
Advances in Applied Mathematics A^êÆ?Ð, 2022, 11(3), 1389-1399

Published Online March 2022 in Hans. http://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2022.113151

o�½~ Bi-WaveÛÉ�Ä¯K��N
Galerkink��[���Âñ©Û

ÇÇÇôôô���1§§§���ÀÀÀ���2

1&Eó§�Æ, àH x²
2x²�Æ§êÆ�ÚOÆ�, àH x²

ÂvFÏµ2022c2�28F¶¹^FÏµ2022c3�22F¶uÙFÏµ2022c3�29F

Á �

3�©¥§·�|^�N Galerkin k���{¦)�[p§��N d Åy��o�½~ Bi-

waveÛÉ�Ä¯K"Äk§©ÛÙ�5¯K�C©�ªe)�k.5¶Ùg§|^ BrouwerØ

Ä:½ny²��5 Bi-wave¯K%C)��3��5¶?
§Äu Bogner-Fox-Schmitü�

�p°Ý5�§��3Uþ�¿ÂeØ�6uëêKg��[���%CÚ�ÂñØ��O¶�

�§·�ÏL�A�ê��~�ynØ©Û��(5"

'�c

Bi-Wave ¯K§Bogner-Fox-Schmit �§)��3��5§[���%CÚ�Âñ5

Quasi-Uniform Superconvergence
Analysis of Conforming Galerkin
Finite Element Method for the
Fourth Order Stationary Bi-Wave
Singular Perturbation Problem

Yanmi Wu1, Dongyang Shi2

©ÙÚ^: Çô�, �À�. o�½~ Bi-WaveÛÉ�Ä¯K��NGalerkink��[���Âñ©Û[J]. A^êÆ
?Ð, 2022, 11(3): 1389-1399. DOI: 10.12677/aam.2022.113151

http://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2022.113151
http://www.hanspub.org
https://doi.org/10.12677/aam.2022.113151


Çô�§�À�

1Information Engineering University, Zhengzhou Henan
2School of Mathematics and Statistics, Zhengzhou University, Zhengzhou Henan

Received: Feb. 28th, 2022; accepted: Mar. 22nd, 2022; published: Mar. 29th, 2022

Abstract

In this paper, the conforming Galerkin finite element method is presented to solve the

fourth order stationary Bi-wave singular perturbation problem simulating high tem-

perature superconductor d wave phenomenon. Firstly, the boundedness of the solution

under the variational scheme of its linear problem is analyzed; Secondly, the existence

and uniqueness of the approximate solution for the nonlinear Bi-wave problem are

proved by using Brouwer fixed point theorem; Furthermore, based on the high ac-

curacy property of Bogner-Fox-Schmit element, quasi-uniform superconvergence and

superclose error estimates independent of the negative power of the parameter in the

energy norm are obtained; Finally, the corresponding numerical examples are provided

to verify the correctness of the theoretical analysis.
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1. Úó

3ïÄp§��Ny��¢�¥ [1]§ïÄÆö®²kåy²
>f3/Xo�ú�;�þ$

Ä�§¢y
 dÅ�éé¡5 [2, 3]"�C§^5�[p§��5�� Ginzburg-Landau-type�.

±9Ù�«í2/ª�ïáå5 [4–6]"3 Ginzburg-Landau-type�.¥§kü�IþSëê ψs

Úψd§Ùþ?�L��Ö1�Ý"Ù¥ëê δ = − 1
β
§β�'Ç ln(Ts0/T )

ln(Td0/T )
k'§Ts0Ú Td0´ sÅÚ

dÅ©þ��.§Ý"AO/§ [5]L²§� T → Td0(Ts0 < Td0)�§��Ny�ò���´ dÅ

G�¶ [6]��Ñ§� β → −∞�§sÅ©þÅì��§dÅ©þ¤�Ì��"�Ä β → −∞ù«
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4��¹§ [7]�â Ginzburg-Landau-type�.��Xeo�½~ Bi-waveÛÉ�Ä¯Kµ{
δθ2ψ −∆ψ + f(ψ) = g, X ∈ Ω,

ψ = ∂ψ
∂n̄

= 0, X ∈ ∂Ω,
(1.1)

Ù¥ X = (x, y), θ´VÅ�f§

θψ =
∂2ψ

∂x2
− ∂2ψ

∂y2
, θ2ψ =

∂4ψ

∂x4
− 2

∂4ψ

∂x2y2
+
∂4ψ

∂y4
, n̄ = (n1,−n2),

∂ψ

∂n̄
= ∇ψ · n̄.

Ω ⊂ R2 ´äk©ã1w>. ∂Ω �k.«�§n = (n1, n2) L« ∂Ω þ�	{�þ"Ù¥é

u��N d Åy�§δ ýO¬é�§� 0 < δ � 1" [8] �Ñ
 f(ψ) �ü«��5a.µa

.(I) : f(ψ) = λ1ψ
k (λ1 > 0, k > 0)¶ a.(II) : f(ψ) = λ2e

ψ (λ2 > 0)"��§f(ψ)´��üN

4O¼ê"

p§��N3á�ó§¥kX4Ù­��A^§
��ïÄTá�G��­�êÆ�.��

� Bi-wave�§§'u§�nØ©ÛÚê��[�¡�ïÄó�ººYY�JÑ5"~X§ [8]|

^Fá�©Û��{y²
¯K (1.1)°()��35" [7]Ú [9]©O|^�N Galerkink���

{ÚU?�Morley.mäk���{§��
�A�ê¿Âe��`Ø��O" [10]Ú [11]©O

Äu�N�Ú��N��·Ük���{§í�Ñ
T·Ü��ªeØ�6uëêKg��[�

��Âñ(J" [12]Ú [13]æ^��N Galerkink���{§©O�E
\vk��%C�ªÚ

?�\vk��%C�ª§þy²
3Uþ�ê¿Âe�[��Âñ5�",
§3yk�©z

¥§�vk'u¯K(1.1)��N Galerkink���{�[���%CÚ�Âñ5��ïÄ"

3�©¥§·�k�Ñ¯K (1.1) ��5�§f)�k.5"Äuù�(Ø§·�|^

BrouwerØÄ:½ny²
¯K (1.1)%C�ªe)�·½5§¿/Ïu Bogner-Fox-Schmitü�

�p°Ý5�§��
Ù3Uþ�êeØ�6uëêKg��[���%CÚ�Âñ(Ø��O"

��§·��Ñü�ê�¢�5�ynØ©Û´Ä�("

2. ý��£

Äk§·�Ú?Xe�Vgµ

V = {ω ∈ H1
0 (Ω), θω ∈ L2(Ω),

∂ω

∂n̄
|∂Ω = 0}.

·�k�Äe¡��5 Bi-wave�§µ{
δθ2ψ −∆ψ = g, X ∈ Ω,

ψ = ∂ψ
∂n̄

= 0, X ∈ ∂Ω,
(2.1)

¯K (2.1)�f/ª�µ¦) ψ(X) ∈ V§÷v

δ(θψ, θϕ) + (∇ψ,∇ϕ) = (g, ϕ), ∀ϕ ∈ V. (2.2)
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3 V þ½Â��Uþ�:

‖v‖V =
√
δ(θv, θv) + (∇v,∇v).

�
�By²��5 Bi-wave¯K)��3��5§·�I�k�Ñ�5¯K (2.1))�k.

5 [7]"

½n2.1. b� u0 ∈ V§k

‖ψ‖V ≤ C‖g‖0, (2.3)
√
δ‖∇θψ‖0 + ‖∆ψ‖0 ≤ C‖g‖0. (2.4)

Ù¥§3ùp9�YÜ©¥§C ´��� hÃ'�� δ �Kg�Ã'��~ê§
�3ØÓ� 

��L���UØÓ"

3. Bogner-Fox-Schmitü�Ú%C�ª)�·½5

b� Th´ Ωþ����KÝ/¿©§��º�� h"éu?¿K ∈ Th§©O½Â§�o�º
:Úo^>� aiÚ li = aiai+1i = 1 ∼ 4(mod 4)"K½Â Bogner-Fox-Schmitk���m Vh0�µ

Vh0 = {ωh ∈ H2(Ω); ωh|K ∈ Q3(K), ∀ K ∈ Γh, ωh|∂Ω =
∂ωh
∂n
|∂Ω = 0},

Ù¥ Q3´Vngõ�ª�m"

3 Vh0þ½Â�A����f Ih|K = IK§÷v

ψ(ai) = Ihψ(ai), ψx(ai) = Ihψx(ai),

ψy(ai) = Ihψy(ai), ψxy(ai) = Ihψxy(ai),

i = 1, 2, 3, 4.

�
�Y�[���ÂñØ�©Û§·��ÑXe�p°Ý(Ø [14]"e ϕ ∈ H6(Ω)§k∫
Ω

∂2(ϕ− Ihϕ)

∂x2

∂2vh
∂x2

dX =

∫
Ω

∂2(ϕ− Ihϕ)

∂y2

∂2vh
∂y2

dX = O(h4)‖ϕ‖6‖vh‖2, ∀vh ∈ Vh0. (3.1)

¯K (1.1)�C©/ª�µ¦) ψ ∈ V§÷v

δ(θψ, θν) + (∇ψ,∇ν) + (f(ψ), ν) = (g, ν),∀ν ∈ V. (3.2)

¯K (3.2)�%C�ª�µ¦) ψh ∈ Vh0§÷v{
δ(θψh, θνh) + (∇ψh,∇νh) + (f(ψh), νh) = (g, νh),∀νh ∈ Vh0,

ψh = Ihψ0.
(3.3)
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�e5·�ò|^ BrouwerØÄ:½n5©Û¯K (3.3))��3��5 [15]"

½n3.1. ¯K (3.3)k��)§�éua.(I) � k = 2n+1
2m+1

(m,n ∈ N)§÷v

‖ψh‖V ≤ C‖g‖0. (3.4)

y². Äk§·�y²¯K (3.3))��35"¯¢þ§d (3.2)Ú (3.3)§·�k

δ(θ(ψ − ψh), θνh) + (∇(ψ − ψh),∇νh) + (f(ψ)− f(ψh), νh) = 0,∀νh ∈ Vh0. (3.5)

|^�VÐm§��

f(ψh) = f(ψ) + f ′(ψ)(ψh − ψ) + 1
2
f

′′
(µ)(ψ − ψh)2,

Ù¥ µ = ψ + ε(ψh − ψ), 0 ≤ ε ≤ 1"

� Rf (ψ − ψh) = 1
2
f

′′
(µ)(ψ − ψh)2, éu νh ∈ Vh0, ·��±ò (3.5)­#�¤µ

δ(θ(ψ − ψh), θνh) + (∇(ψ − ψh),∇νh) + (f ′(ψ)(ψ − ψh), νh)− (Rf (ψ − ψh), νh) = 0. (3.6)

�
ïÄ (3.6)§·��Äe¡�éó¯Kµ¦) ψ̃h ∈ Vh0, ÷v

δ(θ(ψ − ψ̃h), θνh) + (∇(ψ − ψ̃h),∇νh) + (f ′(ψ)(ψ − ψ̃h), νh) = 0. (3.7)

- ψ − ψ̃h = (ψ − Ihψ) + (Ihψ − ψ̃h) := η1 + ξ1, ·�� νh = ξ1 ∈ Vh0§��

‖ξ1‖2W + (f ′(ψ)(Ihψ − ψ̃h), ξ1) = −δ(θη1, θξ1) + (∇η1,∇ξ1)− (f ′(ψ)(ψ − Ihψ), ξ1).

5¿� f ′(ψ) = λ1kψ
k−1 ≥ 0 (λ1 > 0, k > 0) ½ö f ′(ψ) = λ2e

ψ > 0 (λ2 > 0), k

(f ′(ψ)(Ihψ − ψ̃h), Ihψ − ψ̃h) ≥ 0.

(Ü (2.3)-(2.4)ª§k

‖ξ1‖2V ≤ Cδh4‖ψ‖6‖ξ1‖2 + Ch3‖ψ‖4‖∇ξ1‖0 + Ch4‖ψ‖4‖ξ1‖0.

|^_Ø�ªÚ FriedrichsØ�ª§��

‖ξ1‖2V ≤ Cδh3‖ψ‖6‖∇ξ1‖0 + Ch3|ψ|4‖∇ξ1‖0 + Ch4‖ψ‖4‖ξ1‖0,

?
§k

‖ξ1‖V ≤ Ch3(
√
δ‖ψ‖6 + ‖ψ‖4).
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Ïd§� ψ ∈ H6(Ω)§·�k

‖ψ − ψ̃h‖V ≤ C0(ψ)(
√
δ + 1)h3, (3.8)

Ù¥§ C0(ψ)´��� hÚ δÃ'§��6u ψ��~ê"

éu αh ∈ Vh0§·�½ÂN� Sh : Vh0 → Vh0� Sh(αh) = ψl§÷v

δ(θ(ψ − ψl), θνh) + (∇(ψ − ψl),∇νh) + (f ′(ψ)(ψ − ψl), νh)− (Rf (ψ − αh), νh) = 0. (3.9)

- ψ − ψl = (ψ − ψ̃h) + (ψ̃h − ψl) := η2 + ξ2"(Ü (3.7)§·�� νh = ξ2 ∈ Vh0§��

‖ξ2‖2V + (f ′(ψ)(ψ̃h − ψl), ξ2) = (Rf (ψ − αh), ξ2).

e¡§·�I�y²N� Shk��½:§= Shò��� Oγ̃(ψ̃h)N��§g�§�

Oγ1(ψ̃h) = {αh ∈ Vh0 : ‖αh − ψ̃h‖V ≤ γ̃}. (3.10)

d (3.8)§��

‖ψ − αh‖0,4 ≤ C(‖ψ − ψ̃h‖V + ‖ψ̃h − αh‖V ) ≤ (C0(ψ)(
√
δ + 1)h3 + γ̃). (3.11)

|^ (3.11)§·�k

|(Rf (ψ − αh), ξ2)|

≤ ‖1

2
f

′′
(ψ + ε(αh − ψ))‖0,4‖ψ − αh‖20,4‖ξ2‖0,4 ≤ (C0(ψ)(

√
δ + 1)h3 + γ̃)γ̃2‖ξ2‖V .

aq/§�â

(f ′(ψ)(ψ̃h − ψl), ψ̃h − ψl) ≥ 0,

k

‖ξ2‖V ≤ (C0(ψ)(
√
δ + 1)h3 + γ̃)γ̃2.

?
§��

‖αh − ψ̃h‖V ≤ ‖ψl − ψ̃h‖V ≤ C1(ψ)((
√
δ + 1)h3 + γ̃)γ̃2.

Ù¥§ C1(ψ)´��� hÚ δÃ'§��6u C0(ψ)��~ê"

Ïd§- h ≤ (C1(ψ))−2§À� γ̃ = C1(ψ)h§k

‖αh − ψ̃h‖V ≤ γ̃.
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=§éu¿©����º� h, Shò± ψ̃h�¥%§γ̃ = O(h) > 0��»��N��g�¥"

�e5§·�òÏLy² Sh´� Oγ̃(ψ̃h)¥���Ø N�5y²¯K (3.3))���5"¯

¢þ§- ψ1Ú ψ2´¯K (3.3)ü�ØÓ�)§k

‖ψi − ψ̃h‖V ≤ C2(ψ)((
√
δ + 1)h3 + γ̃)γ̃2, i = 1, 2,

Ù¥ C2(ψ)´��� hÚ δÃ'§��6u ψ1Ú ψ2��~ê"

éu?¿ νh ∈ Vh0Ú α1, α2 ∈ Oγ1(ψ̃h), ·�k

δ(θ(ψ1 − ψ2), θνh) + (∇(ψ1 − ψ2),∇νh) + (f ′(ψ)(ψ1 − ψ2), νh)− (Rf (ψ − α1)−Rf (ψ − α2), νh) = 0.

aq�c��O§��

‖ψ1 − ψ2‖V ≤ C2(ψ)((
√
δ + 1)h3 + γ̃)γ̃2‖α1 − α2‖δ,h.

À� h ≤ (C2(ψ))−2Ú γ̃ = C2(ψ)h§k

‖Sh(α1)− Sh(α2)‖V ≤ ((
√
δ + 1)h2 + 1)h‖α1 − α2‖V .

Ïd§éu¿©�� h, Sh´� Oγ̃(ψ̃h)þ�Ø N�"

,��¡§·�3¯K (3.3)¥� νh = ψh ∈ Vh0§k

‖ψh‖2V + (f(ψh), ψh) ≤ ‖g‖0‖ψh‖0.

5¿�a. (I) : f(ψ) = λ1ψ
k (λ1 > 0)§� k = 2n+1

2m+1
(m,n ∈ N)�§��

(f(ψh), ψh) ≥ 0,

?
k

‖ψh‖V ≤ ‖g‖0.

y.. �

4. [����%CÚ�ÂñØ��O

y3·�í�[����%CÚ�ÂñØ��O"Äk§·�òe��Ø�©��µ

ψ − ψh = (ψ − Ihψ) + (Ihψ − ψh) , η3 + ξ3.

½n4.1. - ψÚ ψh ©O´¯K (3.2)Ú¯K(3.3)�)"b� ψ ∈ H6(Ω)§·�k

‖Ihψ − ψh‖V ≤ Ch3(
√
δ‖ψ‖6 + ‖ψ‖4). (4.1)
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y². (Ü (3.2)Ú (3.3)§��e¡�Ø��§µ

δ(θξ3, θνh) + (∇ξ3,∇νh) + (f(Ihψ)− f(ψh), νh) = −δ(θη3, θνh)− (∇η3,∇νh)− (f(ψ)− f(ψh), νh).

� νh = ξ3 ∈ Vh0§|^ (3.1)§·�k

‖ξ3‖2V + (f(Ihψ)− f(ψh), ξ3) ≤ Cδh4‖ψ‖6‖ξ3‖2 + Ch3‖ψ‖4‖∇ξ3‖0 + Ch4‖ψ‖4‖ξ3‖0.

5¿�

(f(Ihψ)− f(ψh), ξ3) ≥ 0,

(Ü_Ø�ªÚ FriedrichsØ�ª, ��

‖ξ3‖2V ≤ Cδh3‖ψ‖6‖∇ξ3‖0 + Ch3‖ψ‖4‖∇ξ3‖0 + Ch4‖ψ‖4‖ξ3‖0.

Ïd§k

‖ξ3‖V ≤ Ch3(
√
δ‖ψ‖6 + ‖ψ‖4).

y." �

·�|^©z [16]¥����?n�f§�Ñ[����N�ÂñØ��O"

½n4.2. 3½n (4.1)�^�e, ·�k

‖ψ − I2hψh‖V ≤ Ch3(
√
δ‖ψ‖6 + ‖ψ‖4) (4.2)

5. ê�¢�

3�!¥§·�3«� Ω = (0, 1)× (0, 1)þ�Ñe¡ü�ê��~"

Table 1. Numerical results of ψ for δ = 10 ∼ 1.0

L 1. � δ = 10 ∼ 1.0�§ψ�ê�(J

δ = 10 δ = 1.0

n× n ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ� ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ�

4× 4 4.0076e−02 – 8.5735e−01 – 4.0135e−02 - 8.5655e−01 –

8× 8 8.2861e−03 2.2740 1.7137e−01 2.2693 8.3250e−03 1.9913 1.7136e−01 2.3215

16× 16 1.9219e−03 2.1082 2.1862e−02 2.9706 1.9247e−03 2.1128 2.1862e−02 2.9705

32× 32 4.7210e−04 2.0253 2.6581e−03 3.0399 4.7227e−04 2.0270 2.6581e−03 3.0399
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�~1. ·��ý)� ψ(x, y) = sin2(πx)sin2(πy)§Ù¥
¼ê� g�dTý)O���"

·�3L 1 ∼ 3 ¥©O�Ñ
ØÓëê δ = 10−4 ∼ 10�Ø��O�ÚÂñ�§�±w�§�

h→ 0�§‖ψ − ψh‖V ´± O(h2)��`�ÇÂñ§‖ψh − Ihψ‖V ´± O(h3)��ÇÂñ§ù�·

��nØ©Û´�ÎÜ"

�~2. ·�ÏL�
¼ê g = 1.05©Û¯K(1.1)"

�Ä�°()ψ´���§�ÀJ δ = 10§1§10−2Ú 10−6�§·�©O±�3¿© 1
16
× 1

16
e

ê�) ψh�ã�Xã 1 ¤«"�X¤Ï"�§�X δ�C��5��§ù
)�ã��5�� [7]

¥�AÑt¯K)�ã�"

Table 2. Numerical results of ψ for δ = 10−1 ∼ 10−2

L 2. � δ = 10−1 ∼ 10−2 �§ψ�ê�(J

δ = 10−1 δ = 10−2

n× n ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ� ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ�

4× 4 4.1256e−02 – 8.5648e−01 – 4.5366e−02 - 8.5649e−01 –

8× 8 8.7351e−03 2.2397 1.7136e−01 2.3214 1.2035e−02 1.9144 1.7136e−01 2.3214

16× 16 1.9582e−03 2.1573 2.1862e−02 2.9705 2.5140e−03 2.2592 2.1862e−02 2.9705

32× 32 4.7430e−04 2.0456 2.6581e−03 3.0399 5.2190e−04 2.2681 2.6581e−03 3.0399

Table 3. Numerical results of ψ for δ = 10−3 ∼ δ = 10−4

L 3. � δ = 10−3 ∼ δ = 10−4 �§ψ�ê�(J

δ = 10−3 δ = 10−4

n× n ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ� ‖ψ − ψh‖V Âñ� ‖Ihψ − ψh‖V Âñ�

4× 4 4.9008e−02 – 8.5650e−01 – 6.4473e−03 - 8.5651e−01 –

8× 8 1.8471e−02 1.4078 1.7136e−01 2.3215 1.3481e−03 2.2578 1.7136e−01 2.3215

16× 16 6.1603e−03 1.5841 2.1862e−02 2.9705 2.9308e−04 2.2015 2.1862e−02 2.9705

32× 32 1.4266e−03 2.1104 2.6581e−03 3.0399 5.9365e−05 2.3036 2.6581e−03 3.0399

Figure 1. The graphics of ψh when 1
16

× 1
16

at t = 0.1 with δ = 10, 1.0, 10−2 and 10−6, respectively

ã 1. � δ = 10§1§10−2§10−6 Ú¿© 1
16

× 1
16
�ê�) ψh �ã�
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6. (Ø

�©¥§·�|^�NGalerkink���{¦)�[p§��N dÅy��o�½~ Bi-wave
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