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Abstract

The Mean-Variance model laid the foundation for modern portfolio selection. In re-

cent years, as the number of financial assets has increased, the efficiency of classic

algorithms for solving the M-V model has gradually decreased. Therefore, scholars

have proposed Asset-Splitting ADMM algorithm (AS-ADMM) to improve the efficien-

cy of ADMM algorithm. This algorithm can be more efficient than the classic ones,

but in high-dimensional cases, AS-ADMM is not sufficiently effective. To address this

problem, this paper applies the extrapolation idea and proposes Partially Accelerated

Asset Segmentation algorithm (PA-AS-ADMM), and proves that the non-ergodic con-

vergence rate of this algorithm is O( 1
K

). Finally, the effectiveness of PA-AS-ADMM is

verified in numerical experiments.
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1. Úó

M-V�.´d{IÆöê��]£Markowits¤ [1]31952cïá�§�.�äN/ª�µ

min
ω

ωTΣω

s.t. µTω ≥ µ0.
(1.1)

Ù¥§ω´]���þ§µ = (µ1, . . . , µp)
T´p�]����þ�£��þ,Σ´]���£���

��
§µ0 ´Ý]öé]�|Ü�Ï"£�"

¦+M-V�.�Ú\�Ý]ö�ÑÝ]üÑJø
êÆ�â§��X7K�¬êþ�ØäO

\§dM-V�.�)��`]�|Ü  Ø
DÕ [2]§ù¦�M-V�.3A^u�5�]�+n

��3�·"� [3]"�
�ÑM-V�.3p�¯Ke�)�"�§Æö�}Á3M-V �.þ\\
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�K� [4–8] ±���Ð�DÕ�J§ïÄ(Jw«§\\lp�ê½öDÕ�f¬4�.�)�]

�DÕ�äk'�Ð�7KÆ5�"��XïÄ�ØämÐ§¦^�K���{�ïÄÅìªu

�õ§ÏdCÏNõÆö}ÁX=���§l�©M-V �.)��O\Ã§Áãl#��Ý5ï

ÄM-V �."

M-V�.�)�±��e¡�/ªµ

ωopt = µ0Σ−1µ
µT Σ−1µ

, (1.2)

KéM-V�.�¦)�±=��éΣ ÚéΣ−1£q���°(Ý
¤��O§3���¹e§Ï~

�±¦^��ÂÃ����
éΣ?1�O,^��ÂÃ����
�_éΣ−1 ?1�O§�3p

�¯K¥§Σ̂−1J±�O�Ñ5§u´§XÛéΣÚéΣ−1�?1O(�OlU��M-V�.�

�`)§´p�]�|Ü¦)¥¡���¯K"

�)�Ø�uAt-Sahalia [9]�<£2011¤!Frahm [10]ÚMemmel£2010¤!Engle [11]�<

£2019¤!Boudt [12]�<£2017¤!Cai [13]�<£2020¤!Ding [14]�<£2021¤ÚSo [15]�<

£2022¤éXÛ�OΣ?1
ïÄ"ïÄuy3,
�K5^�e§þãó�¥��OÂñu

ý¢���Ý
"�¦��ïÄ:3ué�Oþ�VÇÂñ5�?1y²§vkò���Ý]

|ÜÚÙ¦üÑ���?1é'§¤±EØ�Ù�Ñ�Ý]|Ü��´ÄJø
�`üÑ"

,��¡§32011cÚ2019c§Cai [16]ÚLiu§Pun [17]ÚWongé°(Ý
Σ−1��O?1


ïÄ"¦��ïÄÄk-Ω = Σ−1§�â£1.2¤§�`�ωopt�Ωµ ¤'~§Ïd¦�½

Âβ = Ωµ�¢y(1.1)ù�`z¯K�k�ëê"Pun�JÑÄu��ål1��z�{�LPO�O

þ§ù��{´�âe¡��.��éβ?1�O

min
β∈Rp

||β||1

s.t.
∥∥∥Σ̂β − µ̂

∥∥∥
∞
≤ λ.

(1.3)

Ù¥λ´��N�.ëê§µ̂ = (µ̂1, . . . , µ̂p) ´����£�þ��þ§Σ̂´����£�

����§‖a‖∞ = maxi |ai| §�âù��.§DÕ5b��±��\3βþØ´µþÚΩþ"

CaiÚLiu [16]�ïÄw«§=¦�µ½ΣØU�éÐ�üÕ�O§β�U���Úk����OÑ

5"¿�§Pun [17]ÚWong?�Ú�y²§LPO äkì?�`�ûÐ�ÚO5�"

��z¯K£1.3¤´���1w�à��z¯K§3]�êþØ´é��§DÚ��{~X

�55yÚ²;ADMM�{�±k�¦)ù�¯K",§�X]��Ý�O\§ù
²;�{

��Ç¬C�é$"Ïd§32022c§CaiÚLi [18]É�ÚOÆþ/A�©�0(featuree-splitting¤

�éu§JÑ
©�]��ADMM�{£AS-ADMM¤F")ûù�¯K§Ùg´´Äké]�

?1©|?n§3z�|þ¿1�1O�§��~�O��mÚJp$1�Ç�8�",§l

¢�(J5w§éu�5��]�ÀJ¯KT�{E,Ø
k�"

É�	í\�g��éu§�©Ï"3AS-ADMM�Ä:þ\\	í�§3�ynØÂñ�

Ó�§�U
Jp�{3¦)�p�Ý]|ÀJ¯K���Ç"
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2. ý��£

e¡{ü0���©�'��
ÎÒ�½Â"

½ÂRn�n�îª�m§〈·, ·〉�IOSÈ§In´�Ý�n�ü Ý
§‖·‖∞, ‖·‖1 ©O�Ã¡�
ê�l1�ê§8ÜSþ�«5¼êδS(x)½Â�

δS(x) :=

 0, if x ∈ S,

+∞, otherwise.
(2.1)

3. Ì��{9½n

3�!¥§·�ò¬�Ñ¦)¯K£1.3¤�{�äNS�µe§¿é�{�Âñ�Ç?1y

²"

Cai [18]�¦^
9Ï�þm = Σ̂β − µ̂§l�±ò�å^�
∥∥∥Σ̂β − µ̂

∥∥∥
∞
≤ λ\\¯K£1.3¤

�8I¼ê¥"¿��
¦^�{¿1�g�§¦�éβÚΣ̂?1
©|"d	§¦�\\
tµ

Cþγ = (γ2, ...γN ), γi ∈ Rp, i = 2, ..., N§¦�¯KC�3¬�©l¯K"Ïd"¯K£1.3¤�±�

�±e/ªµ

min
β,m,γ

N∑
i=1

||αi ◦ βi||1 + δM0
(m)

s.t. Σ̂1β1 + γ2 + · · ·+ γN −m = µ̂,

Σ̂iβi = γi, i = 2, . . . , N.

(3.1)

Ù¥§k�ëêβ�©�N > 1|§β = (βT1 , . . . , β
T
N )§Ý
Σ̂ = (Σ̂1, . . . , Σ̂N )§Σ̂i ∈ Rp×pi§

βi ∈ RPi§
∑N

i=1pi = pαi ◦ βi = (αi1βi1, . . . , αipiβipi)§M0 = {m : |ms| ≤ λαs, s = 1, · · · , p}§¿
�αs´α = (αi, . . . , αN )�1s���"

¯K£3.1¤�O2.�KF¼ê�µ

Lφ(β,m, γ; z) =
N∑
i=1

||αi ◦ βi||1 + δM0
(m) + zT1 (Σ̂1β1 +

N∑
i=2

γi −m− µ̂) +

N∑
i=2

zTi (Σ̂iβi − γi)

+
φ

2

∥∥∥∥∥Σ̂1β1 +
N∑
i=2

γi −m− µ̂

∥∥∥∥∥
2

+
φ

2

N∑
i=2

∥∥∥Σ̂iβi − γi
∥∥∥2

. (3.2)

�
¦)¯K£3.1¤§Cai�3©z [18]JÑ
]�©�ADMM�{£AS-ADMM¤",3p��

¹e§AS-ADMM��ÇØp§Ïd·�æ^
Li [19]�JÑ�	íE|"¿��
�y�{�Â

ñ5§·�étµCþγ?1
ng�#§¿ò�ï�	í\���^uÜ©Cþ��#¥Ø´

�Ü"
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·�JÑ
Ü©\��]�©�ADMM�{£PA-AS-ADMM¤§ÙäNS�µeXeµ

Ú½0 Ñ\φ > 0,0 < τ < 1,t0 = 1,β0, z0, γ0,m0. �k = 0.

Ú½1 ��{Ø÷vª�^��µ

ÏL 1−tk
tk

= 1
tk−1
− τ¦)tk,

O�	í�vk = mk + tk
(1−tk−1)

tk−1
(mk −mk−1).

Ú½2 O�

γ
k+ 1

3

i = 1
N

(µ̂+ vk +N Σ̂iβ
k
i − Σ̂βk), i = 2, . . . , N,

βk+1
1 = S(βk1j −

φ
η1

Σ̂T
1j(Σ̂1β

k
1 +

∑N
i=2 γ

k
i − vk − µ̂+ zk1

φ
), α1j

η1
)j=1,...,p1 ,

βk+1
i = S(βkij −

φ
ηi

Σ̂T
ij(Σ̂iβ

k
i − γki + zki

φ
), αij

ηi
)j=1,...,pi , i = 2, . . . , N,

γ
k+ 2

3

i = 1
N

(µ̂+mk +N Σ̂iβ
k+1
i − Σ̂βk+1), i = 2, . . . , N,

mk+1 = min(max(Σ̂1β
k+1
1 +

∑N
i=2 γ

k+ 2
3

i − µ̂+ zk1
φ
,−λα), λα),

γk+1
i = 1

N
(µ̂+mk+1 +N Σ̂iβ

k+1
i − Σ̂βk+1), i = 2, . . . , N,

zk+1
1 = zk1 + τφ(Σ̂1β

k+1
1 +

∑N
i=2 γ

k+1
i −mk+1 − µ̂),

zk+1
i = zki + τφ(Σ̂iβ

k+1
i − γk+1

i ), i = 2, · · · , N.

=Ú½3.

Ú½3 -k ← k + 1=Ú½1.

�
�By²PA-AS-ADMM�{�Âñ�Ç§·�òk`²PA-AS-ADMMù�äkn¬(

�£β, γ,m¤��{ÚPA-AS-ADMM2ù�äkü¬(�£β,m¤��{äk�d5§,�2y

²PA-AS-ADMM2 �Âñ�Çl��PA-AS-ADMM�{�Âñ�Ç"PA-AS-ADMM2¦)¯

K�O2.�KF¼ê�µ

L̂φ(β,m; r) =
N∑
i=1

||αi ◦ βi||1 + δM0
(m) + rT1 (Σ̂1β1 −m− µ̂) +

N∑
i=2

rTi (Σ̂iβi)

+
φ

2

∥∥∥Σ̂1β1 −m− µ̂
∥∥∥2

+
φ

2

N∑
i=2

∥∥∥Σ̂iβi

∥∥∥2

. (3.3)

�
{zÎÒ§·�P

F = Diag(A1, · · ·AN ), b = µ̂,

G = (In, 0, · · · , 0)T ,

Q = I −H
′
(HH

′
)−1H,
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H =



In In · · · In

−In 0 · · · 0

...
. . .

...

0 · · · −In 0

0 0 · · · −In


,

¿�

Pf = ρfI − φF ′F, ρf > 2φλmax(F ′F ),

Pg = ρgI − φF ′F, ρg > 2φλmax(G′G).

¦)¯K£3.1¤�d¯K�PA-AS-ADMM2äNµeXeµ

Ú½0 Ñ\φ > 0,0 < τ < 1,t0 = 1,β0, w0, r0.

Ú½1 ��{Ø÷vª�^��µ

ÏL 1−tk
tk

= 1
tk−1
− τ¦)tk,

O�	í�vk = mk + tk
(1−tk−1)

tk−1
(mk −mk−1).

Ú½2 O�

βk+1
1 = S(βk1j −

φ
η1

Σ̂T
1j(Σ̂1β

k
1 − vk − µ̂+ zk1

φ
), α1j

η1
)j=1,...,p1 ,

βk+1
i = S(βkij −

φ
ηi

Σ̂T
ij(Σ̂iβ

k
i + zki

φ
), αij

ηi
)j=1,...,pi , i = 2, . . . , N,

mk+1 = min(max(Σ̂1β
k+1
1 − µ̂+ zk1

φ
,−λα), λα),

rk+1
1 = rk1 + τφQ(Σ̂1β

k+1
1 −mk+1 − µ̂),

rk+1
i = rki + τφQΣ̂iβ

k+1
i , i = 2, · · · , N.

=Ú½3.

Ú½3 -k ← k + 1=Ú½1.

�e5§·�òJÑe¡�·K`²PA-AS-ADMMÚPA-AS-ADMM2´�d�"

·K3.1. (PA-AS-ADMM�{ÚPA-AS-ADMM2�{�d5) �½ëêφ > 0 and 0 < τ < 1§

β0 ∈ dom(f), m0 ∈ dom(g) ±9r0 ∈ Range(Q)§ÀJz0 = H
′
(HH

′
)−1b + r0"éu�½�?

¿k ≥ 0§·��Ñ±e(Øµ

(i)PA-AS-ADMM2�{�)�S�
{

(βk,mk)
}
ÚPA-AS-ADMM�{�)�S�

{
(βk,mk)

}
´���¶
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(ii)zk Úrk�m�3�½��d'Xµzk = rk +H
′
(HH

′
)−1b"

y². Äk§λk 3Q���S"�â©z [20]�(Ø§Hz0 = b¿�Hzk = b"Ï�γk+ 1
3 =

(HH ′)−1H(c− F ′βk −G′vk), �±��

H ′γk+ 1
3 = PH ′γk+ 1

3 = P (c− F
′
βk −G

′
vk).

¦^PA-AS-ADMM2¥'uβ��#Ú½, �±��

βk+1 = argmin
β

{
L̂φ(β, vk; rk) +

φ

2

∥∥∥F ′(β − βk)∥∥∥2

P
+
φ

2

∥∥β − βk∥∥2

Pf

}
= argmin

β

{
f(β) + g(vk) +

〈
b̄, F

′
β +G

′
vk − c

〉
+
〈
rk, Q(F

′
β +G

′
vk − c)

〉
+
φ

2

∥∥∥Q(F
′
β +G

′
vk − c)

∥∥∥2

+
φ

2

∥∥∥P (F
′
β +G

′
vk +H

′
γk+ 1

3 − c)
∥∥∥2

+
φ

2

∥∥β − βk∥∥2

Pf

}
= argmin

β

{
f(β) + g(vk) +

〈
zk, F

′
β +G

′
vk − c

〉
+
φ

2

∥∥∥Q(F
′
β +G

′
vk +H ′γk+ 1

3 − c)
∥∥∥2

+
φ

2

∥∥∥P (F
′
β +G

′
vk +H

′
γk+ 1

3 − c)
∥∥∥2

+
φ

2

∥∥β − βk∥∥2

Pf

}
= argmin

β

{
f(β) + g(vk)−

〈
b, γk+ 1

3

〉
+
〈
zk, F

′
β +G

′
vk +H

′
γk+ 1

3 − c
〉

+
φ

2

∥∥∥F ′β +G
′
vk +H ′γk+ 1

3 − c
∥∥∥2

+
φ

2

∥∥β − βk∥∥2

Pf

}
= argmin

β

{
Lφ(β, vk, γk+ 1

3 ; zk) +
φ

2

∥∥β − βk∥∥2

Pf

}
,

�±w�§�����ª´PA-AS-ADMM¥'uβ��#Ú½"Ïd§·��±��PA-AS-

ADMM2�)�βk�PA-AS-ADMM�)�βk�d�(Ø"Ï�

wk+ 2
3 = argmin

w
Lφ(xk+1, yk, w; zk)

= (HH
′
)−1H(c− F

′
xk+1 −G

′
yk),

Ó�/§¦^PA-AS-ADMM2'umk��#, �±��

mk+1 = argmin
m

{
L̂φ(βk+1,m; rk) +

φ

2

∥∥∥G′(m−mk)
∥∥∥2

P
+
φ

2

∥∥m−mk
∥∥2

Pg

}
= argmin

m

{
L̂φ(βk+1,m; rk) +

φ

2

∥∥∥P (F
′
βk+1 +G

′
m+H ′γk+ 2

3 − c)
∥∥∥2

+
φ

2

∥∥m−mk
∥∥2

Pg

}
= argmin

m

{
Lφ(βk+1,m, γk+ 2

3 ; zk) +
φ

2

∥∥m−mk
∥∥2

Pg

}
,

Ù¥�����ª´PA-AS-ADMM¥'um��#Ú½"�âù�'X§·��±y²·K

�(i)Ü©"
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�âPA-AS-ADMMÚPA-AS-ADMM2'uéóÜ©��#§·�k

rk+1 = rk + τφQ(F
′
βk+1 +G

′
mk+1 − c)

= zk −H
′
(HH

′
)−1b+ τφ(F

′
βk+1 +G

′
mk+1 +H ′γk+1 − c)

= zk+1 −H
′
(HH

′
)−1b,

Ù¥γk+1 = argminγ Lφ(βk+1,mk+1, γ; zk+1) = (HH ′)−1H(c − F ′βk+1 − G′mk+1)§Ïd·�y²

�." �

|^·�JÑ�·K£3.1¤§PA-AS-ADMMÚPA-AS-ADMM2´�d�"Ïd§·���y

²ÑPA-AS-ADMM2�Âñ�Ç§�ÒUy²PA-AS-ADMM�Âñ"�âë�©z [19]¥�½

n3.11§·��±��e¡�Ún"

Ún3.2. �0 < τ < 1�§PA-AS-ADMM2��H{Âñ�Ç�O( 1
K

)"

(Ü·K3.1ÚÚn1�(Ø§·��±��e¡�½nµ

½n3.3. �0 < τ < 1�§PA-AS-ADMM��H{Âñ�Ç�O( 1
K

)"

4. ê�¢�

Figure 1. The relationship between the primal residuals and
the number of iterations in AS-ADMM and PA-AS-ADMM when
p = 2000, n = 200, eabs = 1e− 4, erel = 1e− 4

ã 1. p = 2000, n = 200, eabs = 1e− 4, erel = 1e− 4�AS-ADMM
ÚPA-AS-ADMM�©í�ÚS�gê�m�'X
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Table 1. The efficiency comparison between PA-AS-ADMM and AS-ADMM at eabs = 1e− 3 and erel = 1e− 3

L 1. PA-AS-ADMM ÚAS-ADMM3eabs = 1e− 3Úerel = 1e− 3^�e�$1�Ç

S�gê CPU �m(¦)

Algorithm AS-ADMM PA-AS-ADMM AS-ADMM PA-AS-ADMM

p=500 831 418 4.37 2.11
p=1000 968 475 29.96 12.36
p=2000 1193 709 194.38 108.56

Table 2. The efficiency comparison between PA-AS-ADMM and AS-ADMM at eabs = 1e− 4 and erel = 1e− 4

L 2. PA-AS-ADMM ÚAS-ADMM3eabs = 1e− 4Úerel = 1e− 4^�e�$1�Ç

S�gê CPU �m(¦)

Algorithm AS-ADMM PA-AS-ADMM AS-ADMM PA-AS-ADMM

p=500 1212 535 6.04 2.53
p=1000 1389 625 34.82 23.90
p=2000 1270 684 371.08 145.18

3ê�¢�¥§·�¦^õ���©ÙN(µ,Σ)5)¤½|��ÂÃÇ�[êâ§Ù¥��Â

ÃÇþ��þ�µ = (0, ..., 0, 1, ..., 1)T§¿�·����10 ����"§��ÂÃÇ���Ý


�Σ = (ρij)p×p §Ù¥, ρij = 0.25|i−j| é?¿1 ≤ i, j ≤ p"·�����þ�n = 200, ]�©|

êþN = 8, ]�êþp ©O�u500, 1000, 2000. 3�{�ª�^�À�þ, ·�ëì
ë�©

z [21]¥��{, ò3�©í�Úéóí�þ$u��v
��ê�ª��{, ¿�ù�ê�û

ueabsÚerel�ÀJ. ·�©O��eabs = 1e− 3, 1e− 4, erel = 1e− 3, 1e− 4"d	, �
;��{L

ÝS�, �S�gê��5000 g�, ·��¬ª��{"

�
�\�*/w�AS-ADMMÚPA-AS-ADMM3p�^�e±9pÂñ°Ýe�)��©

í��S�gê�m�'X§Xã 1¤«§·�±�
�ëê���eabs = 1e−4, erel = 1e−4, n =

200, p = 2000 �ü��{�ÂñL§"w,§PA-AS-ADMM 3�ÓëêY²eU
�¯/��

�½�Âñ°Ý"

�
?�Ú'�AS-ADMMÚPA-AS-ADMM��{�Ç§·�3þã���ØÓëê^�e

�?1
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`§3�p�^�(p = 2000)Ú�p°Ý�¦(eabs = 1e−4, erel = 1e−4)e, PA-AS-ADMM'AS-

ADMM�S�gê�±~����m, CPU$1�m~�n©���m"ù`²
·�JÑ��
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