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Abstract

In this paper, by analyzing the linear approximation system of the model at the equilibrium point,
we first find that the model has a unique positive equilibrium point under some conditions. When
the given model has positive equilibrium point, the closed orbit of the system in the first quadrant
is obtained via Bendixson-Dulac theorem. By using the Liénard transformation and the unique-
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ness theorem of Zhang Zhifen, the existence and uniqueness of the limit cycle of the system is ob-
tained. Finally, four numerical simulations of the model are given to illustrate the validity of our
results by using Mathematica software.
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FTBL Ly 2 VI EZ, RG@)LB AT AT L. FEEZ
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F (x):$(1+ x*)(a=bx“ —cx** —h(x)),

JITL:

, 1
f(x)=F'(x)=—5[ax® —a—bx“" —abx“"? + bx“ — abx" +cx** - 200%™ — cx**?
X

—2acx?* —ex**? = 2aex** — x°h'(x) = xh'(x) = x*h (x) + h (x).

M :

' 2 2
[i] mM = (a;x2 —d )[2a — a®bx* — 2bX* —3abx® — a?bx* % + abx® 2

—4aex* Tt — A ox* T 4 2aex7 7 = 207 — Bacx’” + 2m[a—ax’

a+2 a+2 2a+2

+20[a—ax? —bx* +bx**? + abx® + abx“*? —cx** + cx***? + 2acx*

+ 20" + (X’ —d)[—xzh"(x)— h"(x)—4xh’(x) - 2h(x) ]
+2a)[xh’(x)+ x*h'(x)—h(x)+ xzh(x)]
=A +A,.
Hor,
A, =<a)x2 —d)[—xzh”(x)—h”(x)—4xh’(x)—2h(x)]+2a)[xh'(x)+x3h’(x)—h(x)+ xzh(x)],

A = (cox2 -d )[Za —a’bx” —2bx” —3abx” — a’bx“ 7 + abx*? — da’cx**?

a+2

AP ex?? + 200X 2 — 20X — Bacx™ ] + Zm[a —ax? —bx“ +bx

a+2 20+2 2042

+ abXx® + abx®*? — cx®® +cx?%*? + 2acx®® + 2acx

= Zw(a - agj +a’bdx® + 2bdx® + 3abdx® + a?bdx*? — abdx®? — a®bwx*
(0]

a+2 a+2 2a-2 2a-2

+4a2cdx®*? + Ao’ cdx®® — 2acdx

2a+2

— a’bwx? = 2bwx”® + 3abwx® — abwx
20+2

+2¢dx?® + 6acdx® — da’cwx®® —dalcax®*? — 2cwx?® +Bacwx*® —2acwx**?,

EEP>O&X§Z£, ﬁ
(0]

A, < Za){—b[a—l+(a +1) xﬂxg‘ —C[Za—l+(2a +1) xg]xg" —(xg +1) %h' (%)

-(x;-1)h (xo)} +a”bdx” +2bdx” + 3abdx* + ar*bdx* "> — abdx*? — a*bewx”

a+2 a+2 20-2 20-2

+4a2cdx®*? + da’cdx®® — 2acdx

2042

— a’bwx®? = 2bwx® + 3abwx® — abwx

2a+2

+2¢dx?* + 6acdx®® — da’cawx?®® — datcwx®? — 2cwx®® + 6acwx®® — 2acwX

=8, (x)+ 8, (x)+ 20 = (% +1) %" (%)~ (% ~1)h (%) ],

5
=

S, (X) = 20{-b[ @1+ (a+1) X | x5 |+ c[ 4a’d? + 4 dh* — 200h* 2

—aix®? — @?wx% — a2 wx*? = 2X% + 3awx® — awx*? ] ,

S, (X) =2ws,(x),
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— XX =3axiX* + 207 X7 + 222X+ axP U+ X = 3ax*.

?éi+ﬁﬂ?§fsl(xo):0, S{(XO)ZO, EO(ZZ%D%’IX>XOW’, Sl'(X)ZO: %0<X<XOH\T, SI(X)SO, Bt
51(x) 25, (%) =0.5,(x) <5, (x) =0,
IEJIEEI?%SZ(X)SSZ(XO)ZOO H

A, < Zw[—(xg +1) xoh'(xo)—(x§ —1)h(x0)]

E5)3
(é] mw< 2a)[—(x§ +1) %0 (%) = (% —1)h(x0)]
+(a)x2 —d)[—x h"(x)—h"(x)—4xh’(x) - 2h(x) ]
+2a)[xh'(x)+x3h'(x)—h(x)+ xzh(x)]

W(x):Zw[—(xg+1>x0h’(x0)—(x§ —1)h(x0)]+(a)x2—d)[—xzh”(x)—h”(x)—4xh'(x)—2h(x)}
+2w[xh'(x)+x3h'(x)—h(x)+x2h(x)].
W' (x)=0(x* =5 )[ -x*h (x) - h® (x) - 61" (x) - 630" (x) |
BT (x)20, n=123, x>0. FFAY x> x M, W(x)<0; 20<x<x i, W(x)=0, Mifi4
O<x<+o i}, &

(ij'mM<w(x)<w(xo)=o,

g X

ﬁw%é)w,ma@zﬂﬁeﬁﬁﬁ,mﬁo

S R R A RTHEBRBRA 72 e 47 7T LU o R B A 2 S (0 R T, [RERT B

13 R 2518
Ll R4
2,,m
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dt 1+x
dy ekx’
Y _ vl g
dt y[ +1+x2]
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Figure 1. Boundary equilibrium point E asymptotic stable phase diagram
E 1. AR FEES E i EEE
%2*41‘%%:;&1&:10, b:ly C:%’ d=2’ e:l, m=1, k=37 a=47 h(X)=0,ﬂ:%ﬁa)=l>0,

=V2, Ha>bx +ox“ +h(x ) P<0, WL REZE(3) M A — G- HH & WA [ 439 T IR T
Eﬂﬁm R (V2,122 ) (1fE 2 %)

5% 3 FifENL: Ma=16, b=025, ¢=025, d=1, e=05, m=1, k=3, a=2, h(x)=0, T
Rt o=ek-d=05>0, % =2, Ha>bxi +o*+h(x), P>0, HEHCRFEKIVIE, REG)HLTLE

T 41 P, [ﬁ#} By 1 7 2 T — B AR B DR (A ) 3 ).

%4%*‘[‘%‘:%: Ela=30, b:%y C:%y dzly €=0.5, m=17 k:3’ a=27 h(X):%Xgay %:/TEE

Hwo=05>0, %=v2, Ha>bx!+cx?+h(x), P>0, BERCREMVIME, R 5 (3)E LT A
PO(\/E,42x/§) F 71 ] A7 P — A AR SR F (B 1] 4 )
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limit ring of the point
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Figure 4. Unique phase diagram of the limit ring outside the positive equi-
librium point P,
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