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�b �

Abstract

Let PC(R) ⊆ W ⊆ BC(R) where PC(R) and BC(R) is the class of C-projective and Bass

class related to semidualizing module, respectively. In this paper, we discuss the

property of Gorenstein category GC(W), and it is proved that GC(W) is projectively

resolving.
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1. Úó

�éÓN�êAO´ Gorenstein ÓN�ê��É�Æö��2�'5. �
?�Ú£ã

Gorenstein ÓN�ê3���þ��^, Bravo 3©z [1]¥Ú\
 level ��Vg,§´²"��

í2,U
Ú\
 Gorenstein AC-Ý���Vg.�dÓ�,éó��Vg3���êÚ�êAÛ

+�kX­���^,�´�3^��é5`����.��éó��í2,�éó�Cc5�É

�éõÆö��à. 3��ìA� R þ, Foxby, Golod Õá/mM
k'�éó��ïÄ. 3©

z [2]¥, Holm ÚWhite r�éó��Vgí2����(Ü�þ,�� C-²", C-Ý�, C-S�V

g,¿^§�5ïÄ Auslander aÚ Bass a. 2010 cWhite 3©z [3]¥,ïÄ
��éó��'

Gorenstein �Æ, ¨Ú\
 C-Gorenstein Ý���Vg¿?Ø
§�Ä�5�.��,©z [4]é�

�éó��'� Ding Ý���5�?1
0�ÚïÄ. ��, ��¥3©z [5]¥,?�Ú&?
�

�éó��'� Gorenstein AC-Ý��þ�ÓN5�.Éþã(J�éu,�©�Ä��éó��

'� GorensteinW- Ý����'5�, Ù¥ PC(R) ⊆ W ⊆ BC(R). äN��Xe(J:

½n 2 C-GorensteinW-Ý��´Ý�©)a, ¿� C-GorensteinW-Ý��a'u�Ú�µ

4.

½n 3 �

0→ L→M → K → 0
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�b �

´� R-��ÜS�.e L, M ´ C-GorensteinW-Ý��, KK ´ C-GorensteinW-Ý��, ��=

� Exti≥1R (K,Q) = 0, Ù¥?¿ Q ∈ W.

2. ý��£

Äk£��
Ä�Vg. �©©ªb� R´kü �����, ¤k� R-�Ñ´N�.

½Â [6] ����� R þ�E/´�3�� R-�Ó�S�

X = · · ·
∂Xn+1−−−→ Xn

∂Xn−−→ Xn−1
∂Xn−1−−−→ · · ·

¦�éuz��ê n, k ∂Xn−1∂
X
n = 0. X �1 n �ÓN�´ Hn(X) = Ker(∂Xn )/Im(∂Xn+1). ��E

/Ó� α : X → Y Ú�Ó� Hn(α) : Hn(X) → Hn(Y ). ¿��z� Hn(α) ´V��, α ´��[

Ó�.

½Â [6] �M � R �. KM �Ý�©)�[Ó� δ : X
'−→M , Ù¥

X ≡ · · · ∂
X
2−−→ X1

∂X1−−→ X0 → 0

ùpz� Xi Ñ´Ý��. Ï~¡�Ü�

· · · ∂
X
2−−→ X1

∂X1−−→ X0 →M → 0

´M �*ÐÝ�©).

½Â [7] � X � R-�f�Æ, XJ X ÷ve�^�:

(a) P ⊆ X , Ù¥ P L«Ý� R-�|¤�a;

(b)éu?¿� R-��Ü�

0→M
′
→M →M ′′ → 0

Ù¥M ′′ ∈ X , KM ∈ X ��=�M
′ ∈ X .

K¡ X �Ý�©)a.

½Â [7] � X ´ R-�f�Æ, ¡ X 'u*Üµ4´�é?¿� R-��Ü�

0→M
′
→M →M

′′
→ 0

XJM
′
,M

′′ ∈ X , KM ∈ X . ¡ X ´3÷Ó��Øeµ4�, XJM,M
′′ ∈ X , KM

′ ∈ X . ¡
X ´3üÓ��{Øeµ4�, XJM

′
,M ∈ X , KM

′′ ∈ X .

½Â [7] �M,N Ú X ´ R-�. Ó�D��� :

wXMN : X ⊗R HomR(M,N)→ HomR(HomR(X,M), N)
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�b �

Ù¥½Â wXMN (x⊗R f)(g) = f(g(x)). e X ´k�)¤Ý� R-��, Kþ¡�Ó�´Ó�.

½Â [7] � R´�����. ¡�� R-� C ��éó�, XJ÷v±en^:

(a) C �3��k�)¤Ý� R-��¤�©);

(b)g,Ó�N� R→ HomR(C,C) ´Ó�;

(c) Ext≥1R (C,C) = 0.

½Â [7] � C ´�éó�, P �Ý��, ·�r/X C ⊗R P ��¡� C-Ý��. -

PC = PC(R) = {C ⊗R P |P ´Ý� R-�}. PC ´'u�Úµ4�.�Ä�� R-��Ü�,

0→M
′
→M →M ′′ → 0

�M
′′
´ C-Ý�, KM

′
´ C-Ý���=�M ´ C-Ý�.

½Â [7] � C ´�éó�. d C p�� Bass aL«� BC ½´ BC(R), d÷ve�^���
R-� N ¤|¤ :

(a) Ext≥1R (C,N) = 0;

(b) TorR≥1(C,HomR(C,N) = 0;

(c) g,D�Ó� vCN : C ⊗R HomR(C,N)→ N ´��Ó�.

�©¥, ·�o´b� PC(R) ⊆ W ⊆ BC(R), Ù¥ PC(R)Ú BC(R)©O´��éó� C �'

� C-Ý��aÚ Bassa.

3. C-GorensteinW-Ý��

½Â 1 � R ´�����. XJ�3 R-��Ü�

X = · · · → P1 → P0 → C ⊗R Q0 → C ⊗R Q1 → · · ·

Ù¥z� Pi Ú Qi Ñ´Ý��, �é¤k� R-� Q ∈ W, E/ HomR(X, Q) ´�Ü�. @o¡

TS����� PCPW -©). XJ�3þã� PCPW -©)� M ∼= Coker(P1 → P0), ¡ M ´

C-GorensteinW-Ý��. P GC(W)� C-GorensteinW-Ý��|¤�a.

51

1) XJ C = R�W = P(R), K C-GorensteinW-Ý��Ò´ GorensteinÝ��;

2) XJ C = R�W ´²" R-�|¤�a, K C-GorensteinW-Ý��Ò´ DingÝ��;

3) XJ C = R�W = L(R), Ù¥ L(R)L« level�|¤�a, K C-GorensteinW-Ý��Ò

´ Gorenstein AC-Ý��;

4) XJW = PC(R), K C-GorensteinW-Ý��Ò´ C-GorensteinÝ��.

d½Â1§·�N´��e¡�(Ø:

·K 1 � M ´ R-�, K M ´ C-Gorenstein W-Ý����=�é?¿� Q ∈ W, k
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�b �

Exti≥1R (M,Q) = 0 ��3�� HomR(−,W)-�Ü�

0→M → C ⊗R P 0 → C ⊗R P 1 → · · ·

Ù¥ P i ´Ý��.

Ún1 �

· · · → P1 → P0 → C ⊗R P 0 → C ⊗R P 1 → · · ·

´ R-�M ��� PCPW -©), - Li = Ker(C ⊗R P i → C ⊗R P iu1), K Li ´ C-GorensteinW-Ý

��.

y² � L1 = Ker(C ⊗R P 1 → C ⊗R P 2), K�3 HomR(−,W)-�Ü�

0→M → C ⊗R P 0 → L1 → 0

é?¿�Q ∈ W,kExti≥1R (C⊗RP 0, Q) = 0,¤±Exti≥R (L1, Q) = 0. Ïd, L1 ´C-GorensteinW-

Ý��.�Li = Ker(C⊗RP i → C⊗RP i+1),UYþ¡L§§é?¿�Q ∈ W,kExti≥1R (Li, Q) = 0.

�d·K 1 ��, Li ´ C-GorensteinW-Ý��.

·K2 � Xλ ´��� PCPW -©)�¤�a, K
∐
λ

Xλ �´��� PCPW -©). Ïd, GC(W)

'u�Úµ4.

y² éu?¿� R-� Q ∈ W, �3Ó�

HomR(
∐
λ

Xλ, Q) ∼=
∏
λ

HomR(Xλ, Q)

Ù¥éu¤k λ, E/ HomR(Xλ, Q) ´�Ü�. ¤±E/ HomR(
∐
λ

Xλ, Q) ´�Ü�. 2d½Â 1 �

� C-GorensteinW-Ý����ÚE´ C-GorensteinW-Ý��.

Ún2 � P ´Ý� R-�, X´ R-��Ü�.éu?¿� R-� Q ∈ W,XJE/ HomR(X, Q)

´�Ü�, KE/ HomR(P ⊗R X, Q) ´�Ü�. Ïd, XJ X ´ R-�M ��� PCPW -©), K

P ⊗R X ´ P ⊗RM ��� PCPW -©).

y² �E/ HomR(X, Q) ´�Ü�. Ï� P ´Ý� R-�, ¤± HomR(P,−) ´���Ü¼
f.éu?¿� R-� Q ∈ W, d��Ó���

HomR(P ⊗R X, Q) ∼= HomR(P,HomR(X, Q))

Ïd, d HomR(P,HomR(X, Q)) �Ü�� HomR(P ⊗R X, Q) ´�Ü�.

2� X ´ R-�M ��� PCPW -©). dþ¡�(Ø����y P ⊗R X ´ P ⊗RM ���

PCPW -©).

·K3 � C ´�éó�, K C Ú RÑ´ C-Gorenatein W-Ý��.
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�b �

y² d�éó��½Â��,�3 C �k�Ý�©).

X = · · · → Rβ1 → Rβ0 → C → 0

ey X ´ C ��� PCPW -©). d½Â�� X ´�Ü��k C ∼= Coker(Rβ1 → Rβ0). �é?¿

� Q ∈ W, k Exti≥1R (C,Q) = 0,�E/ HomR(X, Q) ´�Ü�.Ïd, X ´ C ��� PCPW -©).

l
 C ´ C-GorensteinW-Ý��.

e¡y²S�

HomR(X, C) : 0→ R→ Cβ0 → Cβ1 → · · ·

´� R ��� PCPW -©). d Exti≥1R (C,C) = 0 ��E/ HomR(X, C) ´�Ü�, �k R ∼=
Coker(0→ R).Kéu?¿� Q ∈ W, ke¡��ã

· · · // Rβ1 ⊗R HomR(C,W )

wR
β1CW∼=

��

// Rβ0 ⊗R HomR(C,W )

wR
β0CW∼=

��

// C ⊗R HomR(C,W )

wCCW∼=

��

// 0

· · · // HomR(HomR(Rβ1 , C),W ) // HomR(HomR(Rβ0 , C),W ) // HomR(HomR(C,C),W ) // 0

dÓ�D����� wR
βiCW ´Ó���. ey wCCW�´Ó���. ¯¢þ, Ï� W ∈ W ⊂

BC(R), Ïd vCW : C ⊗R HomR(C,W ) → W ´Ó���. du C ´�éó�, ¤± λ : R →
HomR(C,C)´Ó�, l
 λ∗ : HomR(HomR(C,C),W )→ HomR(R,W )´Ó���. ���y, �

� wCCW = ((λ)∗)−1τvCW , Ù¥ τ :W → HomR(R,W )�Ó���. Ïd�3E/Ó�:

HomR(HomR(X, C),W ) ∼= X⊗R HomR(C,W ).

duW ∈ W ⊂ BC(R), ¤± TorRi≥1(C,HomR(C,W )) = 0, ¤±þ¡��ã¥þ1�Ü, l
e1

�Ü.Ïd, HomR(X, R)´ R���Ý�©), � R ´ C-GorensteinW-Ý��.

½n2 C-GorensteinW-Ý��´Ý�©)a, ¿� C-GorensteinW-Ý��'u�Ú�µ4.

y² �

0→M
′
→M →M

′′
→ 0

´� R-��Ü�.Ù¥M
′
,M

′′
Ñ´ C-GorensteinW-Ý��.d·K 1 �, é?¿� R-� Q ∈ W ,

Exti≥1R (M
′
, Q) = 0, Exti≥1R (M

′′
, Q) = 0��3 HomR(−,W)-�Ü�

0→M
′
→ C ⊗R P 0 → C ⊗R P 1 → · · ·

Ú

0→M ′′ → C ⊗R Q0 → C ⊗R Q1 → · · ·

Ù¥ C ⊗R P i, C ⊗R Qi ∈ PC(R).u´k Exti≥1R (M,Q) = 0. d

0→M
′
→M →M

′′
→ 0
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�b �

´ HomR(−,W)-�Ü,�±�E�� HomR(−,W)-�Ü�

0→M → (C ⊗R P 0)
⊕

(C ⊗R Q0)→ (C ⊗R P 1)
⊕

(C ⊗R Q1)→ · · ·

Ù¥ (C ⊗R P i)
⊕

(C ⊗R Qi) ∈ PC(R).Ïd,d·K 1 �M ´ C-GorensteinW-Ý��.

�e5, �M ÚM
′′
´ C-GorensteinW-Ý��, é?¿� R-� Q ∈ W , Exti≥1R (M,Q) = 0,

Exti≥1R (M
′′
, Q) = 0. ¤±á�Ü�

0→M
′
→M →M

′′
→ 0

´ HomR(−,W)-�Ü�, � Exti≥1R (M
′
, Q) = 0. d·K 1 �, �3 HomR(−,W)-�Ü�

0→M → C ⊗R P 0 → C ⊗R P 1 → · · ·

Ù¥ C ⊗R P i ∈ PC(R).

-K1 = Ker(C ⊗R P 1 → C ⊗R P 2), Kká�Ü�

0→M → C ⊗R P 0 → K1 → 0

dÚn 1 �,K1´ C-GorensteinW-Ý��.

�ÄXe��ã

0

��

0

��
0 //M

′ //M

��

//M
′′

��

// 0

0 //M
′ // C ⊗R P 0

��

// L

��

// 0

K1

��

K1

��
0 0

Ï�K1,M ′′ ´ C-GorensteinW-Ý��, ¤± L �´ C-GorensteinW-Ý��. l
á�Ü�

0→M ′ → C ⊗R P 0 → L→ 0

´ HomR(−,W)-�Ü��3 HomR(−,W)-�Ü�

0→ L→ C ⊗R Q0 → C ⊗R Q1 → · · ·
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�b �

Ù¥ C ⊗R Oi ∈ PC(R). Ïd, �� HomR(−,W)-�Ü�

0→M ′ → C ⊗R P 0 → C ⊗R Q0 → C ⊗R Q1 → · · ·

Ù¥ C ⊗R P 0, C ⊗R Qi ∈ PC(R). �d·K 1 �,M
′
´ C-GorensteinW-Ý��.

d·K 2 �� C-GorensteinW-Ý��'u�Úµ4, 2d©z [7] ¥·K Eilenberg’s swindle

��, C-GorensteinW-Ý��a'u�Ú�µ4.

Ï�?ÛÝ��Ñ´ R�Ú��Ú�,d·K 3�, R´ C-GorensteinW-Ý��.dþ¡�?

Ø� C-GorensteinW-Ý��a'u�Ú��Ú�µ4,¤±Ý���´ C-GorensteinW-Ý��.

·K4 ��� PCPW -©)�{Ø´ C-GorensteinW-Ý��.

y² �Ä��� PCPW -©)

X = · · · → P1 → P0 → C ⊗R Q0 → C ⊗R Q1 → · · ·

� L1 = Coker(P1 → P0) Ú L2 = Coker(P2 → P1). Ï� L1 Ú P0 Ñ´ C-GorensteinW-Ý��,

�Äá�ÜS�

0→ L2 → P0 → L1 → 0

d½n 2 ��, L2 �´ C-GorensteinW-Ý��.

½n3 �

0→ L→M → K → 0

´� R-��ÜS�. e L,M ´ C-GorensteinW-Ý��, KK ´ C-GorensteinW-Ý��, ��=

� Exti≥1R (K,Q) = 0. Ù¥?¿ Q ∈ W.

y² (=⇒) d·K 1 ����.

(⇐=) Ï� L ´ C-GorensteinW-Ý��. d·K 1 �, �3 HomR(−,W)-�Ü�

0→ L→ C ⊗R P 0 → C ⊗R P 1 → · · ·

� Z1 = Ker(C ⊗R P 1 → C ⊗R P 2), Kká�Ü�

0→ L→ C ⊗R P 0 → Z1 → 0

Ù¥ C ⊗R P 0 ∈ PC(R). dÚn 1 �, Z1 ´ C-GorensteinW-Ý��.

�ÄXe��ã
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�b �

0

��

0

��
0 // L

��

//M

��

// K // 0

0 // C ⊗R P 0

��

// N

��

// K // 0

Z1

��

Z1

��
0 0

duM,Z1 ´ C-GorensteinW-Ý��, d½n 2 ��, N �´ C-GorensteinW-Ý��. éuá�

Ü�

0→ C ⊗R P 0 → N → K → 0

Ù¥ C ⊗R P 0 ∈ PC(R), Exti≥1R (K,Q) = 0,?¿ Q ∈ W.�kS�

0→ HomR(K,C⊗RP 0)→ HomR(N,C⊗RP 0)→ HomR(C⊗RP 0, C⊗RP 0)→ Ext1R(K,C⊗RP 0) = 0

¤á. ¤±á�Ü�

0→ C ⊗R P 0 → N → K → 0

´���.=K ´ N ��Ú�.¤±d½n 2 �,K ´ C-GorensteinW-Ý��. y..

4. (�

3c<ïÄ�Ä:þ, $^a'�g��{, ²L�þ�y², �©ò�éó�í2�

GorensteinW-Ý��þ, �Ñ
 C-GorensteinW-Ý���½ÂÚ�
5�, ��
 GC(W)´Ý�

©)a.3�©�Ä:þ, ò5�?�ÚïÄ�éó�� Gorenstein�Æ��'¯K.

Ä7�8

I[g,�Æ�cÄ7]Ï�8(11801515);I[g,�ÆÄ7¡þ]Ï�8(11571316)"
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