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Abstract

In this paper, we proved the uniqueness of the solution of the initial value problem of
incompressible Navier-Stokes equation with only horizontal fractional dissipation in
the anisotropic Sobolev function space H2*~**(R?), where ; <« <1,% < s < 2a—%. The
key of the proof is to give the product formula of the function when (a, s,t) satisfies
the appropriate range, and then the conclusion is obtained by using Fourier analysis

technique.

Keywords

Fractional Anisotropic Navier-Stokes Equations, Sobolev Space, Product Formula

Copyright (© 2021 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

BY

1. 5|8

AL EFEZFELLT R EACH K4 BN FE B AS BT R 46 4 208 %% ) 7 4 Navier-stokes 77 F2
VIH I /8t
O+ vp (=)0 + (v- Vo +Vp=0, z€R>te(0,0),

divu =0, 2R t¢e(0,00), (1.1)

3
V=0 = vo, x€R",

Hr Ay =02 + 05 AR x = (11, 22, 23) FIZKF Laplacian 0 H T, v = (v1, v2, v3) KR
R, p FoRET), WL <o <1 Jw, > 0 7053 7K- AR RO MK R T R 4

L3Rk, M Paicu, J-Y Chemin fl P Zhang %5 N7E %% 7] S04 25 8] R A 70 T =4 Navier-Stokes
75 FEMR A HEARE E M. 20004, J-Y Chemin, B Desjardins, I Gallagher Al E Grenier 7£ SCH#R[1] - i
FUAEREE HO(R?) 2 s > L %1 ¥ Navier-Stokes 7R (IR RAFAER], 2 s > 3 N ME—
f¥1. 20024, D Iftimie /ESCRR[2]FHUER] T2 s > & I, fRAEE ] HO=(R3) s BERAFAE # 2 ME— 1.
19994, D Iftimie 7£ SCHR[3] 78 T =4 Navier-Stokes J7 #% 0] LL& & — 4k Navier-Stokes 77 2

DOI: 10.12677/pm.2021.1112218 1958 HibHF


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2021.1112218

XM Fs, VNG

H)— s, AT THE (|wollxexp(|lvollfz () /Cv?) < Cv A T2 REMR B &2 JRAFAEME. 20024F,
M Paicu 7€ SCHR[4]F 25 HAE I 525 6] HO 3 (R®) fR AL 25 1 UAE . 20074, J-Y Chemin A1 P
Zhang TESCHR[5] 4R T % [n) 5 1% 1 F8 A% Besov-Sobolev B 25 [i] FHE B T % 1] 5 1% Navier-Stokes
T3 R 4 AIE 2 05 /NI (B4R 3 e R4S . 20094, M Paicu A1 M Majdoub 7£ SCHR[6])38 45 T g%
AT, B s > 1 W& ) 57 Navier-Stokes J7 FE7E 75 (8] H*(R?) Hi# (AEEME— 1. 20114F, P
Zhang F1 M Paicu 7E CHR[7]HF T 5T T %% ) 57 7% Navier-Stokes /5 #£7E %% 1] 7 7 Besov-Sobolev 7 [f]
By *7 HRIGEEYE. 20154, Y Ding, X Sun 75 3CHR[S] R H B RS AE W] T Navier-Stokes 772
7E Besov 25 [H] 3R A ME—1E. 20194F, de Oliveira, H B 7E SCHR[9]H IE B T A AR 26 1 &% 17 S 1
FiFEIT 3L Navier-Stokes J7 253 fif (/7 7E 1. 20204, Y Liu, M Paicu Ml P Zhang /£ SCHR[10]
BT T IR A T AR AEME— . XT Cauchy [A)@H (1.1) CAF K& SCHRX H BT 72 A 7.
20214F, X Sun, H Liu 7ESCHR[11] 5 =GPl v 52 0E B T 20 2080 % 11 7 M Navier-Stokes /7 2
£ Sobolev 2 |A] HF 55 AR A ME— 1. 20214F, F Li, B Yuan /£ SCRR[12] 0 78 T B A 20 B 355 40 REBL
(¥ =4k~ 3 Navier-Stokes J7 P MG E 1, B o > 3, B ia B B () A8 7 Al vHE B T
H*(R®) %1 s > 5 WAfER — M4 RfE. 20214F, M Abidin, Jie Chen 7ESCHR[13]H#FFE T 70 #br
AT K4 Navier-Stokes /7 F27E IH A4 $8 b5 Fourier-Besov-Morrey 7% [H] fN:E:;yh(%q(R% FR fige 1)
HIEENE, b s(1) =4 — 20 — %5, § < @ < 1. 20214F, Z Lou, Q Yang, J He, K He f£3CHR[14]F
UERH T 43 BB A AT R4 Navier-Stokes J5 72 Cauchy [A 7L Ifi ¢ Fourier-Herz 2% [8] o — S5 AT 1
e, Kb L <o < 20 XT RS (11), 28T (—A)*(a > 0) 3T Fourier &t 5E X
R Fl(—A)*](t, &) = [€]2*Fo(t,€). Hd F(v) NRE(E5A0) v 1 Fourier 24, A fiii {2 IL3%
IE A = (—A)2. AL EBEHEY o € (1/2,1] I, 55 & 17172 Navier-Stokes 75 FEAE [ 71
Sobolev PREZFA] H2=25(R3) fPfffmE—1k, Hrh & < s < 20— 2. T EATETUE &, S5
B 7 [ (R B 2 2R DRI AT 9 R B2 G TR AR [ vg 05w - A AT

2. FuggER
TS 2.1 [2) % V(s,s') € R?, & LAEFF IR 57 Sobolev Z3[] H** {54 N
1 = [ 1616 1€ P < o

Hop f RG] A, & = (6,&2) €R? N E = (&1, 6,&) FIKTFHE.

AT FHE, BATEIEE | 1l ] - s 52 BRN 9y, Ay = (1— 023, IR, XIVs, s’ € R,
Az & H> Bl H>' ' SR . A~ Be 4 =C(C>0), (z) = (1+]z]?)2.

EIE 222 Ks,t<1ls+t>0 Hs,t < %,s' +t >0 % fe HS,S”g c Ht,t/, |
fg e Hstt=bs +t =5 HIFEHH C > 0 1613

||fg||s+t71,sl+t/fl < C”f”s,s’Hg”t,t’-
2

B 23 Wl<a<l st<lst+t>0 Hs >9 #fecH*,ge H % I

DOI: 10.12677/pm.2021.1112218 1959 HibHF


https://doi.org/10.12677/pm.2021.1112218

KT, VNG

fg e HT=1=35 HEEHHC >0

1£gllsti-1,-5 < Cllflls,s 19l —35-

iE W feH ge H--5, l1 T

1fgllsi1—s = @) 2 €N &) TE F 2 G(E)| 12

AR X 7595,

@[ fallosrorg = sup / ()N ) F e GOh(E)de

Al L2 <4

-~

= s / En + )™ 6+ 1s) 2 FEOGIR(E + m)dedn.
——
@) fglleseor 5 < sup

J[ e e F@abe + ndedn
1Pl L2 <4 2[&n |2 nn

I

~

+ sup / / En+ 1) € +1s)”F FEOGIRE + m)deds. (2.1)
Hh”L?gl 2[&n|<|nnl

I

X 1o, iz Holder %650, A

_ s <€h +nh>s+t71 . d d
I / / o )R ) GG + )i

2(s+t 1)
// St ) (//26 1> 5“”1} . 7 Pdendn
h Mh h

I3

x / / ()G PIh(e + n>|2d£hdnh) " deydn.
AT I, AT T n, 15

/ <§h + 7]h>2(s+t_1) dnh = / <§h + 77h>2(8+t_1)
2[&n|>1mn

dnp,
()" || < L£p! ()"
2(s+t—1)
+
+/ (&n + 1n) _ di.
£ <[nn| <2/én] (1h)

DOI: 10.12677/pm.2021.1112218 1960 i


https://doi.org/10.12677/pm.2021.1112218

XM Fs, VNG

L Inn) < 2L 0 (6 4+ mp) = (). H5 L < Innl < 206n], W (nn) = (€n). T,

(&n +77h>2(s+t71) 2sHt—1)
dny, ~ —d
/| g7 () /| g T S T =10
" (€ +mp)0T Y 1 2(s+t—1)
dnp, ~ & + sty
/ In <216 ()" LTS >2t /ﬁ |m|<2\5h\< A &
s+t 1
fh>2t cI<slen] o= 5+t<£h> ’
XERAMETZBEER C =& + .
FRA4R I, 05 5L, Tf 1 5
I,<cC / &2 |7 (E) P,
KTAE (£3,13) i Holder A&, B R] I BT
11<C//</ &) ()™ T Fden [ G, & + )l dc>2
< (<53 b)) ™ [ <nh>2f|§<n>12dnh) " déydn.
Wit
I < O fllawlhll o / ()2 0 (n3) ) 2dn) ¥, (2.2)
o 1
Pln) = / (& + 773>a<f3>25,
FEBAE T o
/|§3>2|n3| <€3 +773 53 /2?73 63 2g i €3
/ de, < C < C
2fna| 1+£ (T4 &) )™~ ()™

dgs ~

1 1 C
——7d8 < ——
/|£3|<"23 (€3 + m3) (€3> (ns)” /|ss|<"23 (€)™ “ (s" = 5){(ns)

1 1 1
« s’ d§3 = s / 7d§3
/"§‘§|£3§2|173| (&3 + M) (&) 773 Y2 Jimal < |<2|n3 | (&3 +m3)”

773> |C|<3ln3

(s" = 3)(m)" )<773> ’

DOI: 10.12677/pm.2021.1112218 1961 HibHF


https://doi.org/10.12677/pm.2021.1112218

KT, VNG

NIoES:
@(ns) < C(ns)™*,

fg ERARN (2.2), FEIUF At

L < Clfllssllglle.—5 IRl 2 (2.3)

BG4 I, B Holder A&,
L < (I\D)?,

Horp
7= [[ (6 €)™ |FO PInte + mldan
" (& + 77h>2(s+t71) (&3 + 773>7a
T, = —(G(n)|?d&dn.
’ //2|5h<|77h <€h>2s <£3>23 |9(77)| f g
BAR, Tr = b2 fI2y. AT T, BEXT &, M & B A L Kbt A
(En + 77h>2(s+t_1) 2(s+t—1) 1 C 2t
- d&;, ~ —: & < — .
/2lff»lilnf»l (€n)” = ) /zmm @ T - 5 )
R,
T, < Clgl.-5-
F 2155
Ly < Ol fllallgle—g 22 (2.4)

454 (2.1)(2.3)(2.4), 51 HE 2.3 13,
3. TEEEXIEA

EFE31 Wi<a<l, 2<s<2a—1 vMo2HHE (L1) HNTYIE v € H*25(R3) 1
2 2 )
PN, H.
v, v c L <[O, TL H2o¢2,s> n L2 ([0’ T]a H32a,s> .

nwv="20.

IE 2 w=uv—0, FEHENLUN w Rl Ay w, RIGTE (e,t) x R® LTS, 2> 0H

Hu&ﬂ”ég~+2uh[:(HA?wUﬁH;3—%HASw@ﬁH;)dT

a
2

- /0 t /R wlr,@) - Vil z) - Agw(r z)drds — 2 /O t /R o(r,) - Vio(r, ) Ag“w(r 2)drds.
(3.1)

DOI: 10.12677/pm.2021.1112218 1962 HibHF


https://doi.org/10.12677/pm.2021.1112218

XM Fs, VNG

N RS, AN o(r,2) N v, HABFFSIREL, Tt

/w . V’TJ’ . A??O(de = /(wlalf) + CUQaQ:D/) . A?TQLL}dl' +\/UJ3031A)/ . A??a(.()dl' (32)
L, L
A
/v -Vw - Ay “wdx = /(Ulﬁlw + va0w) - A3 “wdzx —|—/U303w <A Ywdx . (3.3)
L3 Ly
Ly Bfhivt. 45123 2.3,
|L1| S }|w1815+w2825|’0 —g HA_aUJ“l a
N 22 (3.4)
<Oy _awllo g lll -
L, ffitt. R4 EH 2.2,
Lo < [|ws057]| _, 2oy |45 0], —2es1ee
< COllwslyy sVl ge 5oyl —2e1a (3.5)
< COlolly_sallwsllqy, s s llwll
/\I:F‘y
oollai s S lellqoy 55 + |0swsll, s 55

<lwlly s + HwHa,,%
Ls s, #5513 2.3,

‘L3| < HU161(,U +U282w||_%,_%“/\3—aw||

1l o
272

(3.6)
ols—gaollwllo g ol -5
Ly Wfliit.
/Ug@gUJ'AhaCUd.T
—n) [ uidate) AgTul-e)as
1 o (3.7)
~(om) " [ e a(E) - o)
=i(2n) ™ [ [ Bite —miatn) - a(~dgan
DOI: 10.12677/pm.2021.1112218 1963 Ry


https://doi.org/10.12677/pm.2021.1112218

KT, VNG

AR (&,n) « (-0, =¢), 7

271') 6

03(6 = m)w(n) - W(=E)dEdn. (3.8)

I, X Ve, y € R, 3 < a <1, HUTN AR

<le=il(Ge - )

e (3.8) IR
L] < 1(2m) oS [~ n3< e )| (6 — )| () |G (—6)ldeds.
FEBESH (&,n) < (—n, =€), I

Li<en Y [f 'fjf;?]g' 15(E — )G Gr(—6)|dedn.

BN dive = 0, ATEA £505 = —6101(8) — &02(8), W [&][0s] < [&l[01(E)] + [&1[02()]. T,

/\ ‘/}k - ‘:U\k| Elﬁjﬁv Xﬂ‘ VT, 7"’,]{, ﬁ HVk”r,r’ = ||Uk:||r,7'/' U\Iﬁjiﬁéﬁ/‘]jﬁ‘ﬁ, EX@% Ww. jéﬁﬁ (37) ﬁE@
KIA g5, 43015 (3.9) FM T

|La| < /(|D1|V1 + | Do|V2o)W - A *Wdx,

Hor |Dy| FRG (€| MIRBIET. BTX ek, |1 Del Vil o = 1106 Vicll g, 13215 Ly AR
fi it
Ll < [(DV: + DIV - A5 Wela
oo}/ PN 1174 | 117 [ (3.10)

=Cllolls—sa ollllo -5 Il -5

stk /23 (3.1)-(3.6) M1 (3.10) 15

ot + 2o [ (A5l + A5l _y)ar

<C/ leollo g lloll — g 12ls 20 + N0lls 20, )T

(P | PP

+C [ wllo -y
0

DOI: 10.12677/pm.2021.1112218 1964 HibHF


https://doi.org/10.12677/pm.2021.1112218

XM Fs, VNG

FIH Young A% ] 15

t
(Ol + 20 | (Al g + Al _g)dr

t
<2, / Jwl2 _ydr +C / I3 (T2 + 013 g) -
0

lwllz, -5 = IATwIE -5

T AWl _s-

Jw@IZ s / Jw()I2_ah(r)dr (3.11)

h(t) = CQun + 10115 -2a,s + 1V]1520.5)-

Xf a3 (3.11) i Gronwall AFEXAFH] w =0, NTIH 0 = v. EH 3.1 FF1iE.
E&IH

X B AR A E I 4 BT 1 (11601434).

S 3CHR

[1] Chemin, J.-Y., Desjardins, B., Gallagher, I. and Grenier, E. (2000) Fluids with Anisotropic
Viscosity. ESAIM: Mathematical Modelling and Numerical Analysis, 34, 315-335.
https://doi.org/10.1051 /m2an:2000143

[2] Iftimie, D. (2002) A Uniqueness Result for the Navier-Stokes Equations with Vanishing Vertical
Viscosity. SIAM Journal on Mathematical Analysis, 33, 1483-1493.
https://doi.org/10.1137/S0036141000382126

[3] Iftimie, D. (1999) The 3D Navier-Stkoes Equation Seen as a Perturbation of the 2D Navier-
Stkoes Equations. Bulletin de la Société Mathématique de France, 127, 473-517.
https://doi.org/10.24033 /bsmf.2358

[4] Paicu, M. (2005) Equation anisotrope de Navier-Stokes dans des espaces critiques. Revista
Matemdtica Iberoamericana, 21, 179-235. https://doi.org/10.4171/RMI/420

[6] Chemin, J.-Y. and Zhang, P. (2007) On the Global Well Posedness to the 3-D Incompressible
Anisotropic Navier-Stokes Equations. Communications in Mathematical Physics, 272, 529-566.
https://doi.org/10.1007/500220-007-0236-0

[6] Paicu, M. and Majdoub, M. (2009) Uniform Local Existence for Inhomogeneous Rotating Fluid
Equations. Journal of Dynamics and Differential Equations, 21, 21-44.
https://doi.org/10.1007/s10884-008-9120-7

=
&
8k
4

DOI: 10.12677/pm.2021.1112218 1965


https://doi.org/10.1051/m2an:2000143
https://doi.org/10.1137/S0036141000382126
https://doi.org/10.24033/bsmf.2358
https://doi.org/10.4171/RMI/420
https://doi.org/10.1007/s00220-007-0236-0
https://doi.org/10.1007/s10884-008-9120-7
https://doi.org/10.12677/pm.2021.1112218

KT, VNG

[7] Paicu, M. and Zhang, P. (2011) Global Solutions to the 3-D Incompressible Anisotropic Navier-
Stokes System in the Critical Spaces. Communications in Mathematical Physics, 307, 713-759.
https://doi.org/10.1007/s00220-011-1350-6

[8] Ding, Y. and Sun, X. (2015) Uniqueness of Weak Solutions for Fractional Navier-Stokes Equa-
tions. Frontiers of Mathematics in China, 10, 33-51.
https://doi.org/10.1007/s11464-014-0370-x

[9] de Oliveira, H.B. (2019) Generalized Nacier-Stokes Equations with Nonlinear Anisotropic Vis-
cosity. Analysis and Applications (Singap.), 17, 977-1003.
https://doi.org/10.1142/S021953051950009X

[10] Liu, Y., Paicu, M. and Zhang, P. (2020) Global Well-Posedness of 3-D Anisotropic Navier-
Stokes System with Small Unidirectional Derivative. Archive for Rational Mechanics and Anal-
ysis, 238, 805-843. https://doi.org/10.1007/s00205-020-01555-x

[11] Sun, X. and Liu, H. (2021) Uniqueness of the Weak Solution to the Fractional Anisotropic
Navier-Stokes Equations. Mathematical Methods in the Applied Sciences, 44, 253-264.
https://doi.org/10.1002/mma.6727

[12] Li, F. and Yuan, B. (2021) Global Well-Posedness of the 3D Generalized Navier-Stokes E-
quations with Fractional Partial Dissipation. Acta Applicandae Mathematicae, 171, 16 p.
https://doi.org/10.1007 /s10440-021-00388-4

[13] Abidin, M. and Chen, J. (2021) Global Well-Posedness for Fractional Navier-Stokes Equations
in Variable Exponent Fourier-Besov-Morrey Spaces. Acta Mathematica Scientia, 41, 164-176.
https://doi.org/10.1007/s10473-021-0109-1

[14] Lou, Z., Yang, Q., He, J. and He, K. (2021) Uniform Analytic Solutions for Fractional Navier-
Stokes Equations. Applied Mathematics Letters, 112, 106784, 7 p.
https://doi.org/10.1016/j.aml1.2020.106784

&
g%ﬁ
L.&\‘:

DOI: 10.12677/pm.2021.1112218 1966 -


https://doi.org/10.1007/s00220-011-1350-6
https://doi.org/10.1007/s11464-014-0370-x
https://doi.org/10.1142/S021953051950009X
https://doi.org/10.1007/s00205-020-01555-x
https://doi.org/10.1002/mma.6727
https://doi.org/10.1007/s10440-021-00388-4
https://doi.org/10.1007/s10473-021-0109-1
https://doi.org/10.1016/j.aml.2020.106784
https://doi.org/10.12677/pm.2021.1112218

	1 引言
	2 预备知识
	3 主要定理及证明

