ�ù�§�ïÄé

�.Ï� ε(t)3Ã¡�ªu 0�¯KÒC���E,.ù´Ï�=¦	å���mÃ',·��¯K

E3�g£��/eïÄ�,duXÚ�Uþ�¼�6u�m t ,¿�3 t → ∞, ε(t) → 0�XÚ�

ÑÑ5�Òu)
Cz,k.áÂ8��35éJ��y²,�
²;nØ(�ÛáÚf,��áÚ

f)Ú�{éùa¯K�)ûÉ�
��.Ïd Conti�<3© [11, 12]¥JÑ
?���m.£á

ÚfnØÚ�m�6�ÛáÚf�Vg,¿é�§)�ÄåÆ1�?1ïÄ.

,,éu�§ (1.1) ,� α ∈ [0, 1) , ε(t)÷v^� (1.3)-(1.4)�,�m�6áÚf��35��

�?Ø.�dÓ�,�§¥¤�¹�=Ä.þ�Ú��5��)�ÑÑ5�O,k.áÂ8��35

±9)L§�ìC;5�y�
��(J.éuù
(J,ÏL$^ìC�K�OEâ,Â ¼ê�

�{Ú�m�6áÚfnØ,·�)û
ù
EâJK,¿y²
��§ (1.1)��5��O��ê

÷v 1 ≤ p < p∗ = N−α
N−4

, N ≥ 5�,�m�6áÚf3�m�6�mHαt ��35.

�©SNÚ(�SüXe:1�!·�ò£�ý��£ÚÄ�(J;1n!?Øf)�·½5

��K5;1o!ò|^ìC�K�OEâÚÂ ¼ê�{���m�6áÚf��35;1Ê!

o(�Ð".

2. ý��£

3dÜ©,0��
'u�m�6ÄåXÚ�PÒÚ�
Ä�(J.

P V0 = L2(Ω), D(A
s
2 ) = Vs, D(A−

s
2 ) = V−s.

� A = −∆.w, A3½Â� D(A) = H1
0 (Ω) ∩H2(Ω)¥´g��,3 L2(Ω)¥´k.�. 3

D(As)¥�SÈÚ�ê©OL«�:

〈u, v〉D(AS) = 〈Asu, Asv〉, ‖u‖2D(AS) = ‖Asu‖2, ∀u, v ∈ Vs.

é s ∈ R,½Â Hilbert�mx Vs = D(A
s
2 ),SÈÚ�ê©OL«�:

〈u, v〉s =

∫
Ω

A
s
2u(x)A

s
2 v(x)dx, ‖u‖2s =

∫
Ω

|A s
2u(x)|2dx, ∀u, v ∈ Vs.

A^ Sobolevi\½n,·���� s1 > s2�k;i\:

Vs1 ↪→↪→ Vs2 , (2.1)
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ÚëYi\:

Vs ↪→L
2n
n−2s . (2.2)

A^ PoincaréØ�ª,é?¿� v ∈ Vs,k

λs1

∫
Ω

|v|2dx 6
∫

Ω

|A s
2 v|2dx. (2.3)

�, ¯K (1.1), (1.2)�±�¤�f/ª:

ε(t)(1 +Aα)∂2
t u+A2u+ γA∂tu+ f(u) = g(x), (x, t) ∈ Ω× [τ,+∞), (2.4)

u|∂Ω = 0, u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), x ∈ Ω. (2.5)

½Â Hilbert�mx:

H2+α
t = V4 × V2+α ,

Ù�ê½ÂXe:

‖z‖2H2+α
t

= ‖(u, ∂tu)‖2H2+α
t

= ‖u‖24 + ε(t)‖∂tu‖22+α, (2.8)

AO/, Hilbert�mx:

Hαt = V2 × Vα, (2.9)

Ù�ê½ÂXe:

‖z‖2Hαt = ‖(u, ∂tu)‖2Hαt = ‖u‖22 + ε(t)‖∂tu‖2α , (2.10)

d	,� α > 0�,k

H2+α
t ↪→↪→ Hαt .

e¡�Ä�(Jò^ué)�ìC�O.

½Â 2.1 [13]� Xt ´�xD��m,¡Vëê�fx {U(t, τ) : Xτ → Xt, t > τ, τ ∈ R}´�
�L§,XJ

1) é?¿� τ ∈ R, U(τ, τ) = Id´ Xτ þ�ð��f;

2) é?¿� σ ∈ RÚ?¿� t > τ > σ, U(t, τ)U(τ, σ) = U(t, σ).

½Â 2.2 [13] XJé?¿� t ∈ R, �3~ê R > 0, ¦� Ct ⊂ Bt(R), ∀ t ∈ R, K¡k.8
Ct ⊂ Xt�8Üx C = {Ct}t∈R´��k.�.

½Â 2.3 [13]XJé?¿� R0 > 0,�3~ê t = t0(R) 6 t,¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt,

K¡��k.8xBt = {Bt(R0)}t∈R´L§ U(t, τ)��m�6áÂ8.
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Ún 2.4 [14]� xn´��k.S�Ú ψ ∈ C(R)´��üN¼ê,K

ψ(lim inf
n→∞

xn) 6 lim inf
n→∞

ψ(xn).

Ún 2.5 [15, 16]� X,BÚ Y ´n� Banach�m,é T > 0,XJk X ↪→↪→ B ↪→ Y,

W1 = {u ∈ Lp([0, T ];X)|ut ∈ L1([0, T ];Y )}, 1 6 p <∞,

W2 = {u ∈ L∞([0, T ];X)|ut ∈ Lr([0, T ];Y )}, r > 1,

K

W1 ↪→↪→ Lp([0, T ];B), W2 ↪→↪→ C([[0, T ];B).

½n 2.6 [13]XJL§ U(t, τ)ìC;,=8Ü K = {K = {Kt}t∈R : Kt ⊂ Xt �;8, K.£á

Ú}´��;�,K�m�6áÚf U�3���.

½Â 2.7 [17]� {Xt}t∈R´�x Banach�m,� C = {Ct}t∈R´ {Xt}t∈R��x��k.f8.

½Âu Xt ×Xtþ�¼ê ϕτ (·, ·)¡� Cτ × Cτ þ�Â ¼ê.XJé?¿�½� t ∈ RÚ?¿�S
� {xn}∞n=1 ⊂ Cτ ,�3��fS� {xnk}∞k=1 ⊂ {xn}∞n=1,¦�

lim
k→∞

lim
l→∞

ϕtτ (xnk , xnl) = 0, ∀τ 6 t.

·�^ C(Ct)L« Ct × CtþÂ ¼ê�8Ü.

½n 2.8 [17]� U(·, ·)´ {Xt}t∈R þ���L§,¿�k���m�6áÂ8B = {Bt}t∈R.d
	,b�é?¿� ε > 0,�3��fS� T (ε) 6 t, ϕtT ∈ C(BT ),¦�

‖U(t, T )x− U(t, T )y‖ 6 ε+ ϕtT (x, y), ∀x, y ∈ BT ,

é?¿�½� t ∈ R,K U(·, ·)´ìC;�.

½n 2.9 [13]� U(·, ·)��^u Banach�mx {Xt}t∈R �L§,K U(·, ·)k�m�6�ÛáÚf
U∗ = {A∗t}t∈R÷v A∗t =

⋂
s6t

⋃
τ6s

U(t, τ)Bτ ,��=�

(i) U(·, ·)�3�m�6áÂ8xB = {Bt(R0)}t∈R;

(ii) U(·, ·)´ìC;�.

½Â 2.10 [13, 18,19]XJé¤k� τ 6 t,k

U(t, τ)Aτ = At,

K�m�6áÚf A = {At}t∈R´ØC�.

3. )�·½5Ú�K5

Äk, ·�é¯K (2.4), (2.5)�)�ÑXe½Â.
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½Â 3.1 é?¿� τ ∈ R, τ 6 tÚ ω ∈ V2,XJ

uα ∈ L∞([τ, T ];V2) ∩ L2([τ, T ];V1), ∂tu
α ∈ L∞([τ, T ];Vα) ∩ L2([τ, T ];V1),

¿÷v

〈ε(t)(1 +Aα)∂2
t u

α, ω〉+ 〈uα, ω〉2 + γ〈∂tuα, ω〉1 + 〈f(uα), ω〉 = 〈g(x), ω〉,

K¡��| yα = (uα, ∂tu
α)´¯K (2.4), (2.5)3«m [τ, T ]þ���f).

½n 3.2 � (1.3)-(1.6)¤á� g ∈ L2(Ω),Kéz�� T > τ , α ∈ [0, 1),¯K (2.4), (2.5)�f

) y = (uα, ∂tu
α) ∈ C([τ, T ];Hαt )∩L2([τ, T ];V1×V1), ∂2

t u
α ∈ L∞([τ, T ];Vα−4)∩L2([τ, T ];Vα−3),÷

v:

‖uα(t)‖22 + ε(t)‖∂tuα(t)‖2 + ε(t)‖∂tuα(t)‖2α + ε2(t)‖∂2
t u

α(t)‖2α−4

+

∫ t+1

t

(‖uα(s)‖21 + ε2(t)‖∂2
t u

α(s)‖2α−3)ds+

∫ t

τ

‖∂tuα(s)‖21ds

6 C(R, β0, ‖g‖, λ1, C1, C2, L), t > τ. (3.1)

d	,f)�÷ve�5�:

(i) (ÑÑ5) �3��Ø�6u α ∈ [0, 1) Ú�~ê R0,¦�

‖(uα, ∂tuα)‖Hαt 6 R0, ∀ t > t(R), (3.2)

Ù¥ τ 6 t− t(R)Ú t(R)´Ø�6u R�~ê.

(ii) (Uþ�ª) éz�� τ 6 s 6 t,e�Uþ�ª

E(uα(t), ∂tu
α(t)) + 2γ

∫ t

s

‖∂tuα(r)‖21dr =

∫ t

s

[ε′(r)‖∂tuα(r)‖2 + ε′(r)‖∂tuα(r)‖2α]dr

+ E(uα(s), ∂tu
α(s)), (3.3)

¤á,Ù¥

E(uα(t), ∂tu
α(t)) = ε(t)‖∂tuα(t)‖2 + ε(t)‖∂tuα(t)‖2α + ‖uα(t)‖22 + 2〈F (uα(t)), 1〉 − 2〈g, uα(t)〉.

(iii) (3fÿÀ�m� LipschitzëY5) ) yα = (uα, ∂tu
α)3�m V1+α×V2α−1þ´ Lipschitz

ëY�,=

‖ũα(t)‖21+α + ε(t)‖∂tũα(t)‖22α−1 +

∫ t

τ

(‖ũα(s)‖22 + ‖∂tũα(s)‖2α)ds

6 (
µ3

µ2

eC̃0(t−τ) +
µ3

k
e2C̃0(t−τ)(‖ũα(τ)‖21+α + ε(τ)‖∂tũα(τ)‖22α−1), (3.4)

Ù¥ ỹα = (ũα, ∂tũ
α) = yα1 − yα2 , yαi = (uαi , ∂tu

α
i ) (i = 1, 2) ´¯K (2.4), (2.5) ©O'uÐ�

(ui0 , ui1) (i = 1, 2)�f),¿�

C̃0 = C(R, β0, ‖g‖, λ1, C1, C2, L, δ).
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(iv) (t > τ ���Û�K5)é?¿� τ < qa < a < t 6 T (� a > 0�, 0 < q < 1,½� a < 0�,

q > 1),

(∂tu
α, ∂2

t u
α) ∈ L∞([a, T ];V1+α × V2α−1) ∩ L2([a, T ];V2 × Vα),

÷v

‖∂tuα‖21+α + ε(t)‖∂2
t u

α‖22α−1 +

∫ t+1

t

(‖∂2
t u

α(s)‖2α + ‖∂tuα(s)‖22)ds

6 (
1

µ6

+
1

k1

eC̃0)
C̃2

C̃2 = 1

eC̃1(t−τ)

(t− τ)2
, ∀ t > τ. (3.5)

�dÓ�

uα ∈ L∞([a, T ];V3−α) ∩ L2([a, T ];V4−α),

÷v

‖uα‖23−α +

∫ t+1

t

‖uα(s)‖24−αds

6 C̃4eC̃3(t−qa)(t− qa) +
C̃5

θ(1− θ)
eC̃3(t−qa)(t− qa)−1

+ C̃4eC̃3(t−qa) C̃2

k1C̃1

eC̃1(qa−τ)eC̃0(t−qa)

(qa− τ)2
+ C̃4(

1

k1

C̃2

C̃1

eC̃0
eC̃1(t−τ)

(t− τ)2
))

+ e−C̃3(C̃4eC̃3(t−qa)(t− qa) + C̃4, (3.6)

Ù¥

C̃1 = C(R, β0, ‖g‖, λ1, C1, C2, L, δ), C̃2 = C(R, β0, ‖g‖, λ1, C2, L, δ),

C̃3 = C(R, β0, ‖g‖, λ1, C1, C2, ), C̃4 = C(‖g‖, L),

C̃5 = C(R, β0, ‖g‖, λ1, C2).

y² ©ÊÚy²½n 3.2,�
{üå�,·���þI α,¿- u = uα.

1�Ú y²Uþ�ª (3.3).

ut¦±�§ (2.4)¿3 ΩþÈ©,k

d

dt
[ε(t)‖∂tu(t)‖2 + ε(t)‖∂tu(t)‖2α + ‖u(t)‖22 + 2〈F (u(t)), 1〉 − 2〈g, u(t)〉]

+ 2γ‖∂tu‖21 = ε′(t)‖∂tu‖2 + ε′(t)‖∂tu‖2α.

éþª3 [s, t]þÈ©,�y� (3.3)¤á.

1�Ú y² (3.1)¤á.

5: ε(·)´üN4~�,K ε′(t) < 0.d	,
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E(u(t), ∂tu(t)) + 2γ

∫ t

τ

‖∂tu(s)‖21ds

6 E(u0, u1)

6 C(R, β0, ‖g‖, λ1, C2), t > τ. (3.7)

d (1.6),5 1.2Úi\ V2 ↪→↪→ Lp+1(Ω),��

2〈F (u), 1〉 6 2C1(‖u‖2 + ‖u‖p+1
Lp+1) 6 C2(‖u‖22 + ‖u‖p+1

2 ). (3.8)

d g ∈ L2(Ω),��

2|〈g, u〉| 6 β0

4
‖u‖22 +

4

β0λ2
1

‖g‖2, (3.9)

Ïd

E(u0, u1)

= ε(τ)‖u1‖2 + ε(τ)‖u1‖2α + ‖u0‖22 + 2〈F (u0), 1〉 − 2〈g(x), u0〉

6 ε(τ)(1 +
1

λα1
)‖u1‖2α + ‖u0‖22 + C2(‖u0‖22 + ‖u0‖p+1

2 ) +
β0

4
‖u0‖22 +

4

β0λ2
1

‖g‖2

6 µ0(ε(τ)‖u1‖2α + ‖u0‖22 + ‖u0‖p+1
2 ) + C∗

6 C(R, β0, ‖g‖, λ1, C2),

Ù¥ µ0 = max{(1 + 1
λα1

), C2, 1 + C2 + β0

4
}, C∗ = 4

β0λ2
1
‖g‖2,�� (3.7)¤á.

d5 1.1,��

2

∫
Ω

F (u)dx > −(1− β0)‖u(t)‖22 − Cβ0
> (β0 − 1)‖u(t)‖22 − Cβ0

. (3.10)

d (3.9)Ú (3.10),��

µ1‖(u(t), ∂tu(t))‖2Hαt − C3 6 E(u(t), ∂tu(t)) 6 C(R, β0, ‖g‖, λ1, C2), (3.11)

Ù¥ µ1 = min{1, 3β0

4
}, C3 = 4

β0λ2
1
‖g‖2 + Cβ0

.

�â (3.8)Ú (3.13),��∫ t

τ

‖∂tu(s)‖21ds 6 C(R, β0, ‖g‖, γ, λ1, C2), t > τ. (3.12)

di\ L1+ 1
p (Ω) ↪→↪→ V−2 ↪→↪→ Vα−4Ú�§ (2.4),��

ε2(t)‖∂2
t u(t)‖2α−4

6 ‖u(t)‖2 + γ2‖∂tu(t)‖2−2 + ‖f(u)‖2−4 + ‖g‖2−4

6 C(R, β0, ‖g‖, γ, λ1, C2)(‖u(t)‖2 + ‖∂tu(t)‖2−2 + ‖f(u)‖2
L

1+ 1
p

+ ‖g‖2)

6 C(R, β0, ‖g‖, γ, λ1, C2)(‖u(t)‖22 + ‖u(t)‖2p2 + ‖∂tu(t)‖21 + ‖g‖2)

6 C(R, β0, ‖g‖, γ, λ1, C2). (3.13)
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(2.4)� A−1u�SÈ, ��

d

dt
(ε(t)〈(1 +Aα)∂tu,A

−1u〉) + ‖u‖21 + γ〈A∂tu,A−1u〉+ 〈f(u), A−1u〉

= ε(t)‖∂tu‖2−1 + ε(t)‖∂tu‖2α−1 + ε′(t)〈(1 +Aα)∂tu,A
−1u〉+ 〈g,A−1u〉. (3.14)

?�Ú,©O?n (3.14)�z��:

|〈g,A−1u〉| 6 ‖g‖−3‖u‖1 6
1

4
‖u‖21 + C(‖g‖, λ1),

|γ〈A∂tu,A−1u〉| 6 γ‖∂tu‖−1‖u‖1 6
1

4
‖u‖21 + C(γ, λ1)‖∂tu‖21,

|ε(t)〈(1 +Aα)∂tu,A
−1u〉| 6 L‖u‖−2‖∂tu‖+ L‖u‖α−2‖∂tu‖α
6 C(λ1)L‖u‖2‖∂tu‖α
6 C(R, β0, ‖g‖, λ1, C2, L),

|ε′(t)〈(1 +Aα)∂tu,A
−1u〉| 6 L‖u‖−2‖∂tu‖+ L‖u‖α−2‖∂tu‖α
6 C(λ1)L‖u‖2‖∂tu‖α
6 C(R, β0, ‖g‖, λ1, C2, L)

|〈f(u), A−1u〉| 6 C1

∫
Ω

|A− 1
2u||A− 1

2u|+ |u|p|A−1u|dx

6 C(λ1, C1)‖u‖22 + C1‖A−1u‖
L

2N
N−6
‖u‖p

L
2Np
N+6

6 C(R, β0, ‖g‖, λ1, C1, C2) + C1‖u‖1‖u‖p
L

2Np
N+6

6
1

4
‖u‖21 + C(R, β0, ‖g‖, λ1, C1, C2). (3.15)

òþã�O�\ (3.14),k

d

dt
(ε(t)〈(1 +Aα)∂tu,A

−1u〉) +
1

4
‖u‖21

6 C(R, β0, ‖g‖, λ1, C2, γ)‖∂tu‖2 + C(R, β0, ‖g‖, λ1, C1, C2, L),

� ∫ t+1

t

‖u(s)‖21ds

6 C(R, β0, ‖g‖, λ1, C1, C2, L) + C(R, β0, ‖g‖, λ1, C2, γ)

∫ t+1

t

‖∂tu(s)‖21ds

6 C(R, β0, ‖g‖, λ1, C1, C2, γ, L). (3.16)

�Äi\ L
2N
N+6 ↪→ V−3, (3.15)Ú (3.16),k

‖f(u)‖2−3 6 C(‖u‖2
L

2N
N+6

+ ‖u‖2p
L

2Np
N+6

)

6 C(‖u‖22 + ‖u‖2p2 )

6 C(R, β0, ‖g‖, λ1, C2),
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Ïd f(u) ∈ L2([τ, T ];V−3).

d f(u) ∈ L2([τ, T ];V−3),i\ L
2N
N+6 (Ω) ↪→ V−3Ú�§ (2.4),��

ε2(t)‖∂2
t u(t)‖2α−3 6 ‖u(t)‖21 + γ2‖∂tu(t)‖2−1 + ‖f(u)‖2−3 + ‖g‖2−3

6 C(R, β0, ‖g‖, λ1, γ, C2)(‖u(t)‖21 + ‖∂tu(t)‖21 + ‖g‖2)

6 C(R, β0, ‖g‖, λ1, γ, C2)(‖u(t)‖21 + ‖∂tu(t)‖21).

�â (3.12)Ú (3.16),��

∂2
t u ∈ L2([τ, T ];Vα−3). (3.17)

d (3.7), (3.11), (3.12), (3.13), (3.16)Ú (3.17),�� (3.1) ¤á.

1nÚ ïá¯K (2.4), (2.5) �)3�m C([τ, T ];Hαt ) ∩ L2([τ, T ];V1 × V1) þ��35�

yn = (un, ∂tun)´¯K (2.4), (2.5)�).´��O (3.1)é Galerkin%CS� {yn}¤á.Ïd,�3

(u, ∂tu) ∈ L∞([τ, T ];Hαt ) ∩ L2([τ, T ];V1 × V1), ∂2
t u ∈ L∞([τ, T ];Vα−4) ∩ L2([τ, T ];Vα−3),¦�

(un, ∂tun)3 L∞([τ, T ];Hαt )¥f*Âñu (u, ∂tu),

(un, ∂tun)3 L2([τ, T ];V1 × V1)¥fÂñu (u, ∂tu),

∂2
t un3 L∞([τ, T ];Vα−4)¥f*Âñu ∂2

t u,

∂2
t un3 L2([τ, T ];Vα−3)¥fÂñu ∂2

t u.

A^Ún 2.6,��

� η: 0 < η � 1�, (un, ∂tun)3 C([τ, T ];V2−η × Vα−η)¥Âñu (u, ∂tu), (3.18)

un3 L2([τ, T ];V2)¥Âñu u, � un(x, t)3 Ω× [τ, T ]¥A�??Âñu u(x, t), (3.19)

∂tun3 L2([τ, T ];Vα)¥Âñu ∂tu, (3.20)

f(un)3 L1+ 1
p ([τ, T ];L1+ 1

p (Ω))¥Âñu f(u). (3.21)

é?¿� ξ1 ∈ C∞0 (Ω),k∫ T

τ

〈A2un −A2u, ξ1〉dt 6
∫ T

τ

‖A(un(t)− u(t))‖‖Aξ1‖dt =

∫ T

τ

‖(un(t)− u(t))‖2‖ξ1‖2dt→ 0.

d	,é?¿� ξ1 ∈ C∞0 (Ω),��∫ T

τ

〈f(un)− f(u), ξ1〉dt 6 C2

∫ T

τ

(1 + ‖un‖p−1
2 + ‖u‖p−1

2 )‖un − u‖2‖ξ1‖2dt

6 C(R, ‖g‖, λ1, C2)‖un − u‖L2([τ,T ],V2) → 0.

nþ¤ã,�� y = (u, ∂tu)´¯K (2.4), (2,5)÷v (3.1)�).

?�Ú,y²¯K (2.4), (2,5)�) y = (u, ∂tu) ∈ C([τ, T ];Hαt ).
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�â (u(t), ∂tu(t)) ∈ C([τ, T ];V2−η × Vα−η) ∩ L∞(τ, T ;Hαt ),k

(u, ∂tu) ∈ Cw([τ, T ];Hαt ),

‖(u, ∂tu)‖Hαt 6 lim inf
s→t

‖(u(s), ∂tu(s))‖Hαt .

é?¿� t ∈ [τ, T ],�â (3.3),��

lim
s→t

E(u(s), ∂tu(s)) = E(u(t), ∂tu(t)). (3.22)

d (3.18)-(3.21),��� s→ t�, u(x, s)→ u(x, t) a.e. x ∈ Ω,A^Ún 2.5,5 1.1Ú FatouÚn,k

lim
s→t

2〈g, u(s)〉 = 2〈g, u(t)〉,

‖(u(t), ∂tu(t))‖2Hαt 6 lim inf
s→t

‖(u(s), ∂tu(s))‖2Hαt ,

∫
Ω

(2F (u(t)) + (1− β0)λ2
1|u(t)|2 + C(β0))dx

6 lim inf
s→t

∫
Ω

(2F (u(s)) + (1− β0)λ2
1|u(s)|2 + C(β0))dx

6 lim inf
s→t

∫
Ω

2F (u(s))dx+ (1− β0)λ2
1‖u‖2 + C(β0)|Ω|,

= ∫
Ω

2F (u(t))dx 6 lim inf
s→t

∫
Ω

2F (u(s))dx.

dþã�OÚ (3.18)-(3.21),k

lim inf
s→t

[ε(s)‖∂tu(s)‖2 + ε(s)‖∂tu(s)‖2α] + lim inf
s→t

[‖u(s)‖22] + 2〈F (u(s)), 1〉]

6 lim
s→t

[ε(s)‖∂tu(s)‖2 + ε(s)‖∂tu(s)‖2α + ‖u(s)‖22 + 2〈F (u(s)), 1〉]

= ε(t)‖∂tu(t)‖2 + ε(t)‖∂tu(t)‖2α + ‖u(t)‖22 + 2〈F (u(t)), 1〉

6 lim inf
s→t

[ε(s)‖∂tu(s)‖2 + ε(s)‖∂tu(s)‖2α] + lim inf
s→t

[‖u(s)‖22] + 2〈F (u(s)), 1〉],

Ïd

ε(t)‖∂tu(t)‖2 + ε(t)‖∂tu(t)‖2α = lim
s→t

[ε(s)‖∂tu(s)‖2 + ε(s)‖∂tu(s)‖2α].

Ón��

‖u(t)‖22 = lim
s→t
‖u(s)‖22. (3.23)

�â�m Hαt ���ëY5, (Ü (3.22), (3.23) Ú (u, ∂tu) ∈ Cw([τ, T ];Hαt ), �� (u, ∂tu) ∈
C([τ, T ];Hαt ).

e¡y²)3�m V1+α × V2α−1¥� LipschitzëY5.
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� yi(t) (i = 1, 2) ´¯K (2.4), (2.5) ÷v ‖yi(τ)‖Hατ 6 R (i = 1, 2) �), K ỹ = (ũ, ∂tũ) =

y1 − y2,÷v

ε(t)(1 +Aα)∂2
t ũ+A2ũ+ γA∂tũ+ f1 − f2 = 0, (x, t) ∈ Ω× [τ,+∞), (3.24)

ũ|∂Ω = 0, ũ(x, τ) = u10
(x)− u20

(x), ∂tũ(x, τ) = u11
(x)− u21

(x), (3.25)

Ù¥ fi = f(ui), i = 1, 2.

3e¡��O¥,·�ÀJ δ�?¿���~ê.

ò (3.24)ª� 2Aα−1∂tũ+ 2δũ�SÈ,��

d

dt
K(ũ, ∂tũ) + 2δ‖ũ‖22 + 2γ‖∂tũ‖2α − 2δε(t)‖∂tũ‖2α − 2δε(t)‖∂tũ‖2

=
4∑
j=1

Πj + ε′(t)‖∂tũ‖2α−1 + ε′(t)‖∂tũ‖22α−1, (3.26)

Ù¥

K(ũ, ∂tũ) = 2δε(t)〈Aα∂tũ, ũ〉+ 2δε(t)〈ũ, ∂tũ〉+ ε(t)‖∂tũ‖2α−1

+ ε(t)‖∂tũ‖22α−1 + ‖ũ‖21+α + γδ‖ũ‖21,

Π1 = 2δε′(t)〈∂tũ, ũ〉,

Π2 = 2δε′(t)〈Aα∂tũ, ũ〉,

Π3 = −2〈f(u1)− f(u2), Aα−1∂tũ〉,

Π4 = −2〈f(u1)− f(u2), δũ〉.

�â (1.4)±9 2α− 1 < 1 + α,��

|2δε(t)〈ũ, ∂tũ〉| 6 4δ2L‖ũ‖21+α +
ε(t)

4
‖∂tũ‖22α−1,

|2δε(t)〈Aα∂tũ, ũ〉| 6 4δ2L‖ũ‖21+α +
ε(t)

4
‖∂tũ‖22α−1.

�3~ê µ2, µ3,k

µ2(‖ũ(t)‖21+α + ε(t)‖∂tũ(t)‖22α−1) 6 K(ũ, ∂tũ) 6 µ3(‖ũ(t)‖21+α + ε(t)‖∂tũ(t)‖22α−1), (3.27)

Ù¥ µ2 = min{ 1
2
, 1− 8δ2L}, µ3 = max{ 3

2
+ 1

λα1
, 1 + γδ

λα1
+ 8δ2L}.

d (3.1)Ú��½n,��

|Π1| 6 2δ2L‖ũ‖21+α +
L

2
‖∂tũ‖22α−1,

|Π2| 6 2δ2L‖ũ‖21+α +
L

2
‖∂tũ‖22α−1,
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|Π3| 6 2

∫
Ω

|f(u1)− f(u2)| · |Aα−1∂tũ|dx

6 2C1(

∫
Ω

(1 + |u1|p−1 + |u2|p−1)
2N

6−2η dx)
6−2η
2N (

∫
Ω

|ũ|
2N

N−4+2η dx)
N−4+2η

2N

(

∫
Ω

|Aα−1∂tũ|
2N
N−2 dx)

N−2
2N

6 C1(1 + ‖u1‖p−1
2 + ‖u2‖p−1

2 )(‖ũ‖22−η + ‖Aα−1∂tũ‖21)

6 C(R, β0, ‖g‖, λ1, C1, C2)(‖ũ‖22−η + ‖∂tũ‖22α−1)

6 δ(
1

4
‖ũ‖22 + ‖∂tũ‖2α) + C(R, β0, ‖g‖, λ1, C1, C2, δ)(‖ũ‖21+α + ‖∂tũ‖22α−1),

|Π4| 6 2

∫
Ω

|f(u1)− f(u2)| · |δũ|dx

6 2C1δ(

∫
Ω

(1 + |u1|p−1 + |u2|p−1)
p+1
p−1 dx)

p−1
p+1 (

∫
Ω

|ũ|p+1dx)
2
p+1

6 C(R, β0, ‖g‖, λ1, C1, C2, δ)‖ũ‖22−η

6
δ

4
‖ũ‖22 + C(R, β0, ‖g‖, λ1, C1, C2, δ)‖ũ‖21+α,

Ù¥·�^� Sobolevi\: 0 < η � 1,

V2−η ↪→ Lp+1(Ω), Vα ↪→↪→ V2α−1, V2 ↪→↪→ V2−η ↪→↪→ V1+α.

ò±þ�O�\ (3.26)ª,��

d

dt
K(ũ, ∂tũ) + k(‖ũ‖22 + ‖∂tũ‖2α)

6 C(R, β0, ‖g‖, λ1, C1, C2, L, γ, δ)K(ũ, ∂tũ)

= C̃0K(ũ, ∂tũ), (3.28)

Ù¥ k = min{ 3δ
2
, 2γ − 2δL− δ − 2Lδ 1

λα1
}, C̃0 = C(R, β0, ‖g‖, λ1, C1, C2, L, γ, δ).

é(3.31)A^ GronwallÚn¿3 [τ, T ]þÈ©, ��

µ2(‖ũ(t)‖21+α + ε(t)‖∂tũ(t)‖22α−1) + k

∫ t

τ

eC̃0(t−s))(‖ũ(s)‖22 + ‖∂tũ(s)‖2α)ds

6 eC̃0(t−τ)µ3(‖ũ(τ)‖21+α + ε(τ)‖∂tũ(τ)‖22α−1).

1oÚ ·�òy²¯K (2.4), (2.5))�ÑÑ5.

�K1(u, ∂tu) = E(u, ∂tu) + 2δε(t)〈∂tu, u〉+ 2δε(t)〈Aα∂tu, u〉.
d	,d

2|δε(t)〈u, ∂tu〉| 6
4δ2L

λ2+α
1

‖u‖22 +
ε(t)

4
‖∂tu‖2α

2|δε(t)〈Aα∂tu, u〉| 6
4δ2L

λ2−α
1

‖u‖22 +
ε(t)

4
‖∂tu‖2α

Ú (3.1),���3~ê µ4, µ5,k
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µ4‖(u, ∂tu)‖2Hαt − C3 6 K1(u, ∂tu) 6 µ5‖(u, ∂tu)‖2Hαt + C(R, β0, ‖g‖, λ1, C2), (3.29)

Ù¥ µ4 = min{ 1
2
, 3β0

4
− 4δ2L

λ2+α
1

− 4δ2L
λ2−α
1

}, µ5 = max{ 1
2
, 4δ2L
λ2+α
1

+ 4δ2L
λ2−α
1

}, C3 = 4
β0λ2

1
‖g‖2 + C(β0).

ò (2.4)ª¦± 2∂tu+ 2δu¿3 ΩþÈ©,��

d

dt
(K1(u, ∂tu) + C3) + δ(K1(u, ∂tu) + C3)− ε′(t)(‖∂tu‖2 + ‖∂tu‖2α) + 2γδ〈A∂tu, u〉+ 2γ‖∂tu‖21

+ δ‖u‖22 + 2δ〈f(u), u〉)− 3δε(t)(‖∂tu‖2 + ‖∂tu‖2α)− 2(δε′(t) + δ2ε(t))〈u, ∂tu〉

= 2δ〈F (u), 1〉+ 2(δε′(t) + δ2ε(t))〈u,Aα∂tu〉+ δC3. (3.30)

�â (1.4),k

2|δ2ε(t)〈u, ∂tu〉| 6
2δ3L

λ2+α
1

‖u‖22 +
δL

2
‖∂tu‖2α, (3.31)

2|δε′(t)〈u, ∂tu〉| 6
2δ

3
2L

λ2+α
1

‖u‖22 +
δ

1
2L

2
‖∂tu‖2α, (3.32)

2|δ2ε(t)〈u,Aα∂tu〉| 6
2δ3L

λ2−α
1

‖u‖22 +
δL

2
‖∂tu‖2α, (3.33)

2|δε′(t)〈u,Aα∂tu〉| 6
2δ

3
2L

λ2−α
1

‖u‖22 +
δ

1
2L

2
‖∂tu‖2α. (3.34)

d (3.1)Ú (3.10),��

2δ〈F (u), 1〉+ δC3 6 C(R, β0, ‖g‖, λ1, C2, C3, δ).

d (2.3),��

|2γδ〈A∂tu, u〉| 6 γ‖∂tu‖21 +
γδ2

λ1
1

‖u‖22,

2δ〈f(u), u〉 > 2δ(β0 − 1)‖u‖22 − 2δCβ0
.

òþã�O�\ (3.30),��

d

dt
(K1(u, ∂tu) + C3) + δ(K1(u, ∂tu) + C3) + Υ(u, ∂tu)

6 C(R, β0, ‖g‖, λ1, C2, C3, δ), (3.35)

Ù¥

Υ(u,∂tu) = (2δβ0 − δ −
γδ2

2λ2
1

− 2δ3L+ 2δ
3
2L

λ2+α
1

− 2δ3L+ 2δ
3
2L

λ2−α
1

)‖u‖22

+ [γλ1−α
1 − 3δL(1 +

1

λα1
)− δL− δ 1

2L]‖∂tu‖2α > 0.

�â (3.29)Ú (3.35),�y�¯K (2.4), (2.5))�ÑÑ5.

1ÊÚ y²¯K (2.4), (2.5))��Û�K5.
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ò (2.4)ª'u t¦�ê,¿�- v = ∂tu,��

ε(t)(1 +Aα)∂2
t v + ε′(t)(1 +Aα)∂tv +A2v + γA∂tv + f ′(u)v = 0. (3.36)

ò(3.36)ª¦± Aα−1∂tv + δv¿�3 ΩþÈ©, ��

d

dt
K2(v(t), ∂tv(t)) + 2δ‖v‖22 + 2(γ − δε(t)− δε(t)λ−α1 )‖∂tv‖2α =

2∑
i=1

Mi, (3.37)

Ù¥

K2(v, ∂tv) = 2δε(t)〈∂tv, v〉+ 2δε(t)〈Aα∂tv, v〉

+ ε(t)‖∂tv‖2α−1 + ε(t)‖∂tv‖22α−1 + ‖v‖21+α + γδ‖v‖21,

M1 = −2ε′(t)〈Aα∂tv + ∂tv,A
α−1∂tv〉,

M2 = −2〈f ′(u)v,Aα−1∂tv + δv〉.

�â HölderØ�ª,��

2|δε(t)〈∂tv, v〉| 6 4δ2L‖v‖21+α +
1

4
ε(t)‖∂tv‖22α−1,

2|δε(t)〈Aα∂tv, v〉| 6 4δ2L‖v‖21+α +
1

4
ε(t)‖∂tv‖22α−1.

�3~ê µ6Ú µ7,¦�

µ6(‖v‖21+α + ε(t)‖∂tv‖22α−1) 6 K2(v, ∂tv) 6 µ7(‖v‖21+α + ε(t)‖∂tv‖22α−1), (3.38)

Ù¥ µ6 = min{ 1
2
, 1− 8δ2L}, µ7 = max{ 3

2
+ 1

λα1
, 1 + 8δ2L+ γδ

λα1
}.

|^�O (3.1)Ú PoincaréØ�ª,��

|M1| 6 2L‖∂tv‖22α−1 + 2L‖∂tv‖2α−1.

du��5� f �O��ê 1 ≤ p < p∗ = N−α
N−4

,��

|M2| 6 2C1

∫
Ω

(|1 + |u|p−1)|v||δv|dx+ 2C1

∫
Ω

(|1 + |u|p−1)|v||Aα−1∂tv|dx

6 2C1δ(1 + ‖u‖p−1
Lp+1)‖v‖2Lp+1 + 2C1(1 + ‖u‖p−1

2 )(‖v‖22−η + ‖Aα−1∂tv‖21)

6 δ‖∂tv‖2α + δ‖v‖22 + C(R, β0, ‖g‖, λ1, C1, C2, δ)(‖v‖21+α + ‖∂tv‖22α−1), (3.39)

Ù¥·�^�
5 1.2Úi\ V2−η ↪→ Lp+1(Ω), (0 < η � 1).

òþã�O�\ (3.37),��

d

dt
K2(v(t), ∂tv(t)) + k1(‖v‖22 + ‖∂tv‖2α)

6 C(R, β0, ‖g‖, λ1, C1, C2, γ, δ)K2(v(t), ∂tv(t)), (3.40)
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Ù¥ k1 = min{δ, 2γ − 2δL− 2δLλ−α1 − δ}.
é?¿� t > τ ,ò (3.40)ª¦± (t− τ)2,��

d

dt
[(t− τ)2K2(v(t), ∂tv(t))] + k1(t− τ)2(‖v‖22 + ‖∂tv‖2α)

6 C(R, β0, ‖g‖, λ1, C1, C2, δ)(t− τ)2K2(v(t), ∂tv(t))

+ 2(t− τ)µ7(‖v‖21+α + ε(t)‖∂tv‖22α−1)

6 C(R, β0, ‖g‖, λ1, C1, C2, L)(t− τ)2K2(v(t), ∂tv(t))

+
k1

2
(t− τ)2‖∂tv‖2α + C(R, β0, ‖g‖, λ1, C2, L, δ),

Ù¥,^�Xe�O:

2(t− τ)µ7ε(t)‖∂tv‖22α−1 6 2(t− τ)µ7‖∂tv‖αε(t)‖∂2
t u‖3α−2

6
k1

2
(t− τ)2‖∂tv‖2α + C(R, β0, ‖g‖, λ1, C2, L, δ),

2(t− τ)µ7‖v‖21+α 6 2(t− τ)µ7‖v‖2ε(t)‖∂tu‖2α

6
k1

2
(t− τ)2‖v‖22 + C(R, β0, ‖g‖, λ1, C2, L, δ).

Ïd

d

dt
((t− τ)2K2(v(t), ∂tv(t))) +

k1

2
(t− τ)2(‖v‖22 + ‖∂tv‖2α)

6 C(R, β0, ‖g‖, λ1, C1, C2, L, δ)(t− τ)2K2(v(t), ∂tv(t))

+ C(R, β0, ‖g‖, λ1, C2, L, δ). (3.41)

é(3.41)A^ GronwallÚn¿3 [τ, T ]þÈ©, ��

K2(v(t), ∂tv(t)) 6
C̃2

C̃1

eC̃1(t−τ)

(t− τ)2
, ∀ t > τ, (3.42)

Ù¥

C̃1 = C(R, β0, ‖g‖, λ1, C1, C2, L, δ),

C̃2 = C(R, β0, ‖g‖, λ1, C2, L, δ).

é?¿� τ < a < t,é(3.40)ªA^ GronwallÚn¿3 [a, t]þÈ©,k

K2(v(t), ∂tv(t))e
∫ t
a
−C̃0dr + k1

∫ t

a

e
∫ s
a
−C̃0dr(‖v‖22 + ‖∂tv‖2α)ds 6 K2(v(a), ∂tv(a)).

d (3.42)Úþã�O,��∫ t

a

(‖v‖22 + ‖∂tv‖2α)ds 6
1

k1

C̃2

C̃1

eC̃1(a−τ)eC̃0(t−a)

(a− τ)2
, ∀ t > a. (3.43)
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é(3.40)ªA^ GronwallÚn¿3 [t, t+ 1]þÈ©,��

K2(v(t+ 1), ∂tv(t+ 1))e
∫ t+1
τ
−C̃0dr

+ k1

∫ t+1

t

e
∫ s
τ
−C̃0dr(‖v‖22 + ‖∂tv‖2α)ds

6 K2(v(t), ∂tv(t))e
∫ t
τ
−C̃0dr,

Ïd ∫ t+1

t

(‖v‖22 + ‖∂tv‖2α)ds 6
1

k1

C̃2

C̃1

eC̃0
eC̃1(t−τ)

(t− τ)2
. (3.44)

(Ü (3.42)Ú (3.44)�� (3.5)ª, =

‖∂tu‖21+α + ε(t)‖∂2
t u‖22α−1 +

∫ t+1

t

(‖∂2
t u(s)‖2α + ‖∂tu(s)‖22)ds

6 (
1

µ6

+
1

k1

eC̃0)
C̃2

C̃1

eC̃1(t−τ)

(t− τ)2
, ∀ t > τ.

ò(2.4)ª� A2−αu�SÈ,��

γ
d

dt
‖u‖23−α + 2‖u‖24−α 6 2〈ε(t)(1 +Aα)∂2

t u,A
2−αu〉+ 2〈g,A2−αu〉 − 2〈f(u), A2−αu〉. (3.45)

´�

|2〈g,A2−αu〉| 6 4‖g‖2 +
1

4
‖u‖24−α. (3.46)

|2ε(t)〈(1 +Aα)∂2
t u,A

2−αu〉| 6 8L2‖∂2
t u‖2α +

1

2
‖u‖24−α, (3.47)

� 1 ≤ p < p∗ = N−α
N−4

, N ≥ 5,�,��

| − 2〈f(u), A2−αu〉| 6 2C1(

∫
Ω

(1 + |u|p−1)
2N

6−2αdx)
6−2α
2N (

∫
Ω

|A 1
2u| 2N

N−4+2αdx)
N−4+2α

2N

(

∫
Ω

|A 3
2−αu| 2N

N−2 dx)
N−2
2N

6 C1(1 + ‖u‖p−1
2 )‖A 1

2u‖2−α‖A
3
2−αu‖1

6 C(R, β0, ‖g‖, λ1, C1, C2)‖u‖23−α +
1

4
‖u‖24−α. (3.48)

nÜþã�O,��

γ
d

dt
‖u‖23−α + ‖u‖24−α

6 C(R, β0, ‖g‖, λ1, C1, C2)‖u‖23−α + C(‖g‖, L)(‖∂2
t u‖2α + 1). (3.49)

é?¿� τ < qa < a < t,÷v a > 0�, 0 < q < 1,½ö a < 0�, q > 1.ò (3.49)ª¦±
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(t− qa)
1

1−α ,��

γ
d

dt
((t− qa)

1
1−α ‖u‖23−α) + (t− qa)

1
1−α ‖u‖24−α

6 C(R, β0, ‖g‖, λ1, C1, C2)(t− qa)
1

1−α ‖u‖23−α +
1

2
(t− qa)

1
1−α ‖u‖24−α

+ C(‖g‖, L)(t− qa)
1

1−α (‖∂2
t u‖2α + 1) +

(t− qa)
2α−1
1−α

(1− α)2
‖u‖22,

Ù¥

1

1− α
(t− qa)

α
1−α ‖u‖23−α 6

1

2
(t− qa)

1
1−α ‖u‖24−α +

(t− qa)
2α−1
1−α

(1− α)2
‖u‖22,

Kk

γ
d

dt
((t− qa)

1
1−α ‖u‖23−α) +

1

2
(t− qa)

1
1−α ‖u‖24−α

6 C̃3(t− qa)
1

1−α ‖u‖23−α + C̃4(t− qa)
1

1−α (‖∂2
t u‖2α + 1) + C̃5

(t− qa)
2α−1
1−α

(1− α)2
, (3.50)

Ù¥

C̃3 = C(R, β0, ‖g‖, λ1, C1, C2), C̃4 = C(‖g‖, L), C̃5 = C(R, β0, ‖g‖, λ1, C2).

ò (3.50)ª¦± e−C̃3(t−qa)¿�3 [qa, t]þÈ©,��

‖u(t)‖23−α 6 C̃4eC̃3(t−qa)(t− qa) +
C̃5

α(1− α)
eC̃3(t−qa)(t− qa)−1

+
C̃4eC̃3(t−qa)C̃2

k1C̃1

eC̃1(qa−τ)eC̃0(t−qa)

(qa− τ)2
, t > qa. (3.51)

ò (3.49)ª¦± e−C̃3(t−a)¿�3 [a, t]þÈ©,��

e−C̃3(t−a)‖u(t)‖23−α +

∫ t

a

e−C̃3(s−a)‖u‖24−αds

6 ‖u(a)‖23−α + C̃4

∫ t

a

e−C̃3(s−a)(‖∂2
t u‖2α + 1)ds,

Ïd∫ t

a

‖u‖24−αds 6 eC̃3(t−a)(C̃4eC̃3(a−qa)(a− qa) +
C̃5

α(1− α)
eC̃3(a−qa)(a− qa)−1

+ C̃4eC̃3(a−qa) C̃2

k1C̃1

eC̃1(qa−τ)eC̃0(a−qa)

(qa− τ)2
+ (t− a) +

1

k1

C̃2

C̃1

eC̃1(a−τ)eC̃0(t−a)

(a− τ)2
), t > a. (3.52)
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ò (3.49)ª¦± e−C̃3(t−τ)¿�3 [t, t+ 1]þÈ©,��

e−C̃3(t+1−τ)‖u(t+ 1)‖23−α +

∫ t+1

t

e−C̃3(s−τ)‖u‖24−αds

6 ‖u(t)‖23−αe−C̃3(t−τ) + C̃4

∫ t+1

t

e−C̃3(s−τ)(‖∂2
t u‖2α + 1)ds,

Ïd ∫ t

t+1

‖u‖24−αds 6 e−C̃3(C̃4eC̃3(t−qa)(t− qa) +
C̃5

α(1− α)
eC̃3(t−qa)(t− qa)−1

+ C̃4eC̃3(t−qa) C̃2

k1C̃1

eC̃1(qa−τ)eC̃0(t−qa)

(qa− τ)2
+ C̃4 + C̃4(

1

k1

C̃2

C̃1

eC̃0
eC̃1(t−τ)

(t− τ)2
)). (3.53)

�â (3.51)Ú (3.53),�y� (3.6)¤á. �

½n 3.3 �^� (1.3)-(1.6)¤á� g ∈ L2(Ω).XJ yα1 = (uα1 , ∂tu
α
1 ), yα2 = (uα2 , ∂tu

α
2 )´¯K

(2.4), (2.5)©O'uÐ� y10
Ú y20

�ü�),Ké?¿� τ < T ,k

‖yα1 (t)− yα2 (t)‖2Hαt 6 C̃7e(t−τ)‖y10
− y20

‖2Hατ , ∀ t ∈ [τ, T ], (3.54)

Ù¥

C̃7 = C(R, β0, ‖g‖, L, λ1, C1, C2)µ8.

y² � ỹ = (ũ, ∂tũ) = y1 − y2,K ỹ÷v

ε(t)(1 +Aα)∂2
t ũ+A2ũ+ γA∂tũ+ f1 − f2 = 0, x ∈ Ω, t ∈ [τ,∞), (3.55)

ũ|∂Ω = 0, ũ(x, τ) = u10
(x)− u20

(x), ∂tũ(x, τ) = u11
(x)− u21

(x), x ∈ Ω, (3.56)

Ù¥ fi = f(ui), i = 1, 2.

ò (3.55)ª� ∂tũ�SÈ,��

d

dt
K3(ũ, ∂tũ) + 2γ‖∂tũ‖21 = −2〈f(u1)− f(u2), ∂tũ〉+ ε′(t)‖∂tũ‖2 + ε′(t)‖∂tũ‖2α, (3.57)

Ù¥

K3(ũ, ∂tũ) = ε(t)‖∂tũ‖2 + ε(t)‖∂tũ‖2α + ‖ũ‖22.

�3~ê µ8,¦�

‖(ũ, ∂tũ)‖2Hαt 6 K3(ũ, ∂tũ) 6 µ8‖(ũ, ∂tũ)‖2Hαt , (3.58)

Ù¥ µ8 = max{1, 1 + 1
λα1
}.

�â (3.1),��
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|ε′(t)‖∂tũ‖2| 6 L
1

λ1
1

‖∂tũ‖21,

|ε′(t)‖∂tũ‖2α| 6 L
1

λ1−α
1

‖∂tũ‖21.

| − 2〈f(u1)− f(u2), ∂tũ〉|

6 2

∫
Ω

|f(u1)− f(u2)| · |∂tũ|dx

6 2C1(

∫
Ω

(1 + |u1|p−1 + |u2|p−1)
2N

4+2αdx)
4+2α
2N (

∫
Ω

|ũ| 2N
N−4 dx)

N−4
2N (

∫
Ω

|∂tũ|
2N

N−2αdx)
N−2α
2N

6 C(R, β0, ‖g‖, L, λ1, C1, C2)K3(ũ, ∂tũ),

òþã�O�\ (3.57)��

d

dt
K3(ũ, ∂tũ) + C̃6‖∂tũ‖2

6 C(R, β0, ‖g‖, L, λ1, C1, C2)K3(ũ, ∂tũ), (3.59)

Ù¥ C̃6 = C(R, γ, L, λ1).

A^ GronwallÚn,�y� (3.54).Ó�,·����
¯K (2.4), (2.5)�)3�mHαt ¥��
�5.

�â½n 3.2Ú½n 3.3,�±½Â¯K (2.4), (2.5)�L§ U(t, τ)Xe:

y(t) = U(t, τ)y(τ) : Hατ → Hαt .

4. �m�6áÚf��35

4.1. �m�6áÂ8

�â½n 3.2 (i),���Xe(J.

½n 4.1 �½n 3.2�^�¤á,XJé?¿�Ð� y(τ) ∈ Bτ (R) ⊂ Hατ ,@o�3 R0 > 0, ¦

�éAu¯K (2.4), (2.5)�L§ U(t, τ) Pk�m�6áÂ8,=8xBt = {Bt(R0)}t∈R.

4.2. k��O

e¡é¯K (2.4), (2.5)�)L§ U(t, τ)?1;5�y.�d,�Xek��O.

� yi(t) = (ui(t), ∂tui(t)) (i = 1, 2)´¯K (2.4), (2.5)©O'uÐ� (ui(τ), ∂tui(τ))

∈ {Bτ (R)}τ∈R�).ü)�� ỹ∗(t) = y1(t)− y2(t) = (ω(t), ∂tω(t))÷v±e�§

ε(t)(1 +Aα)∂2
t ω + γA∂tω + f1 − f2 = 0, x ∈ Ω, t ∈ [τ,∞), (3.60)

ω|∂Ω = 0, ω(x, τ) = u10
(x)− u20

(x), ∂tω(x, τ) = u11
(x)− u21

(x), x ∈ Ω, (3.61)
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Ù¥ fi = f(ui), i = 1, 2.

½Â

H(t) = ε(t)‖∂tω(t)‖2 + ε(t)‖∂tω(t)‖2α + ‖ω(t)‖22.

·�ò©�±eoÚ?1k��O.

1�Ú ò(3.60)ª¦± 2∂tω,¿3 [s, t]× ΩþÈ©,��

H(t)−H(s) + 2γ

∫ t

s

∫
Ω

|A 1
2 ∂tω(r)|2dxdr + 2

∫ t

s

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdr

=

∫ t

s

∫
Ω

ε′(r)|∂tω(r)|2dxdr +

∫ t

s

∫
Ω

ε′(r)|Aα
2 ∂tω(r)|2dxdr, (3.62)

Ù¥ T 6 s 6 t. �â (1.4),��

ε(t)|ωt(t)|2 + ε(t)|Aα
2 ωt(t)|2

6 L(|ωt(t)|2 + |Aα
2 ωt(t)|2)− ε′(t)(|ωt(t)|2 + |Aα

2 ωt(t)|2),

Kk ∫ t

T

∫
Ω

(ε(r)|∂tω(r)|2 + ε(t)|Aα
2 ωt(t)|2)dxdr

6 L
∫ t

T

∫
Ω

(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxdr

−
∫ t

T

∫
Ω

ε′(r)(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxds

6 H(T ) + L

∫ t

T

∫
Ω

(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxdr

− 2

∫ t

T

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdr. (3.63)

1�Ú ò (3.60)ª¦± ω,¿�3 [T, t]× ΩþÈ©,��∫
Ω

ε(t)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dx+
γ

2
‖ω(t)‖21

−
∫

Ω

ε(T )[∂tω(T )ω(T ) + (Aα∂tω(T ))ω(T )]dx+

∫ t

T

∫
Ω

|Aω(r)|2dxdr

+

∫ t

T

∫
Ω

(f(u1)− f(u2))ω(r)dxdr −
∫ t

T

ε(r)(‖∂tω(r)‖2 + ‖∂tω(r)‖2α)dr

=
γ

2
‖ω(T )‖21 +

∫ t

T

∫
Ω

ε′(r)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dxdr. (3.64)
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�â (3.63), (3.64),��∫ t

T

H(r)dr

=

∫ t

T

(ε(t)‖∂tω(t)‖2 + ε(t)‖∂tω(t)‖2α + ‖ω(t)‖22)dr

6 H(T ) + L

∫ t

T

∫
Ω

(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxdr − 2

∫ t

T

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdr

−
∫ t

T

∫
Ω

(f(u1)− f(u2))ω(r)dxdr −
∫

Ω

ε(t)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dx

+

∫ t

T

ε(r)(‖∂tω(r)‖2 + ‖∂tω(r)‖2α)dr +

∫
Ω

ε(T )[∂tω(T )ω(T ) + (Aα∂tω(T ))ω(T )]dx

+

∫ t

T

∫
Ω

ε′(r)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dxdr + +
γ

2
‖ω(T )‖21.

1nÚ é (3.62)3 [T, t]þ'u sÈ©,�

H(t)(t− T )

6
∫ t

T

H(s)ds− 2

∫ t

T

∫ t

s

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdrds

6 H(T ) + L

∫ t

T

∫
Ω

(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxdr − 2

∫ t

T

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdr

−
∫ t

T

∫
Ω

(f(u1)− f(u2))ω(r)dxdr −
∫

Ω

ε(t)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dx

+

∫ t

T

ε(r)(‖∂tω(r)‖2 + ‖∂tω(r)‖2α)dr +

∫
Ω

ε(T )[∂tω(T )ω(T ) + (Aα∂tω(T ))ω(T )]dx

+

∫ t

T

∫
Ω

ε′(r)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dxdr +
γ

2
‖ω(T )‖21

− 2

∫ t

T

∫ t

s

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdrds.

1oÚ P

C(M) = H(T ) +
γ

2
‖ω(T )‖21 +

∫
Ω

ε(T )[∂tω(T )ω(T ) + (Aα∂tω(T ))ω(T )]dx, (3.65)

Ú

ϕtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))) = Ψ1 + Ψ2, (3.66)
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Ψ1 =
1

(t− T )
[L

∫ t

T

∫
Ω

(|∂tω(r)|2 + |Aα
2 ωt(t)|2)dxdr

−
∫

Ω

ε(t)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dx

+

∫ t

T

ε(r)(‖∂tω(r)‖2 + ‖∂tω(r)‖2α)dr+

+

∫ t

T

∫
Ω

ε′(r)[∂tω(t)ω(t) + (Aα∂tω(t))ω(t)]dxdr)],

Ψ2 =− 1

(t− T )
[2

∫ t

T

∫
Ω

(f(u1)− f(u2))∂tω(s)dxds

+

∫ t

T

∫
Ω

(f(u1)− f(u2))ω(s)dxds

+ 2

∫ t

T

∫ t

s

∫
Ω

(f(u1)− f(u2))∂tω(r)dxdrds)],

Ïd

H(t) 6
1

t− T
CM + ϕtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))). (3.67)

4.3. ìC;5

e¡·�ò|^Â ¼ê�{y²¯K (2.4), (2.5))L§�ìC;5.

½n 4.2 � (1.3)-(1.6) ¤á� g ∈ L2(Ω). éu?¿�½� t ∈ R Ú?¿k.� {τn}∞n=1 ⊂
(−∞, t] (� n→∞�, τn → −∞)±9éu?¿S� {xn}∞n=1 ⊂ Hατn ,@oS� {U(t, τn)xn}∞n=1 �

3��Âñf�.

y² é?¿� ε > 0Ú�½� t,�3 T < t,¦� CM
t−T < ε.�â½n 2.8,·��I�y²éu

z���½� t,k ϕtT ∈ C(BT (R)).

� (un, ∂tun)´¯K (2.4), (2.5)'uÐ� (un0
, un1

) ∈ BT (R)�).d½n 3.2,�� ‖un‖22 +

ε(ζ1)‖∂tun‖2α´k.�,�‖un‖22´k.�.éu?¿�½� tÚ?¿� ζ1 ∈ [T, t],�â (1.4)Ú 1
ε(ζ1)

�k.5,�� ‖∂tun‖2α�´k.�.

�â Alaoglu½n,Ún 2.5Ú½n 3.2,é?¿� τ 6 T 6 t,Ø���5,�

un3 L∞([τ, T ];V2)¥f
∗
Âñu u, (3.68)

∂tun3 L∞([τ, T ];Vα)¥f
∗
Âñu ∂tu, (3.69)

∂2
t un3 L∞([τ, T ];Vα−4)¥f

∗
Âñu ∂2

t u, (3.70)

un3 L2([τ, T ];V1)¥fÂñu u, (3.71)
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∂tun3 L2([τ, T ];V1)¥fÂñu ∂tu, (3.72)

∂2
t un3 L2([τ, T ];Vα−3)¥fÂñu ∂2

t u, (3.73)

un3 Lp+1([τ, T ];Lp+1(Ω))¥Âñu u, (3.74)

un3 L2([τ, T ];V2)¥Âñu u, (3.75)

un(t)3 Lp+1(Ω)¥Âñu u(t)¿� un(T )3 Lp+1(Ω)¥Âñu u(T ), (3.76)

∂tun3 L2([τ, T ];Vα)¥Âñu ∂tu, (3.77)

Ù¥A^ Sobolevi\ V2 ↪→↪→ Lp+1(Ω).

�â (3.54)��

{(un(s), ∂tun(s))} ⊂ C([T, t];Hαs )´ CauchyS�, (3.78)

¿��3 (u(s), ∂tu(s)) ∈ C([T, t];Hαs ),¦�

(un(s), ∂tun(s))3 C([T, t];Hαs )¥Âñu (u(s), ∂tu(s)). (3.79)

e¡,?n (3.66)�z��.

Äk,�O Ψ1.|^ (3.77)��

lim
n→∞

lim
m→∞

L

∫ t

T

[‖∂tun − ∂tum‖2 + ‖∂tun − ∂tum‖2α]ds = 0, (3.80)

lim
n→∞

lim
m→∞

∫
Ω

ε(t)(∂tun − ∂tum)(un − um)dx

6 lim
n→∞

lim
m→∞

L‖∂tun − ∂tum‖‖un − um‖

6 lim
n→∞

lim
m→∞

L(‖∂tun‖+ ‖∂tum‖)‖un − um‖ = 0, (3.81)

lim
n→∞

lim
m→∞

∫
Ω

ε(t)(A
α
2 ∂tun −A

α
2 ∂tum)(A

α
2 un −A

α
2 um)dx

6 lim
n→∞

lim
m→∞

L‖∂tun − ∂tum‖α‖un − um‖α

6 lim
n→∞

lim
m→∞

L(‖∂tun‖α + ‖∂tum‖α)‖un − um‖α = 0, (3.82)

lim
n→∞

lim
m→∞

∫ t

T

ε(s)[‖∂tun − ∂tum‖2 + ‖∂tun − ∂tum‖2α]ds

6 lim
n→∞

lim
m→∞

L

∫ t

T

[‖∂tun − ∂tum‖2 + ‖∂tun − ∂tum‖2α]ds = 0, (3.83)

lim
n→∞

lim
m→∞

∫ t

T

ε′(s)〈∂tun − ∂tum, un − um〉ds

6 L lim
n→∞

lim
m→∞

(

∫ t

T

‖∂tun − ∂tum‖2ds)
1
2 · (

∫ t

T

‖un − um‖2ds)
1
2 = 0, (3.84)

lim
n→∞

lim
m→∞

∫ t

T

ε′(s)〈Aα
2 ∂tun −A

α
2 ∂tum, A

α
2 un −A

α
2 um〉ds

6 L lim
n→∞

lim
m→∞

(

∫ t

T

‖∂tun − ∂tum‖2αds)
1
2 · (

∫ t

T

‖un − um‖2αds)
1
2 = 0. (3.85)
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Ü¿ (3.80)-(3.85),��

lim
n→∞

lim
m→∞

Ψ1 = 0. (3.86)

Ùg,�O Ψ2.�â (3.75)��

lim
n→∞

lim
m→∞

∫ t

T

∫
Ω

(f(un)− f(um))(un − um)dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

∫
Ω

(1 + |un|p−1 + |um|p−1)|un − um|2dxds

6 C lim
n→∞

lim
m→∞

∫ t

T

(1 + ‖un‖p−1
2 + ‖um‖p−1

2 ) · ‖un − um‖22ds

6 C lim
n→∞

lim
m→∞

∫ t

T

‖un − um‖22ds = 0. (3.87)

´� ∫ t

T

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxds

=

∫
Ω

F (un(t))dx−
∫

Ω

F (un(T ))dx+

∫
Ω

F (um(t))dx−
∫

Ω

F (um(T ))dx

−
∫ t

T

∫
Ω

f(um)∂tundxds−
∫ t

T

∫
Ω

f(un)∂tumdxds. (3.88)

|^ (1.6)Úi\V2 ↪→↪→ Lp+1(Ω),��

|
∫

Ω

(F (un(t))− F (u(t)))dx|

6
∫

Ω

|f(u(t) + ϑ(un(t)− u(t))||un(t)− u(t)|dx

6 C(1 + ‖un(t)‖pLp+1 + ‖u(t)‖pLp+1)‖un(t)− u(t)‖Lp+1

6 Cε. (3.89)

� n→∞, m→∞ �,du f(un) ∈ L2([τ, T ];V−3)Ú ∂tum ∈ L2([τ, T ];V1),��

lim
n→∞

lim
m→∞

∫ t

T

〈f(un), ∂tum〉ds =

∫
Ω

F (u(t))dx−
∫

Ω

F (u(T ))dx.

Ón��

lim
n→∞

lim
m→∞

∫ t

T

〈f(um), ∂tun〉ds =

∫
Ω

F (u(t))dx−
∫

Ω

F (u(T ))dx,
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lim
n→∞

lim
m→∞

∫ t

T

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxds = 0. (3.90)

éuz���½� t, |
∫ t
s

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxdr|´k.�,K�â Lebesgue��Â

ñ½n,��

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxdrds

=

∫ t

T

lim
n→∞

lim
m→∞

∫ t

s

∫
Ω

(f(un)− f(um))(∂tun − ∂tum)dxdrds

=

∫ t

T

0 ds = 0. (3.91)

d (3.87), (3.90)Ú (3.91),��

lim
n→∞

lim
m→∞

Ψ2 = 0. (3.92)

nþ¤ã,�� ϕtT ((u1(T ), ∂tu1(T )), (u2(T ), ∂tu2(T ))) ∈ C(BT (R)). �

4.4. �m�6áÚf

½n 4.3 � (1.3)-(1.6)¤á� g ∈ L2(Ω),Kd¯K (2.4), (2.5))¤�L§ U(t, τ) : Hατ → Hαt
�3�m�6áÚf U∗ = {At}t∈R.

y² d½n 3.2,½n 3.3,½n 4.1Ú½n 4.2�,�3�m�6áÚf U∗ = {At}t∈R,�Tá
Úf U∗´ØC�. �

5. o(�Ð"

�©ïÄ
�k=Ä.þÚr{Z�ù�§3k1w>. ∂Ω�k.«�þ�m�6áÚf�

�35¯K,du3ù�§¥\\
=Ä.þ�Ú�m�6Xê¼ê�,Ï~ÄåXÚÚ®k�ï

ÄEâµeéJ��A^uT�.��m�6áÚf�ïÄ,¤±(Ü
?��.£áÚfnØ,

$^k��O��{�y
L§xk.áÂ8��35,$^Â ¼ê��{�y
L§x�ìC

;5,ly²
�m�6áÚf��35.

�m�6áÚf¯KnØ´C
c�9:ïÄ¯K,ïÄ�'�3uL§x�;5�y.Ïd,

�a �©�§�m�6áÚf¯KïÄ�m��,Ù�±)û)¹¢S¥��
¢S¯K¤�)

�·by�±9)º�
Ä���Æy�.�©y²
��5�3g�.�¹e�m�6áÚf�

�35,�YïÄUÄòr{ZC�(�{Z½ö��5�3�.�¹ey²�m�6áÚf¯K

E��·��\ïÄ.

Ä7�8

I[g,�ÆÄ7�8(1OÒµ11961060; 11761062)"
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