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Abstract

In this paper, a Holling-Tanner predator-prey model with diffusion and prey refuge

is considered. Firstly, the stability of the equilibrium points under the ordinary dif-

ferential system is analyzed. Secondly, the local stability of the positive equilibrium

point and the conditions for the existence of the Hopf branch are discussed by an-

alyzing the characteristic equations of the equilibrium point of the diffusion model.

The results show that the refuge will lead to the Hopf bifurcation and produce the

spatial homogeneous periodic solution, and the addition of diffusion will create new

Hopf bifurcation points and produce the spatial non-homogeneous periodic solution.

This indicates that the establishment of appropriate prey refuge will be conducive to

the coexistence of species.
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1. Úó

g1964c,�Æ[Crombicò;J¤�AÚ\Ó �.� [1],;J¤¤�K�)�ÄåÆ�

�Ï�,äk;J¤�Ó ö-  ��.��
�þïÄ [1–8]. Ù¥©z [2] �Ñ, �;J¤é²

ï��½5ÚØ½5äk4�K�,¿ïÄ
XÚ4�����5Ú�35.©z [3]�Ä
ä

kHolling-II .õU�A¼êÚ �;J¤�Ó ö- ��.,ÏL©ÛÙA��,y²
Hopf©


3�²ï:?��35.©z [4]ÏLéäk��Ó öÚ �;J¤�Holling-Tanner �.E,Ä

åÆÚ©|¯K�©Û,uy;J¤�±Úå��½�,��Ì�4��.AO/,©z [5]�Ñ
�

a�¹;J¤�Holling-TannerÓ �.
du
dt

= r1u(1− u
K

)− q(1−m)uv
c+(1−m)u

,

dv
dt

= r2v(1− v
β(1−m)u

),
(1.1)
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Ù¥ u (t), v (t)©OL« �ÚÓ «+3t����Ý, r1, r2©O� �9Ó ö�S�O�

Ç,KL« �«+��¸NBþ,q´Ó ö�²þÓ¼Ç,c L«��ÚXê,m ∈ [0, 1)L« �¥

É�o�'~. ëê r1, r2, K, β, q, c Ñ´�~ê.

�
Bu�YÐm?Ø,ÄkéXÚ(1.1)?1Ãþjz,-

u =
qβK

r1
ū, v =

qβ2K

r1
v̄, t =

1

qβ
t̄, a =

r1
qβ
, b =

cr1
qβK

, s =
r2
qβ
,

¿E^ u, v, tL« ū, v̄, t̄, KXÚ(1.1)C��
du

dt
= au− u2 − (1−m)uv

b+ (1−m)u
,

dv

dt
= sv

(
1− v

(1−m)u

)
.

(1.2)

,3g,.¥,Ô«¿��á�3,�¬É��mÏ��K�.·�^~�©�§|£ã)�

XÚ¥)Ô«+�üCL§´Äu«+�Ý3�mþ!©Ù�b�,XJ«+�Ý�m©ÙØþ,@

op�Ý«��«+Ò¬�g�$�Ý«�?1*Ñ,dd�)
�m�A*ÑXÚ.�©3©z[5]

�Ä:þïÄ�m*Ñé�.(1.2)ÄåÆ1��K�

ut = d1∆u+ au− u2 − (1−m)uv

b+ (1−m)u
, (x, t) ∈ Ω× (0,∞),

vt = d2∆v + sv

(
1− v

(1−m)u

)
, (x, t) ∈ Ω× (0,∞),

∂u

∂ν
=
∂v

∂ν
= 0, x ∈ ∂Ω× (0,∞),

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.3)

Ù¥Ω�RN¥äk1w>.∂Ω �k.m«�, ν�>.∂Ωþ�ü 	{�þ, ∂u
∂ν

= ∂v
∂ν

= 0.

d1, d2 > 0©O� �ÚÓ ö�*ÑXê, Neumann >.^�L««+3>.þvk[£.

u0(x) = u0(x), v(x, 0) = v0(x)��K1w�Øð�"�¼ê.

�©Ì�?Ø;J¤Ú*Ñ�Ú\éXÚ(1.3)ÄåÆ1��K�. §2éXÚ(1.2)²ï:�½

5?1©Û. §3éXÚ(1.3)���²ï:�½5?1©Û,¿y²�màgÚ�m�àg±Ï)�

�35.

2. ~�©XÚ²ï:½5©Û9Hopf©|

�!Ì�ïÄÃ*ÑXÚ(1.2)�K²ï:��35Ú½5,±9Hopf ©|��35. ´�X

Ú(1.2)k�²�²ï:E0(a, 0)±9����²ï:E∗(u∗, v∗),Ù¥

u∗ =
a(1−m)− b− (1−m)2 +

√
[a(1−m)− b− (1−m)2]2 + 4ab(1−m)

2(1−m)
,

v∗ = (1−m)u∗.
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²O�,XÚ(1.2)3E0?�Jacobi Ý
�

J(E0) =

−a − (1−m)a
b+(1−m)a

0 s

 , (2.1)

ÙA��§(λ+ a)(λ− s)kü�ÉÒ¢�,K−aÚs�(2.1)�ü�A��,�dÛ:�©a�E0 ´Q

:.

XÚ(1.2)3E∗?�Jacobi Ý
�

J(E∗) =

 s0 d

s(1−m) −s

 , (2.2)

Ù¥

s0 =
u∗

b+ (1−m)u∗
[(a− 2u∗) (1−m)− b] , d = − (1−m)u∗

b+ (1−m)u∗
.

K(2.2)éA�A��§�

λ2 − T (s)λ+D(s) = 0. (2.3)

d�

T (s) = s0 − s,

D(s) = −s[s0 + d(1−m)] = su∗
b+(1−m)u∗

√
[a(1−m)− b− (1−m)2]2 + 4ab(1−m) > 0.

(2.4)

K�s0 < s�,T (s) < 0,d�XÚ(1.2)3E∗?ÛÜìC½.�s = s0�,T (s) = 0, d�XÚ3E∗?

�)Hopf©|±Ï).nÜ±þ©Û,keã½n¤á.

½n2.1 éu~�©XÚ(1.2), �²�:E0´Q:; �s0 < s�,���²ï:E∗ÛÜìC

½; �s0 = s�,XÚ3E∗?�)Hopf©|±Ï). ùps0 = u∗
b+(1−m)u∗

[(a− 2u∗) (1−m)− b].

3. �A*ÑXÚ�²ï:�½5©Û9Hopf©|

½ÂSobolev�m

X := {(u, v) ∈ H2(0, π)×H2(0, π)|ux(0, t) = ux(π, t) = vx(0, t) = vx(π, t) = 0},

ÚX�Ez�m�

Xc = X ⊕ iX = {x1 + ix2 : x1, x2 ∈ X}.

¯¤±�A��¯K  −ϕxx = λϕ, x ∈ (0, π),

ϕx = 0, x = 0, π
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�A���k2,KA�¼ê�ϕ(x) = cos kx, k ∈ N . éXÚ(1.3)�Cþ��

ũ = u− u∗, ṽ = v − v∗,

C��E^u, v�Oũ, ṽ,KXÚ(1.3)C�
ut = d1uxx + a(u+ u∗)− (u+ u∗)

2 − (1−m)(u+ u∗)(v + v∗)

b+ (1−m)(u+ u∗)
,

vt = d2vxx + s(v + v∗)

[
1− v + v∗

(1−m)(u+ u∗)

]
.

(3.1)

w,,XÚ(1.3)�²ï:�½5�duXÚ(3.1)")�½5.

½n3.1 éuXÚ(1.3),�s0 < 0�����²ï:E∗´ÛÜìC½�.

y XÚ(3.1)3(0, 0)?��5z�§�(
ut
vt

)
= L(s)

(
u

v

)
,

Ù¥

L(s) =

(
d1

∂2

∂x2 + s0 d

s(1−m) d2
∂2

∂x2 − s

)
.

-(φ, ψ) = (
∑∞

k=0 ak cos kx,
∑∞

k=0 bk cos kx)�L(s)éAuA��λ(s)�A�¼ê.=L(s)(φ, ψ)T =

λ(s)(φ, ψ)T. �L(s)�A���±d

Lk(s) =

(
−d1k2 + s0 d

s(1−m) −d2k2 − s

)

�A���Ñ,�Lk(s)éA�A��§�

Bk(λ) := λ2 − Tkλ+Dk = 0,

Ù¥  Tk(s) = s0 − s− (d1 + d2)k
2,

Dk(s) = d1d2k
4 − (s0d2 − sd1)k2 − s[s0 + d(1−m)].

(3.2)

du�s0 < 0�,Tk(s) < 0,Dk(s) > 0,��²ï:E∗´ÛÜìC½�.

e¡±s�©|ëê,3���m¥�ÄXÚ(1.3)��màgÚ�àgHopf©|±Ï)��3

5.-sHn = s0 − (d1 + d2)n
2 ´Hopf ©|u)�©|ëê�,KsHnI�÷v±e^�:

(H1) Tn(sHn ) = 0, Dn(sHn ) > 0, ��k 6= n�,Tk(s
H
n ) 6= 0, Dk(s

H
n ) 6= 0.

(H2) k = n�,A��§(3.2)�3�éE�λ(s) = α(s)± iβ(s), ÷vα′(s) 6= 0, β(s) > 0.

du�s0 < 0�,é¤k�k ∈ N ,kTk(s) < 0, Dk(s) > 0, ?E∗´ÛÜìC½�,Ïd
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3s0 < 0�Ø¬�)Hopf ©|,��s0 > 0�,es > s0,é¤k�k ∈ N ,KTk(s) < 0,d��Ø¬

kHopf ©|�). ��Uu)Hopf©|�ëê�sHn ∈ (0, s0] ,d�

α(s) =
Tn(s)

2
, β(s) =

√
Dn(s)− α2(s) > 0,

¿�α′(s) = T ′n(s)

2
= − 1

2
< 0, �î�5^�(H2)o¤á.

ÏLþ¡�©Û,Hopf©|�)���Ò ~�Xe8Ü

Λ1 :=
{
sHn ∈ (0, s0] :é,�n ∈ N, (H1)¤á

}
.

½n3.2 �s0 > 0, s ∈ Λ1, Keã(Ø¤á

(1)�d2 < d1�,XÚ(1.3)3s = sH0 ?�)Hopf ©|,T:�)�©|±Ï)´�màg�.

(2)�n ≥ 1�*ÑXê�'÷vd2
d1
< s0−n2d1

s0+n2d1
�,XÚ(1.3)3s = sHn?�)Hopf©|,T:�)

�©|±Ï)´�m�àg�.

y Äk�±y²sH0 = s0 ∈ Λ1. Ï�T0(s
H
0 ) = 0,d(2.3)�D0(s

H
0 ) > 0,Tk(s

H
0 ) < 0(k ≥ 1),

Dk(s
H
0 )�L«�

Dk(s
H
0 ) = d1d2k

4 − s0(d2 − d1)k2 +D0(s
H
0 ), (3.3)

Ï�d2 < d1�, é?¿�k ≥ 1, Dk(s
H
0 ) > 0. ¤±sH0 ´¦�XÚ(1.3)�)�màgHopf©|�©

|�.e¡ÏéU¦XÚ(1.3) �)�m�àgHopf©|±Ï)�©|�.

òsHn = s0 − (d1 + d2)n
2 �\�(3.2)�12��§�C/�

Dk(s
H
n ) = −d21n4 + [2d1s0 + d(1−m)(d1 + d2)]n

2 +D0(s
H
0 ).

-

B0 := 2d1s0 + d(1−m)(d1 + d2)

KDn(sHn ) > 0��=�n÷v

n2 <
B0 +

√
B2

0 + 4d21D0(sH0 )

2d21
. (3.4)

w,,k 6= n�,Tk(s
H
n ) 6= 0.e¡�I�y²k 6= n�Dk(s

H
n ) 6= 0,Ù¥n÷v(3.4)ª.e¡·�ò

�Ñ��^�,¦�d^�eé¤k�k = 0, 1, · · · ÑkDk(s
H
n ) > 0. Ï�

Dk(s
H
n ) = d1d2k

4 + (d1s
H
n − d2s0)k2 − sHn (s0 + d(1−m)),

�¦�d1s
H
n − d2s0 > 0,L�ÀJ*ÑXê�'d2/d1 ¦�U�. �·���
d(3.4) ¤��

�n,kd2/d1 < ε(a, b,m, s, n, d1), Ù¥

ε(a, b,m, s, n, d1) :=
s0 − n2d1
s0 + n2d1

> 0.
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ÏdDk(s
H
n ) > 0.

b�3:(sHn , u∗, v∗) NC�)�±Ï;��±�¤(s(r), u(r), v(r)), éu,�é��~êδ >

0,�r ∈ (0, δ) �,s(r) = sHn + o(r)(s(r) ∈ C∞), � u(r)(t, x) = u∗ + r(ane
2πit/T (r) + ane

−2πit/T (r)) cosnx+ o(r2).

v(r)(t, x) = v∗ + r(bne
2πit/T (r) + bne

−2πit/T (r)) cosnx+ o(r2).

ùpT (r) = 2π√
Dn(sHn )

+ o(r). d�l:s = sH0 ?�)�©|±Ï)´�màg�,l:s = sHn ��

)�©|±Ï)´�m�àg�.

4. (�

�©ïá
�a�¹ �;J�Holling-TannerÓ ö- ��.,?Ø
;J¤éXÚ(1.2)±

9XÚ(1.3)ÄåÆ1��K�.éu~�©XÚ(1.2),�s0 < s �,�²ï:E∗ÛÜìC½;éu*

ÑXÚ(1.3),�s0 < 0 �,�²ï:E∗ÛÜìC½,uy�¦��²ï:ÛÜì?½�^�Ø¤

á�,XÚ(1.3)Ñy
Hopf©|,¿��±e(Ø:

(i);J¤¬��Hopf©|�),�)�màg±Ï);

(ii)*Ñ¬ME#�Hopf©|:,�)�m�àg±Ï).

(ØL², �;J¤éÓ ö- ��m��p�^kX½K�,�±ÏL�á·�� �;

J¤5��Ó öÚ ��«+�Ý,ù�kÏuÔ«��.

Ä7�8
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