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Abstract

In high-dimensional data analysis, LASSO occupies a very important position. For data becoming
more and more complicated, LASSO regression is not very suitable for some relevant high-dimen-
sional data analysis. Some of the extended analysis methods are produced, such as adaptive Elastic
Net and other high-dimensional data analysis methods. Elastic Net is obtained by combining non-
convex penalty and ridge regression methods on the basis of LASSO’s method of thinking. Adaptive
Elastic Net, etc., based on Elastic Net's method of thinking, uses different data characteristics to
improve the penalty function, and continuously corrects the sparsity and overfitting problem. The
article mainly introduces Elastic Net, Adaptive Elastic Net, Weight Elastic Net and makes a simple
comparison of several methods through practical examples.
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1. JL# EN B9¥tie
1.1. &8 | ASSO

Bt 4EBOE R R MR R, Tibshirani (1996)32 %) Frank (1993)#2 Hiff) bridge regression Al Breiman
(1995)#2 Hi 17 non-negative garrote JBAE)H &, $EH T LASSO (least absolute shrinkage and selection operator)
AR IEPE T . Non-negative garrote LbIAhFAEEF IR TR ZE /N, 1 H 24 BH RECP AR 2 8/
AEZ ZHF, non-negative garrote J5 72t L ridge regression HIFRIMNR % /N, Non-negative garrote 75 V48
IR ARG RER, B2 EEHTSEMN IR 2 B OLS fiHE A5 Ak, LASSO J7
VEBE S T BT OLS Al thame SR B S T 520, Fir DA LASSO 15 T 7F 4k B A Sk B mAS 2 7T 2 N H
ZJatH ALASSO. RLASSO. GLASSO %% “fifk” Ja ) LASSO J5ikfieth, LASSO fliitiE X Jy:

2
,B,asso = argmin{_zn:[yi —Zp:ﬁj xijj ],stzp:|ﬂj| <A 1)
i=1 j=1 j=1
Horh >0 RIETISH, o] LLHSRIE S S50 R4 i . JEFRE 40 A4 T DUES — L[5 R 46 /N R T
0, HATHHE w4l R Re IR G AL, AN ZESRBLTHRE B i ok o

LASSO 4k7k | non-negative garrote [¥7E7% & L4577 AL R EST, RIS oG8 7HE S, 25
Bradley Efron S5 i 18/ [B] A (LARS) 532 X i ik 17 LASSO i 5 il i, {45 LASOO £ i 4k % 4fs
AR AR N 1] AR (AAEAE L LR TS U, LASSO HIRCRAN IS (|l U=, fir LLZE
BB H, S 1 AT LASSO AHAL, BB 3EAT A2 &1k 48 (n] AR 1) FoT 0 K0 U0 ) A se 4 (95 Lt FEADL &)
f*) EN (Elastic Net), i H. EN i & DLZH % 20 A\ B0 0k B Y, 3 — SR ARt T LS A T BB U b 22
BA E[2].
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1.2. EN f&3t

Zou 554 T Elastic Net J735[3], HULH] 7 EHA LM BRI ik EN RS0 T LASSO, &4k
Hdh v P AR B B B ILAAE[4]. LASSO 73 BT CE XA 2 AN AR AR B (I, x4 HEOREE —
A, 1M EN é\éﬁm% EN F1 LASSO —Ff, % 7T NEN (Naive Elastic Net)[f) 248, e 7 04[] )9 An
LASSO [HIH[5], #idiRA iz, HREXNTRIN:

3(6)= MSE(9)+raZ|0i|+%aZn: 0 @

Mr=0/, EN FiESEEIAAFERFER:; Hr=18, EN 575 LASSO FikFFER. NEN
JFE AT LA 2 AR B (A e A IR A A IR, ek T LASSO FEEF AT IR AR B IR BRI R ST, B
ZEE T IR Bl AR A B 2R AR B n) @ AR A, EN AT e XN

&N=MWW{Z[M ZﬁXJ-hﬂwm%%MWJ ®)

=1

2 p ) p
s o =3 AL = SA

AR 2, MPRIZ R $, 24 4, = 0 B /2 LASSO 1, A4, = Ot AU I, a5 LA o
L s
AR PR AR RO . A5 A | B, RE BB, A A AR B R B s 4, | A7 v A
FSRARE, B SBT3 LT LA B3 2 R 1 W4
H 1.

1.3. AEN {3t

E-%F LASSO i+ 7E L8155 T A AR, Zou F 2006 4F4&H 7 B4 Oracle Y47 (1) Adaptive
LASSO J7i£[6] [7] [8], fRAFIIZEFI T LASSO (AN E « AEN %5548 S L 2RV (1 PE R 7E Cox #5541 1R UF
(A I, R 5EAH JCAR A3 2 R A THRBOHE R, X2 23 T EN 4R £4, {H Elastic Net ff1F 4~ B4 Oracle
£, 1M Zou F1 Zhang 7E Elastic Net 15t I, 454 Adaptive LASSO 1) Oracle P45, Ryt £ 7% 1]
Y IR, B2 T B Oracle 45 i) Adaptive Elastic Net (Adaptive LASSO & Elastic Net) 75 #:[9], X R ],
M HE AR B Oracle P45 I 15 BHIE B AL E SR A3 Y, AEN fili T g SUA

~ p p
ﬂAEN=argmin[z(y. S, ] wzamwzﬂf} @
i=1 k=1 k=1
308 6 = (|Be)
EN F1 AEN #Ffe fié@ﬂ%ﬁl‘ﬂﬂﬁ, {H R AEIB BB B NI, AEN RIS BT EN, #H
N FEF M STEINE 3 —
1.4. WEN {3t

RAERIR W AR Z AR, HIXSRE N A BRI R, FRTELERE TH—A
I, SRIMXTTREHN S, TFEAEN R EZER AL E, BRI R ARG EZENH, saEdth
BRI RCUEL RIS, £ — TR LD LASSO H ki BE 55 [10], BEES A7
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HEE E

T f B AR B T R T S m AL, B4 WEN (weight Elastic Net)ml /(R IF 4R 210 7k 240 etk
By Fan A1 Li #2 H44E 57 8 %0 SCAD (smoothly clipped absolute deviation)#! MCP (minimax concave
penalty) 5t R IF I, SCAD flit 2% F A5 Vr 2 HAR I B P (Ebfn oracle £ 57), 1 WEN o 32 5405 (1)l
s& SCAD 5 EN (1454 Snet L MCP 5 EN {1454 Mnet.

1.4.1. Snet

SCAD %5 &I [a AT LASSO [aH [ B AR,  Zeng A1 Xie $2 H 2470 &AH B AH 5% HL#S -5 i v A% & ol 4 4%
ZE R ARSI, BT LUK AR B N R — AR T L RME S, Hd e DUR 5 3R 7E CRAE AR R 5 14 o
) [ P R/ TN 22 [11],  SCAD W] LAfiR # LASSO 17550 T £ 517 B o) Jt,  HeAdi A SO

2
-~ n p p P
Psve =argmin{2[yi -2 ﬂinjJ +2 f;,c;\D (ﬁj)+1zz By (5)
i=1 j=1 j=1 j=1
Hoha>2, %R SCAD MHA
SCAD _ _ﬂ2—23/1|ﬂ|+12
fou (B)= —Z(a—l) , /IS|,B|<aA (6)
(a+1)4%/2, other
1.4.2. Mnet
Mnet A1 Snet 12 7a] BAEARML,  DASR{t—Fh A1) pr B R A B i 4R K0dls b A v BEAH K , Minet
it SON:

n

2
~ p p
ﬁmnet = argmin{Z[yi _Z ﬂj Xij} + 2 f}:/!gl’ (
j=1 j=1

i=1

Bl 2aX s ™

Hr MCP E3H
2
/119—6—, 0<al
e (o)=1 % ®
A gsa
2
MR A, SIS T S50 8] < ad I [ BHK, Ly AU []> ad BT, Ly

AR, WA TR XS N R B, K G AA  RR R T A
2. BB RS

TESEBRI B AT T, AR A MRS R 2, AR 5 0] 2 IR 2 H IRt 2 5 38 B A 15 100
Cox FARUE RN — R SRR RAE A AR E N LR 2, BRSO R R G, HAES %
MR T R . RN R & B AP A, Cox BERLAEAEA7 A — BELAS 2R S0 B 9iE, BT LAIX 5 TH]
HIREFOR R 22, A SCHF R st A R B “smart” g 3547 Cox @A T, I8 &7 JUMAS [ ) v 4
BRI BN 25 BT ELR, 08 H X LR A EE 7710 5 7] o
2.1, RERIGEN

Smart P42 F 3873 MWIIME . 29 NMERMHIELE, BT 27 NMEE, 1A E, 14 g R
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BRI, SEX (5 =1, & =2). SMOKING(MA = never, LAHT = former, FL{E = current).
ALCHOHL (MAS = never, ARl = former, FILfE = current). BMI (8 %%%). DIABETES (IfiLJE)&5Ar &,
KTHIE VRS B rT 0L R BB 7 P [12]

TEXT B IEAT A AE AT, Cox B8 XSS ASE 28 m (R R 280 ik T H A 4 17 ey B i s R B 20 1 0702
‘B AN 2 RS A (B 5 A AR 45 R, AR ZOR S BAS R A B ST, B AR SN BN TREAC R 6
T e SRAHOG . AMEARRIAEAETERL, Cox U R R F A& H - Tibshirani (1997): LASSO J7i%
JSLHI TR A7 20 B B Cox A AY b EAT A S £ S R4, 15 MR A5 (201.2) EE A Cox R IS £ 11 5 T LASSO
) Cox #2FlI Elastic Net [ J5 2], FHdid AR 4Dl L AE 7 =P iint T/INEEA . 4 fE L 58AH ¢ R A A 28R
SN, R T AE T Cox AALAN Elastic Net BIRZEAAE /B S, FEBIF 70 AR A7 I TR) 0] B AR B8 1)
MRS, Cox 1 ttfﬁﬂf@ﬁﬁ*ﬁﬂ@,ﬁﬂﬁ\ﬁiﬁ%ho(t)e”TZ,h(t|z)xEé§iiﬁ%E t FRISE R R E,  hy 25T
RIGEMRLBRRE, (B, 8,) REERE KRR,
] m eij“)ﬂ

(:B) HZjERieijﬁ

R AR B R R R BRI O, FRIPE R RECRI “PR4E” Mg R, 28 REESE N 0 I
HASTHERS A 0 BIMEEEA 1, WIRRRE AR B A MBI 2 A0 i A SR BB h LU/ ) SR B A THE B
WHENO, XK LR EG 7B,  H ARG 1) R A R T2 5 T

2.2. EN #1 AEN 753%

©)

22.1. HEE

2L (Nomo gram) = 252 DUAR & [ R B/ HE PR britk, 4584 B2 & &R EUE K — /NP
4%, HIREIIE X S ) AR B gh o] DA B — NSRG4, Bt AnGh B A M2 g AT 0 LE sl B8 1 5 OB
Mg R MR . EIRIEH, IR IERATES LR 3-fold CV #6548, 754 5K k-fold CV %>, wf
DRI SCI0 HO0E SR 45 3 728 IR UF A NS e, 3l A2 10 SR iy L v A3 S AR O A W (5 — 2
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Figure 1. Norman diagram of EN
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Figure 2. Norman diagram of AEN
& 2. AEN A S i 2 E

RS RN EN AT AEN 2957 (1018 2 IO 1. 18] 2) 4 B aT DURE, EN 590K 2 i 27 NS Bk
BF| T 5 NAGE, AAA, CREAT, IMT, ALBUMIN), AEN J7 NP AR B/ 3 T 6 NS, 5 1) 44k
RORHERR L35 . R4 2 AT Rl “WIEE” — MR 455r, il AGE = 45, AAA =15, CREAT = 400,
IMT =2.5, ALBUMIN =2, HBAZEEES KL N 117 4y, 2 S5 AR EZ N 87%, AEN it & &
W EHE . 2 EUE 5K TR, R IIMEXS B R AR AT P4y, FERE R B ZR G VT 7 0] B 1 A A7 M
B, XAE R R TR E U A A
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Figure 3. Survival analysis chart of EN

# 3. EN FERNEEFESE

22.2. #3537 Cox {R&

S 2 Bk A B ST Cox ZEAERR, IR IR 3 FIA 4.

TEPFEZ T, 2R (SEX = 2)#iE = T3 (i 2R (SEX = 1), i B e MR R 5 00 A7
WHIREZR TR, AT R B B R B THAE a1 1 FTR
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Figure 4. Survival analysis chart of AEN
4. AEN FFEREF o E
Table 1. Model coefficients corresponding to EN and AEN
= 1. EN #1 AEN Xt R RO1RE R
EN exp (coef) se (coef) AEN Exp (coef) se (coef)
AGE 1.0345341 0.0054041 AGE 1.033197 0.005492
AAA 1.7992594 0.1130432 AAA 1.865128 0.114153
CREAT 1.0019975 0.0003894 STENOSIS 1.339386 0.104096
IMT 1.7948385 0.1230567 HDL 0.615617 0.14583
ALBUMIN 1.4853492 0.082036 IMT 1.558151 0.13202
ALBUMIN 1.678384 0.074117

FERPEEEBEXPIRE, 7GR E AAA MRBIE RN T ETRK, BAEE AAAFEX
U MR 4 R

2.3. Snet F1 Mnet 3%

EHeE

5 EN. AEN [A2, Snet. Mnet #32IFr7r )i 2 BI(WE 5. &1 6): Snet A1 Mnet 1531 1) 45 SR ARL,
Snet J7 4R L i J5 A9 B (AL B8 Mnet 77722, XA R] DU IS V) 1045 2125 A VE5r, T 22 BG4
SBRAE L. Snet 443 F] 19 NEEL, Mnet &3 31 18 N &, MR IR & EKIAE AAA,
Snet FI Mnet X P Fl 71— SR/ — R, 278 BORIASEI0 E04# n) DLRNTE 7E 52 iz F 4 Snet 22 58
Al — s, H. Snet i@ M IIEHLE 2, IEMN RN .

BRI RS R I 2 fon, WTUEHAE AAA I R KRR ZEZE IMT, XA EN I
AEN LIS AL Snet FikRAE AT R EL EN. AEN L2 R%L, H 86 (g ol ws & 41
K, OKB| T REAER)H I, BTLL Snet J7ik RN e FRACIE A (ORI L, AT AR 1L & G L L, 2R
T — P AR T 7
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Figure 5. Norman diagram of Snet method
5. Snet 73 ARIIE R E
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Figure 6. Norman diagram of Mnet method
6. Mnet 75 3EH01E 2 [E
Table 2. Model coefficients corresponding to Snet and Mnet
5% 2. Snet 1 Mnet Xtz 9HERY R
Shet Exp (coef) se (coef) Mnet exp (coef) se (coef)
SEX 0.836104 0.139971 SEX 0.829289 0.138925
AGE 1.03044 0.00579 AGE 1.030199 0.005769
CEREBRAL 1.313872 0.125713 CEREBRAL 1.313396 0.125684
CARDIAC 1.432419 0.109455 CARDIAC 1.422217 0.108412
AAA 2.011532 0.121689 AAA 2.018208 0.121479
PERIPH 1.309684 0.115444 PERIPH 1.299256 0.11422
STENOSIS 1.212051 0.117457 STENOSIS 1.205186 0.116837
DOI: 10.12677/sa.2021.102018 190 St 5N


https://doi.org/10.12677/sa.2021.102018

Continued

DIASTBP 1.002423 0.005078 SYSTH 1.002981 0.002232
SYSTH 1.002625 0.002354 HDL 0.680314 0.15758
HDL 0.676136 0.158176 LDL 1.056917 0.04819
LDL 1.054776 0.048391 WEIGHT 0.990172 0.00419
WEIGHT 0.98991 0.004226 HOMOC 0.997983 0.003428
HOMOC 0.997986 0.003427 GLUT 1.050039 0.020727
GLUT 1.049795 0.020738 CREAT 1.002003 0.000406
CREAT 1.002012 0.000406 IMT 1.501722 0.137137
IMT 1.508739 0.137637 ALBUMIN 1.399052 0.085163
ALBUMIN 1.392327 0.085744 ALCOHOL 0.935767 0.05928
ALCOHOL 0.936229 0.059276 PACKYRS 1.004874 0.00228

PACKYRS 1.004885 0.00228

3. BESWTE

BB K EEAT M AT A, e e A v D HLA K R B R R B AR RHE AR &, AT
SR RAR KPR, TR0 480 iR B i 5K, LASSO R4S GBI AR % 8155 T 2 bk
HAFRIR %, A GBS, FENG T UL EN KO Z R4 E L, - F s
(SR EAE AR A O ) LR 7 i B O R R, TS [ ARG 36 75 25 068 3K 0 b 4 40 240 i 5 92 (10 45 SR LE
RO RAREIE 3 ML ER:

Table 3. Three test results of four dimensionality reduction methods
2 3. MR AE S EN =MRINER

EN AEN Snet Mnet

Likelihood ratio test 222.8 2232 273.2 273
Wald test 253.3 237.2 304.1 304.8
Score (logrank) test 290.8 257.4 347.3 347.3
Concordance 0.675 0.677 0.691 0.691

=R G0 A 45 R UL Snet A Mnet (LA ROR ELALLF,  IXANZ AT A 45 RAEI — 2, k2 E AEN
Jiik, Bnsk EN Jiik. — SR RAE Y R TINVE R, DOE AT LERL R — B “ TR RE
RIS S AE 0.5~1 Z[A], SRIMTAESE B B Hh e v () — S PE R ARMEA 210, B BLIX B 0.691 Tl 1 i
{E AT AR TN L BB IR B o AN SO J LR AE R T A BB, A SAE Cox AEAF AR kit 1Y,
TR LASSO R AMIAS SR FE 5 A1) 25 2 et KO RGBT T2 L 2200, H H AT TPl PR 2E 0 05 18
o QUM AR B ) AR R Y PP A T N S AR TR D AR, X AT DU R T A T
52 e e o ik e S

&E 3k

[1] Noah, S., Jerome, F., Trevor, H. and Rob, T. (2011) Regularization Paths for Cox’s Proportional Hazards Model via
Coordinate Descent. Journal of Statistical Software, 39, 1-13. https://doi.org/10.18637/js5.v039.i05

DOI: 10.12677/5a.2021.102018 191

Yot 15


https://doi.org/10.12677/sa.2021.102018
https://doi.org/10.18637/jss.v039.i05

[2]

(3]
(4]

(5]
(6]
[7]

(8]
(9]

[10]
[11]

[12]

Zou, H. and Hastie, T. (2005) Regularization and Variable Selection via the Elastic Net. Journal of the Royal Statistic-
al Society: Series B (Statistical Methodology), 67, 301-320. https://doi.org/10.1111/j.1467-9868.2005.00503.x

R, KAKE, EHZE. sl B ER SR iS5 9eE, 2019, 35(2): 13-16.

Zhang, H.H. and Lu, W.B. (2007) Adaptive Lasso for Cox’s Proportional Hazards Model. Biometrika, 94, 691-703.
https://doi.org/10.1093/biomet/asm037

Zou, H. (2006) The Adaptive Lasso and Its Oracle Properties. Journal of the American Statistical Association, 101,
1418-1429. https://doi.org/10.1198/016214506000000735

Huang, J., Ma, S.G. and Zhang, C.H. (2006) Adaptive LASSO for Sparse High-Dimensional Regression. Statistica Si-
nica, 18, 1603-1618.

Simon, N., Friedman, J.H., Hastie, T. and Tibshirani, R. (2011) Regularization Paths for Cox’s Proportional Hazards
Model via Coordinate Descent. Journal of Statistical Software, 39, 1-13. https://doi.org/10.18637/jss.v039.i05

UL, T DL Cox LAY R A 2R AR R A SR BR 0], B BE 4R &, 2012, 25(6): 711-713.

FHr R, HL, Bt Adaptive Elastic Net J5i%:7E Cox Bz AR B B (R 5L [I]. U K22 223 (E SR B ER),
2017, 39(9): 88-94.

FINEGR, FZ, £ LASSO Jrikft Cox [IJARER M []. H E LAZEit, 2012, 29(1): 58-60+64.

Fan, J.Q. and Li, R.Z. (2001) Variable Selection via Nonconcave Penalized Likelihood and Its Oracle Properties.
Journal of the American Statistical Association, 96, 1348-1360. https://doi.org/10.1198/016214501753382273

The R Project for Statistical Computing. https://www.r-project.org/

DOI: 10.12677/5a.2021.102018 192 Gt 58


https://doi.org/10.12677/sa.2021.102018
https://doi.org/10.1111/j.1467-9868.2005.00503.x
https://doi.org/10.1093/biomet/asm037
https://doi.org/10.1198/016214506000000735
https://doi.org/10.18637/jss.v039.i05
https://doi.org/10.1198/016214501753382273
https://www.r-project.org/

	高维数据在Cox回归模型中的自变量选择
	摘  要
	关键词
	Independent Variable Selection of High-Dimensional Data in Cox Regression Model
	Abstract
	Keywords
	1. 几种EN的讨论
	1.1. 经典LASSO
	1.2. EN估计
	1.3. AEN估计
	1.4. WEN估计
	1.4.1. Snet
	1.4.2. Mnet


	2. 数据分析试验
	2.1. 模型结构
	2.2. EN和AEN方法
	2.2.1. 诺曼图
	2.2.2. 建立Cox模型

	2.3. Snet和Mnet方法
	诺曼图


	3. 总结与讨论
	参考文献



