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Abstract

Let G be a simple connected graph. The Kirchhoff index of a graph is the sum of the

resistance distance between all vertex pairs in the graph G. The resistance distance in

a graph is equivalent to the effective resistance between any node pairs in the electrical

network obtained by replacing each edge in the graph G with a unit resistance. A chain

containing n + 2 polygons and n + 1 squares such that each of the two parallel edges

in squares has a common edge with a polygon is denoted as polygonal chains. In this

paper, we use the standard techniques of electrical networks and the compare result

of the Kirchhoff index of the S,T-isomers, characterize that the extremal polygonal

chain with the maximal Kirchhoff index is the linear polygonal chain Ln and the

extremal polygonal chain with the minimal Kirchhoff index is the helicene polygonal

chain Dn, which generalizes the extremal Kirchhoff index of phenylene chains by

Yujun Yang et al. and Leilei Zhang.
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1. 0�

�©��Ä{üëÏãG = (V (G), E(G)),Ù¥V (G) = {v1, v2, · · · , vn}. KleinÚRandic

[1]u 1993cÄgJÑ
>{ål�Vg. ãG¥?¿��º:é vi, vj�m�>{ål��uò

ãG¥�z^>O����ü >{����>�äN ¥?¿��!:é�m�k�>{, P

�ΩG(vi, vj). Kirchhoff�I´ãG¥¤kº:é�m�>{ål�Ú, L«�

Kf(G) =
∑

vi,vj⊆V (G)

ΩG(vi, vj). (1)
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ÿÀ�I´½þ£ã©f(��ãëê, C
cNõ�;[ÆöÑ�åuïÄÿÀ�I�

ã(��m�'X, Ù¥ïÄ�
äk��Ú��ÿÀ�I�ãa�4ãÚ4�´���~­

��ïÄ��. 3ãØ¥, >{ål��u���ål (ã¥?¿ü�º:�m��á´»)5

`, U
�Ð�ïþã¥z�º:�m�'X, l
�Ï·�\�éã(��n). 
3>�ä

nØ¥, Kirchhoff �I�>�ä�­½5���', §´µ�>�ä­½5���­�5U�

I. Kirchhoff�I��u>�äN¥>6�²þõÑ, eKirchhoff�I��, ùÒ¿�X>�

äN 3ü �mS>6�²þõÑ��, K>�ä�­½5Ò�Ð. Kirchhoff �I���«ÿ

À�I, Ø=kÏu£ãêÆ¥ã/��'5�, 
�3zÆÚÔn+��u�X�A�­��

^ [2–4].

éuãG = (V (G), E(G))Ú vk ∈ V (G), vk�>{ %Ç�I�º: vk�ãG¥¤kÙ¦º

:�m�>{ål�Ú, P�

ΩG(vk) =

vi 6=vk∑
vi∈V (G)

ΩG(vk, vi). (2)

S, T -Ó©É�NaquzÆ¥©fª�Ó�(�ØÓ�Ó©É�N. §L«����±y©

¤AÚBüÜ©�ãG, �ùüÜ©�±^ü«ØÓ��ªV�ë�å5 (Xã 1¤«).

Figure 1. S, T -isomers and Two two-way
connection models

ã 1. S, T -Ó©É�NÚü«V�ë��ª

Figure 2. ∆-Y transformation

ã 2. ∆-YC�

Gé5K�ã�o>{R��uã¥¤kü�>{�Ú, =R = R1 +R2 + · · ·+Rn. ¿é5

K�ã�o>{��ê 1
R
��uã¥¤kü�>{��ê�Ú, = 1

R
= 1

R1
+ 1

R2
+ · · ·+ 1

Rn
.
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-Delta-�äÚY -�ä�>{Xã 2¤«, eü��ä�m�>{÷v

r1 =
R12R13

R12 +R13 +R23

, r2 =
R12R23

R12 +R13 +R23

, r3 =
R13R23

R12 +R13 +R23

K¡�∆-YC�.

-ãG = (V (G), E(G)), Ù¥E(G) = (e1, e2, · · · , en). >D�ã´�ãG�>8E(G)¥�

z�^> eiÑk��D�¼êω∗ : E(G)→ R+, ¦�ω∗(ei) = yi, i = 1, 2, · · · , n.

�©��Äõ>/ó. -ãL(Q)´��k 2n + 3�o>/��5o>/ó (Xã 3(a)¤

«), �±ÏL3L(Q)�1 1, 3rd, 5th, · · · , (2n + 3)th�o>/þV\ 2k�º:��õ>/ó,

Ù¥ k ≥ 1� k ´��ê (Xã 3(b)¤«). Ïdùpk 2k + 1«V\º:��{, =3o>/

�º>V\ 0, 1, 2, · · · , 2k�º:, Ù{º:V\�Ó�o>/�.>þ. lù��ÝÑu, b

�1��õ>/L(Q)1Ú����õ>/L(Q)2´ÏL3º>V\ k�º:���, �e�n

�õ>/^ωi ∈ {0, 1, · · · , 2k} (i = 1, 2, · · · , n)L«. @o·��±^P (W )L«äkn + 2 �

õ>/Ún + 1�o>/�õ>/ó, Ù¥z�o>/�ü^²1>����õ>/k�^

ú�>�W = (ω1, ω2, · · · , ωn). ¹kωi 6= k�õ>/óP (W )¡� ”all − kink”ó. õ>/

óP (k, k, · · · , k︸ ︷︷ ︸
n

) ¡��5õ>/ó, ^LnL«. õ>/óP (0, 0, · · · , 0︸ ︷︷ ︸
n

) (�P (2k, 2k, · · · , 2k︸ ︷︷ ︸
n

) Ó

�)¡�Ú^õ>/ó, ^DnL«.

Figure 3. Add vertices to a linear quadrilateral chain to get a
polygonal chain

ã 3. 3�5o>/ó¥V\º:��õ>/ó

3 2014c, 
��ÚKlein [5]JÑ
S, T -Ó©É�N�Kirchhoff �I�'�½n, y²


äk��Kirchhoff�I�8�ó��8�ó, ¿�Ñäk��Kirchhoff�I�8�óAT

3 ”all − kink”ó¥.

3 2019c, 
��Ú��] [6]�x
äk��Kirchhoff�I�æ�Äó��5æ�Äó,


äk��Kirchhoff �I�æ�ÄóAT3 ”all − kink”ó¥.

3 2022c 6�, 
��Ú�©� [7]�x
äk��Kirchhoff �I� ”all− kink”8>/ó

��i/8>/ó, äk��Kirchhoff�I� ”all − kink”8>/ó�Ú^8>/ó.

3 2022c 9�, Ma Qi [8]3 arxivþuÙ
äk��Ú��Kirchhoff�I�l>/ó.
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3 2023c 1�, �©�Ú
�� [9]�x
äk��Ú��Kirchhoff�I�Ê>/ó.

3 2023c 6�, ÜXX [10]�x
äk��Kirchhoff�I� ”all − kink”æ�Äó, =Ú^

æ�Äó.

2. Ì�(J

-G1 ´���¹n �õ>/P1, P2, · · · , Pn Ún �o>/S1, S2, · · · , Sn �õ>/ó, Ù

¥ ci, di´o>/Si¥º>�º:, ei, fi´o>/Si¥.>�º:, i = 1, 2, · · · , n. -G2 ´

���¹n�õ>/P1, P2, · · · , PnÚn − 1�o>/S1, S2, · · · , Sn−1�õ>/ó, Ù¥ ci, di´o

>/Si¥º>�º:, ei, fi´o>/Si¥.>�º:, i = 1, 2, · · · , n − 1, �º:h ´õ>/P1

¥Ý� 2 �º:.

Figure 4. Polygonal chains G1 andG2

ã 4. õ>/óG1ÚG2

Ún 2.1. XJG1´��D�ã, �> dnfn��­� 1. -º: a´º: dn3õ>/Pn¥Ý

� 2��:, �º: b´º: a�,���:, @oΩG1
(c1, a) < ΩG1

(c1, b) (Xã 4(a)¤«).

y²: �
y²ΩG1
(c1, a) < ΩG1

(c1, b), ·�I�{zãG1. Äk^#�> c1d1O� c1d1�m

�´», ^#�> c1f1O� c1e1f1�m�´», �±����n�/�ä, Xã 5(a)¤«. ÏL∆-Y

C�, ·��±r§C¤��± p1�¥%� c1p1d1f1 Y - �ä, P��G
(1)
1 , Xã 5(b)¤«. Øä­

EþãÚ½, �ª�±�����G1�d�{z�äG
(2n−1)
1 , Xã 5(d)¤«. -> dnp2n−1��­

�x, > fnp2n−1��­� y, �âã 5(c) �ã 5(d)�∆-YC�, éN´�� 0 < x < 1, 0 < y < 1,

@ok

ΩG1
(c1, a) = Ω

G
(2n−1)
1

(c1, a) = Ω
G

(2n−1)
1

(c1, p2n−1) +
(x+ 1)(y + 2 + 2k)

x+ y + 3 + 2k
, (3)

ΩG1
(c1, b) = Ω

G
(2n−1)
1

(c1, b) = Ω
G

(2n−1)
1

(c1, p2n−1) +
(x+ 2)(y + 1 + 2k)

x+ y + 3 + 2k
. (4)

Ïd, dúª (3)Úúª (4)kΩG1
(c1, a)− ΩG1

(c1, b) = x−y−2k
x+y+3+2k

< 0.
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KΩG1
(c1, a) < ΩG1

(c1, b), y²�¤.

Figure 5. Steps for simplify the graph G1

ã 5. z{G1�Ú½

íØ 2.2. XJG1´��D�ã, �> dnfn��­� 1, -º: a´º: dn3õ>/Pn¥�

�:, �º: b´º: a�,���:, @oΩG1
(e1, a) < ΩG1

(e1, b).

y²: ΩG1
(e1, a) < ΩG1

(e1, b)�y²�Ún 2.1.�y²aq.

Ún 2.3. XJG2´��D�ã, �> dn−1fn−1��­� 1. -º: a´º: dn−13õ>

/Pn¥�Ý� 2��:, �º: b´º: a�,���:, éuV (P1) \ {c1, e1} ¥�?¿º:hÑ

kΩG2
(h, a) < ΩG2

(h, b) (Xã 4(b)¤«).

y²: ΩG2
(h, a) < ΩG2

(h, b)�y²�Ún 2.1.�y²aq.

Ún 2.4. [5] -S, T,A,B, u, v, x, y�½ÂXã 1.¤«, @o

Kf(S)−Kf(T ) =
[ΩA(u)− ΩA(v)][ΩB(y)− ΩB(x)]

2 + ΩA(u, v) + ΩB(x, y)
.

½n 2.5. 3¤k�¹n + 2�õ>/Ún + 1�o>/�õ>/ó¥, Ú^õ>/óDn

�Kirchhoff�I��.

y²: b�G(P )´ ”all − kink”ó, W = (ω1, ω2, · · · , ωn), Ù¥ωi 6= k, i = 1, 2, · · · , n,

�G(P )3¤kõ>/ó¥äk���Kirchhoff �I. 3Ø���5�cJe, -ω1 = 0. X

JG(P ) 6= Dn, @o�½�3���ê i, ¦�ωi = 0, �ωi+1 = 2k, 1 ≤ i ≤ n − 1. -o

>/Si ¥ uPi ÚPi+1 �m�º:� ci, di, ei, fi (Xã 6(a)¤«). -ãG´lG(P )¥íØ

> {cidi, eifi}¿V\ü^#> {cifi, diei}����ã (Xã 6(b)¤«), @oG(P )ÚG´S, T -Ó
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Figure 6. Graphs G(P ) and G in the proof of Theorem 2.5

ã 6. y²½n 2.5.¥�G(P )ÚG

©É�N. -AÚB´G − {cifi, diei}�ü�©þ, � ci, ei ∈ V (A), di, fi ∈ V (B). �e5òy

²Kf(G) < Kf(G(P )). dÚn 2.4., k

Kf(G(P ))−Kf(G) =
[ΩA(ci)− ΩA(ei)][ΩB(fi)− ΩB(di)]

2 + ΩA(ci, ei) + ΩB(di, fi)
, (5)

Äk'�ΩA(ci)ÚΩA(ei)���. -V (A) = (∪i−1j=1V (Pj) \ V (Sj)) ∪ (∪i−1j=1V (Sj) \ V (Pj+1) ∪
V (Pi).

(i) XJ y ∈ V (Pj) \ V (Sj), 1 ≤ j ≤ i − 1, �âGéÚ¿é5K, �±ò©þA{z�äk

õ>/Pj , Pj+1, · · · , PiÚo>/Sj , Sj+1, · · · , Si−1�D�õ>/ó (Xã 7(a)¤«). dÚn 2.3.

kΩA(y, ci) < ΩA(y, ei). Ïd∑
y∈∪i−1

j=1V (Pj)\V (Sj)

ΩA(y, ci) <
∑

y∈∪i−1
j=1V (Pj)\V (Sj)

ΩA(y, ei). (6)

(ii) XJ y ∈ V (Sj) \ V (Pj+1), 1 ≤ j ≤ i − 1, �âGéÚ¿é5K, �±ò©þA{z�äk

õ>/Pj+1, Pj+2, · · · , PiÚo>/Sj , Sj+1, · · · , Si−1�D�õ>/ó (Xã 7(b)¤«). dÚn 2.3.

kΩA(y, ci) < ΩA(y, ei). Ïd∑
y∈∪i−1

j=1V (Sj)\V (Pj+1)

ΩA(y, ci) <
∑

y∈∪i−1
j=1V (Sj)\V (Pj+1)

ΩA(y, ei). (7)
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Figure 7. Three classes of vertices in the component A

ã 7. ©|A¥�naº:

(iii) XJ y ∈ V (Pi), �âGéÚ¿é5K, �±ò©þA{z�õ>/Pi (Xã 7(c)¤«).

- di−1fi−1 = t (0 < t < 1), Ù¦>��­Ñ� 1. k

∑
y∈V (Pi)

ΩA(y, ci) =
2k + t+ 2

2k + t+ 3
+

(t+ 1)(2k + 2)

2k + t+ 3
+

(t+ 2)(2k + 1)

2k + t+ 3
+ · · ·

+
(t+ 2k + 1) · 2

2k + t+ 3
+

2k + t+ 2

2k + t+ 3
,

∑
y∈V (Pi)

ΩA(y, ei) =
2k + t+ 2

2k + t+ 3
+

2 · (t+ 2k + 1)

2k + t+ 3
+

(t+ 2)(2k + 1)

2k + t+ 3
+ · · ·

+
(t+ 2k + 1) · 2

2k + t+ 3
+

2k + t+ 2

2k + t+ 3
.

∑
y∈V (Pi)

ΩA(y, ci)−
∑

y∈V (Pi)

ΩA(y, ei) =
(t+ 1)(2k + 2)

2k + t+ 3
− 2 · (t+ 2k + 1)

2k + t+ 3

=
2k(t− 1)

2k + t+ 3
< 0.

Ïd ∑
y∈V (Pi)

ΩA(y, ci) <
∑

y∈V (Pi)

ΩA(y, ei). (8)
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�âúª (6) -úª (8), �±��ΩA(ci) < ΩA(ei). �þ¡�?Øaq, �±��ΩB(fi) <

ΩB(di), KKf(G) < Kf(G(P )). du3¤kõ>/ó¥, G(P )�Kirchhoff �I��, �3g

ñ. ÏdG(P ) = Dn, y²�¤.

½n 2.6. -P (W )´���¹n + 2�õ>/Ún + 1�o>/�õ>/ó, Ù¥W =

(ω1, ω2, · · · , ωn). XJ�3,
�ê i ∈ {1, 2, · · · , n},¦�ωi 6= k,@o-W
′

= (ω1, · · · , ωi−1, k, 2k−
ωi+1, · · · , 2k − ωn), kKf(P (W )) < Kf(P (W

′
).

y²: Ï�ωi 6= k, ¤±-ωi = 2k (Ù¦�¹y²aq). -º:w, u, v, x, y3õ>/Pi¥Xã

8(a)¤«©Ù, Ù¥u, x ©O´ (k)th, (k + 1)th3õ>/Piº>þ�\�#º:. íØ> {ux, vy}
¿V\> {uy, vx}�, ��W

′
= (ω1, · · · , ωi−1, k, 2k − ωi+1, · · · , 2k − ωn) ( k > 1 )Xã 8(b)¤«.

P (W )ÚP (W )
′
´S, T -Ó©É�N, -AÚB´P (W )

′ − {uy, vx}�ü�©þ, �u, v ∈ V (A),

x, y ∈ V (B). k

Kf(P (W ))−Kf(P (W )
′
) =

[ΩA(u)− ΩA(v)][ΩB(y)− ΩB(x)]

2 + ΩA(u, v) + ΩB(x, y)
. (9)

Figure 8. Graphs P (W ) and P (W
′
) in the proof of Theorem 2.6

ã 8. y²½n 2.6.¥�P (W )ÚP (W
′
)

Äk�Ä©þA¥ΩA(u)ÚΩA(v)���.

(i) -V 1 = (∪i−1j=1V (Pj)) ∪ (∪i−1j=1V (Sj)) \ {v} (1 < i < n), éV 1¥�?¿º: γ (=©þA¥

Øu, vÚw�u�´»þ#�\�º:	�¤kº:), k

ΩA(u, γ) = ΩA(u,w) + ΩA(w, γ) = k + ΩA(w, γ).
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�âG¿é�n, �±�� 0 < ΩA(w, v) < 1,

ΩA(v, γ) ≤ ΩA(v, w) + ΩA(w, γ) < 1 + ΩA(w, γ).

Ïd, ∑
γ∈V 1

ΩA(u, γ)−
∑
γ∈V 1

ΩA(v, γ) =
∑
γ∈V 1

(ΩA(u, γ)− ΩA(v, γ))

>
∑
γ∈V 1

(k + ΩA(w, γ)− (1 + ΩA(w, γ)))

=[(i− 1)(2k + 4) + 1](k − 1). (10)

(ii) -V 2 = V (A) \ ((∪i−1j=1V (Pj)) ∪ (∪i−1j=1V (Sj)) ∪ {u}), éV 2¥�?¿º: γ (=lw�u�

´»þ¤k#�\�º:), -ΩA(v, w) = t (0 < t < 1), k∑
γ∈V 2

ΩA(u, γ) = (k − 1) + (k − 2) + · · ·+ 3 + 2 + 1,

Ù¥�k k − 1�.∑
γ∈V 2

ΩA(v, γ) = (1 + t) + (2 + t) + · · ·+ (k − 3 + t) + (k − 2 + t) + (k − 1 + t).

Ïd, ∑
γ∈V 2

ΩA(u, γ)−
∑
γ∈V 2

ΩA(v, γ) = −(k − 1)t. (11)

dúª (10) -úª (11), k

ΩA(u)− ΩA(v) =
∑

γ∈V (A)

ΩA(u, γ)−
∑

γ∈V (A)

ΩA(v, γ)

=
∑

γ∈V (A)\{u,v}

(ΩA(u, γ)− ΩA(v, γ)) =
∑

γ∈V 1∪V 2

(ΩA(u, γ)− ΩA(v, γ))

=
∑
γ∈V 1

(ΩA(u, γ)− ΩA(v, γ)) +
∑
γ∈V 2

(ΩA(u, γ)− ΩA(v, γ))

= [(i− 1)(2k + 4) + 1](k − 1)− (k − 1)t

= [((i− 1)(2k + 4) + 1)− t](k − 1) > 0.

�þ¡�?Øaq, �±��ΩB(y)− ΩB(x) < 0. ÏdKf(P (W )) < Kf(P (W
′
)), y²�¤.

ÏL½n 2.6.�y²��, XJP (W )Ø´�5õ>/ó, @ozl ”all − kink”õ>/ó
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¥ ”reverse kink”�g, P (W
′
)�Kirchhoff �IÑ¬O\, Øä­E ”reverse kink”ö�, �

ª�±�����5õ>/ó. Ïd, �5õ>/ó�Kirchhoff�I¬����, K�±���

�Xe½n.

½n 2.7. 3¤k�¹n + 2�õ>/Ún + 1�o>/�õ>/ó¥, �5õ>/óLn

�Kirchhoff�I��.

3. o(

�©|^>�ä�IOEâÚS, T -Ó©É�N�Kirchhoff�I�'�(J�x
3¤k�

¹n+ 2�õ>/Ún+ 1�o>/�õ>/ó¥, Ú^õ>/óDn�Kirchhoff�I��, �5

õ>/óLn�Kirchhoff�I��. � k = 1�, õ>/ó�æ�Äó, Kd(Jí2

���

< [6]±9ÜXX [10]�x�ÄuKirchhoff�I�4�æ�Äó�(J.

Ä7�8

I[g,�ÆÄ7(No.12361072); 2023#õ�Æ�g£«g,�ÆÄ7¡þ�8(2023D01A36)

Ú2023#õ�Æ�g£«g,�ÆÄ7�c�8(2023D01B48); 2021 #õ�Æ�g£«g,�Æ

Ä7éÜ�8(2021D01C078); 2023#õ�Æ�g£«ïÄ)°¬��85Ä��ê6; 2022#õ

���Æ�ÆM#ìè�8.
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