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Abstract

In this paper, we study some special Riemann surfaces on complex one-dimensional
connected complex analytic manifolds, including complex one-dimensional projection
space CP!, extended complex plane C., and complex sphere S%. In the sense of holo-
morphic mapping and biholomorphic mapping, these three typical Riemann surfaces
are holomorphic equivalent. Furthermore, under Hopf mapping, the holomorphic e-
quivalence between S?and CP! is derived. Based on Frankle’s conjecture, the problem
of holomorphic mapping of energy minimization on complex one-dimensional projec-

tive spaces CP! to compact Kihler manifolds is discussed.
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2. FHXEIR

2.1. XEM

ENX2.1.1 [10] &SR—AER M Hausdorff Z518), I E—#{(Ua, 0a)}oca, W F A1
(1) AU ESH—NIFE, BT MU ST ER, 1S ¢ U U,.

acA

(2) Vo NCHTFE, o, : U, — Vo NEE.

(3) #HULNU=2, W fap=puao s : 05(UsNUs) = 0o (U NUg)&CHFFEE R — A2 4G
JUIFRS 2R = T

X IR m AN R AR B 5, FR{(Ua, Pa)taea DSHIRIBALRR R, UaBRASIH— A~ hR
IR, o FRNU EHIARFRIES, oo (m)(m € Uy) Nm sl RFBALKR, FX fos 15 R AL

25 H DL B2 2 T 4]
R 2.1.2 4Eki

S’={(z,y,2) e R*|z® + y> + 2> =1} .

e R iE

JERR 4
U;=S* - {(0,0,1)} C $*, U,=S* — {(0,0,— 1)} C S*. (2.1)

MU;=s* —{(0,0,1)} —{(0,0,—1)} Cc S%
SN 5= { 2,82, Uy, Uy, Us} . XN UL, Uy, UsES*HITTE, SH
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EFSU/E
o1 UL — C.(2,y,2) = w = p1(z,y,2) = “:Zj ze[-1,1). (2.2)
T — 1y
0o : Uy = C.(z,y,2) — u = pa(x,y,2) = 152 z e (—1,1]. (2.3)

GrRAE oy, oo B, @1, 0o, 1, 03 RIELEI, W, 0o AREFIIE.
01, o ) YL S A5 -

Wit
w= fa(w) = ¢20 97 D) =gl 2) = T — T
_;z(iz_f—yz):wlww:é (24)
H (2.4) 715 .
o 0%,
ow ow
B = () = K TFw WRLES B, ST RBME
SF 2.1.3 7 TR T EAIE 5 s T,
Coo=C U {oo}.
AR
JEER 4
U1=Co — {00} =C,Up=Cy — {0} . (2.5)

MU, =Co — {00} — {0} =C — {0} .
%C®%¢%%%ﬁm@:{ﬁcmiiﬁ;@}.ﬁﬁﬁﬁZiE%Cm%ﬂéan%&@%.
S R

¢1:U~1—>C.z»—>w=¢1(z):z. (2.6)

2 27 (2.7)

=
&
%
4

DOI: 10.12677/pm.2023.136177 1731


https://doi.org/10.12677/pm.2023.136177

oo
EH
[k
4

Gy Gy, g FEXUT, b1, 2, 07 ', by EIELE, Wiy, ot FIIE.
D1, o Z IH] [FIFE RIS -

¢>20¢1’1:(C—)(C.wr—>u:<pzo<p1’1(w).

T
_1 1 1
u=gay () = 62 0 97 (2)=pa() = - = (28)
i (2.8) T1& .
ou _ 8(;) _0
ow  ow
B = go (w) = %%a‘ema@%z@m&. BRIE, Co ML

AEﬁ

Rl 2.1.4 H4EREEECP =C? — {0} /~ b XWEBYT : C? — {0} — CP!
(20, 21) = m(20, 21) = (20, 21)/~= [(20, 21)].
Sl E LA
T2 (o) = 72 N (C* = {0}), 7cpr = {m(U)|VU € 1c2 10} -

HCP'&—/ERE .
WERR #5U € € — {0}, WE Xa(U) = {7(20,21) = [(20, 21)]¥(20, 21) € UPNCP! [{JFFEE. &

Vi = {[(20,21)] € CP"|(20,21) € C* — {0}, # 0}, (2.9)

Va = {[(20,21)] € CP'|(20,21) € C* = {0} , 21 # 0}, (2.10)

ViUV, =CPLViNnV, # 2.
WV, Vo NC PR,

2 FE LI
b1 Vi = C.[(20,21)] = w = Y1 (20, 21) = 1 [(20, 21)] = % (2.11)
b Vo — C.[(20,21)] > w = (20, 21) = ¥a[(20, 21)] = zll) (2.12)

%g&iﬁﬂ)h ’Lﬁz%}ﬂﬁj‘, ’(/)17 ¢27 1/)1_17 w;li%j@éiﬁ,:L 3&77/)17 w2%ﬁ%
Yy, o ZIF] B RS SR -

Yoo Py (Vi NVa) = a(Vi N V), w = u = by 0 7! (w),
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2
Hi (2.13) /44 .
ou 8(5) _0
ow 0w
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F =
KB

AT 2 A2l AN 1, BARUEBIAE N — 45 H.
2.2. M5 24FMN

an e 7 Y, fBOE B

2SI EIE, HF s B A AR I NER I [R] Y A ik
SR A A AN R

EX2.2.1 WM. NEWADARZHE, 25 {(Ua, 0a)taca AV Up)} gep NIRHBLFRFR,
[ M — NP, iR X /AR R, 15 f(Us) C Vs, [ (Ve) NU # 2. HE AT

Ppo fowy i paUaNVih) = hs(Vs)
SEASAUE, MRS : M — NAAABI. I, 5 0 f o o] BN FIORIFR.
EN2.2.2 M. NEHANEE

i, R f - M — N, g: N — MBJyaaikst, B

gof=1Idy, fog=Idy.
MFR f 8.9 WA SEL, FRM 5 N R4 45640

2.3. Hopf#F4E1k

EN2.3.1 WHAHS 2 U(1) = SO, MBGP : S — CP". Mmi(SY) 2 Z, m(Sh)
i > 1, AT LA AL IEA 751 45 3 LT I [ 5K &

m,(S7HY) 2 my(CP™),i £ 2,
7r2n+1(82n+1) = 7r2n+1(CPn) = Z)
7T2((CP2) 27 = ’ITl(Sl).
EX2.3.2 B f - X — Yie— D44, W T 2R Y BAEE B o = oo KA

D = {o} s K x [ — Y BAEERAFRD = {3} : K x [ — X BEd, Heir, 2y B2,
X BRLFAAL 2. 554 BURE, — = () BRI9LF 4, Wesst £ IR Ay
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3.1. REKE B EHEFMN

FEIX ey, JRAT AL 3 A5 S U ARV 1) A A R AT o O 1 T LR g e 1P 1 2 T 1 ) 0 A4
PRE R Z IR A AL BRI . A A AR A A 2B R SO, ER T AN 2R BB 2SR 1R A

SE3.1 RIS = { (2,4, 2) € R3[2® + 3 + 22 = 1} 54 58 FHCL=C U {oo} 241,

HERR B 4EERTS2 R R ARNT R N{(U, 1), (Us, @o)}, HATA2.1.270 30 (2.1), (2.2) LK
(2.3) Z4H.

FRETWC, = CU{m}ﬁﬁ*ﬁ‘ﬁ%*@%{(ffj,qﬁl),(f]vg,gbg)}. HATRE2.1.350 K (25), (2.6)
DL (2.7) 454,

KGR f - S* — Ce.

atiy
) s 0 Foye) = { i (o 2) £ (0,0,1). o)
00,  (w,y,2)=(0,0,1).
W) 5 50 f 7 R i g = f1: Coo — S2
2Rew 2Imw |w|>-—1
w i (z,y,2) = g(w) = {(“"2“7 AT (3.2)
(07071)7 w = 0.

1) XFTFW £, o3 BIFRE sktAT o S A As 5 e
#i(x,y,2) = (0,0,1), Wf(0,0,1) = co. 73HIHLKI(0,0,1) € Us, FES? (K RHMHTE (U2, 02)
FloofEC oo HIRIEBIENT R (Us, ¢2), IXI fHIRFRR IR
fgz = oo fopy": 902(U2ﬂf71(z]v2)) cC— ¢2(f(U2)ﬂ’U\;) C CUHW:};(U)-
g8 (2.3). (2.7, (3.1, B3

W= o) = 620 f 0 07 () = b0 Fo 97 (S L) = b0 f(2,3,2)

_ {¢2(11+_Zzy)a (x,y,z) # (0?0’1) — {961+1Zy — {u

¢2(c0),  (z,y,2) =(0,0,1) 0 0
—~ ow  I(u) ~— - -
Blw = fao(u) = u. ﬁﬂ% = @) =0, Ww = for(w)KTu € CRAELREL

#(.0.2) 2 (00,0, W (0,3,2) = T2 # o, B (o, 2)ES IR HALAR R (U, 1) 112
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fu=diofopr 1o (UiNfH(U1)) € C— é(f(U1)NT,) C C.

T 4y -~
= H = .
W= . u= f11(w)

s (2.2). (2.6). (3.1) , B3

u=Falw) =10 fopr'(w) = profopr () = 610 f(,y,2)
T+ iy x+y, wtiy
_(bl( z) Zd(l—z)_l—z_
Blu = iy (1) = . %E% (’)E;_O Hu = For(w) % TFw € CRAMR

2) KT W g, [FIRE 73 PR DU 8 -

Fiw = oo, Mg(w) = (0,0,1). XMW ooTEC . IR HIRNT B (Us, ¢2) Flg(oo) = (0,0,1)7ES2 I
EARHT IR (Us, 2), 1 gl R AR R R A

kK

g2 =20g0¢;" ¢2(U2ﬂf Y. ))ﬁwz(f(@)ﬂUz)-WHuzgfvn(w»

g8 (2.3). (2.7, (3.2) , 573

_ _ 20900, (552), w#0
u=gn(w)=pogo¢, (w) = 2_1 1+
w2090, (0), w=0

pro9(T2)  _ ealwyz)  _ Jw
2 0 g(00) ©2(0,0,1) 0
) a,y,2). WA

xr — 1
Hot, w = sza: Fyi 422 =1,9(

1 I+z x+uy
w r—iy 11—z

AL w = goa(w) = w,iX X2 T wht) 44l pR %Y.

U wTE C oo H1 R HRARKE R (U, 1) Fg(w) = (2, y, 2) FES2HIR BB ALAR B R (U, 1), 159 B R B4
PRI N

gi=¢10g0o6r (Ui Ng  (U1) = ¢1(9(Uh) NUL).w = u = giy (w).
g8 (2.2). (2.6). (3.2) , B3

x+iy
1—z

N x4y T+ 1y
u=gn(w)=piogodr( ) =wrog(7—) = wi(@,y,2) =

11—z 1
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gi ERNR, 15509 = [ R e aimt, A 2 — AN XA 2E .

B, 2 5C. & 455 O

WR3.2 “HEIKIMS?={(z,y,2) € R3|2? + 2 + 2% = 1} 5E 4T HCP =C>*-{0}/~ &
AL

JUERR HX 4Bk S? R BT S5 9 {(UL, 1), (Us, p2) } 2. 1.2 X (2.1), (2.2) BLK
(2.3) 4yt

B RIC P H AR5
Tl CQ — {0} — (CPl (20,21) (d W(Zo,Zl) = (20,21)/’\‘: [(20,21)].

B # 4

VA € Tgi{o} = T@ N ((C2 - {0}),

TE X (A) = {m(20,21) € CPY|V(20,21) € A} NCPHIFF4E. Rl

T = {W(A)|VA c T(c2_{0}} .

BB S RCPH — N E T S5 {(Vi, 1), (Va, i)}, HIATEI2. 1.4 50 (2.9) - (2.12) %4
H.

HIEPUF - CP! — §?,

Z1 21 z11?
2Re;0 2Im;0 ‘;0‘ —1 # O
2 ) 2 bl 2 ) Z
(0, 20)] = F([(20,20)]) = (@,,2) = { \ |2 " 122 4 22 s ’ (3.3)
20 20 20
(0,0,1), z0=0
WA HEUE G = F1:S?  CPY,
[(1727‘%4’“/)]7 (xvyvz) 75 (07071)
. 2) o Gy, 2) = [(20,21)] = (3.4)
s Gl = s {[(o,zm, (2,9.2) = (0,0,1).

1 AT E, 2 MR LR HEAT J5) B AL FR 5 18

#izg = OB, MF([(0,21)]) = (0,0,1) € §*. HT((0,20)))& TVa, BUR # A B3 IR (Va, 4ho)
50,0, 1) FES* [ R AR BR B R (U, 02), XIS FIKRHBRR -

Fap = a0 Fothyt 1 (Vo N F Y (Us)) = @a(F(Va) NUs). w5 u = Fan(w).
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= - paoFoyy'(2),20#0
U=F22(w):9020F0¢21(w>: 2_1 Zl
P2 0 F o1, (ﬁ)sz:O

Z1 Z1 z11?
2Re— 2Im— '; —1
_ oo (o, 2)) @2(21 Z2 ﬂf‘) : i;) ) NEE
20 F([(0,21)]) 2ol ozl Tl T 0 0
@2(0,0,1)
TR~ ggg; — 0, WPy AW F20 # OB, F([z0, 21]) # (0.0,1). BU[(z0, 21)[EECP O
HRR IR (Vh, o0 ) RIS R A AT I K (U, 1), S UGRS3

Fii=pioFoy i (Vi N F YY) = oy (F(V) NUL). u = w = Fyy ().
gid (2.2), (2.11). (3.3) , B3

w=Fa(w) =proFoyi' (0 = pro F([z, 2]

2
z
9Rel  omt || -1 ‘
. 20 20 20 717+zy7z1
=% - 2 ) 2 ) > 2 - 1— 2 _;0
B S T o I e
20 20 20

Hiw = Fiy(u) = wfIF 2 A2,
28 LFETE, ERIF  CP! — S*2 4 alim.
2) XTHUHG, FIFED PGS 8

#i(z,y,2) = (0,0,1)F, WG(0,0,1) = [(0,21)] XWEX(0,0,1) FES [ i i A bx Bl (U, 02) FICP Y
JRHBAEARIE R (Va, ), 13 BIGHI R HEFN

é; =1y oGoapgl : (PQ(UQ ﬁG_l(Vg)) — wQ(G(UQ) ﬂV2)U = w = @;( )
e (2.3). (212). (3.4) , 153

w:@(u):¢20G0@51(u)_

q/;goGogoz_l(%), u#0
roGogs'(0),  u=0

1/12OG<£L‘,—y, _Z) _ ¢2([(1+2a95—iy)])
19 0 G(0,0,1)

O g

([(0, 1)) -
T Hiw = Gog (1) = %%ﬂ@%%%ﬂ%ﬁi

%(‘T)ya Z) 7é (anal)lﬁ‘v I)_I\IJG<;p7y’ Z) = [(Z(J)Zl)] = [(1 — 2,2+ Zy)} EXSZE(J)%%B%*’]?E—E(thl)
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FIC P SR AR B R (Vi 1), 1R BIGHI R R

Gii=110Gopr o (U1NG (V1)) = 1 (G(U) N V). w = u = Gy (w).

ghia (2.2), (211D, (3.4) , 153

u= Gra(w) = 10 Gopi(w) = 0 G o (210)
— 10 Glapn2) = (o)) = T —

T FHw = Gy (u) = wliIG o A4l

B, H1) | 2) FIF : CPY — S RXA4iLS, #C P 5SS & g,

O

DL A i A B R I 2 () A A 52, AEA[RC P 5C R SAE. £ S
e, iSO E 2 M, Dy MRS, SiARER SRR

3.2. HopfA 4 TR EEF N

FEATT R, 45t T Hopf 27 4E4L T B IR AR GT, 22 2 1 2 18] () 4 455 4 &R, HE = 4EER
11 S*fEHopfL 4L J5 5 2 — 4R E HC P! Z (8] 1) 4 2i 554

WER3.3 [11] EFRMEHE i8R EE [ Hopf BLETA : S® — S? S AL,
IERB WS? = {(21,22) € C%||21|” + |22 = 1}, WV(z1, 25) € S2, 5E X
h(z1,2) = (2Rez1 73, 21Im 1 73, |21 | — |z). (3.5)
o

2
= (27120) - (201%) + |21|* = 202120 + |20

(21, 2)|* = 2213 + ||21])” — |22/

=la|' + 20| + ol =l + [0 = 1.
h(ZhZz)E/Jﬁ/I\ﬁJ\%lZIﬁZ
hi(z1, 22)=22173 = 2(21 +iy1) (w2 — 1y2)=2(z122 + Y1y2) + i(—T1Y2 + 2241),

h2(21722):|2'1|2 - |Zz|2:3012 + 1?2 — m? — ot
A RC? =2 R UK AT R 28

WIS i + RGP URRIZ T S : R — §% — R U AAERRES" LB flon = S™ —
S™ RERIBSH A, b 5E X T SPEIS LA,
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1521, 20) =21, 22). MIFR (21, 20) M T (21, 20). SPHRTRANZEM KRN

CP'=C* — {0}/ ~={[(21,22)] = (21,22)/ ~ [V(21,22) € C* — {0}}.

B SLUAAE Ry CP — Co = CU {oo} WI'R: V[(21,20)] € CPL,

00, 2o=0.

hi[(#1, 22)] = {2’ 2#0, (3.6)

Hifi 3.1, & L a2ty : Coo — SPHITR: XIVz € Co, H

o(z) = | GRS BB )2 # 00 (3.7
(07 07 1)7 Z =00
ATLLE H, Hopf MU /& B —NEFAEALIUE ST 20U T & AR, Blh = gohy o, L

ML AT 45, =4EBRTHS® fEHopf 21 4Efb f5 SCP 241554 .

4. E—4 5% EIC PR £ 4ERRET o)/

Frankel 7£ [12]H G /E40 FAE48: &% Kahler ¥, WA e 022l XU 28 1E, B4 B 44l
EMTEMREECP [13] . MTE 4G, AN EREER/IMEEE XE 4= HCP!
F|Kahler Wi bR 2B, i —seis TAE.

BWCPYE B A [l 2 RIE 4wl B —4E 5 52 25 8], M2 B AKsihler £ &hl) EKihler i 2.
TE(CPY, w)FI (M, h) a4t fm e ks b, 433

w=Ndw®dw, h= \/—1hi3dzi AdZ.
0o 0
;H\:':F'hij = <6Zl7 823> .
SHER GBI £+ (CPY,w) — (M, h), fIIRERZ N

- of of )
B(f) = /CPI <8w,6w>ﬁdumdw

oftofi  of ofi )
- Ow o )Y : 41
/(Cpl <8w ow - ow 8@>h23ﬁdedw (4.1)
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EH
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4

ﬁqﬂ,afi:;,af’—f; o f*(a>:fi8,+ﬂ'a,.
Ow ow

5134.1 E(f)RT fRWRI, WA RERKE 2025

() RV

HERR & f(t) : CP' — M.t € C, |t] < e FAZRC FZEAL DG BUIE, B (4D f

0
_ of of of o, 91 w A dio
L (<vg,aw, w>+<aw’ i) )L
L (o) (e
cp1 s Ot " Ow Ow’ v
:/ (<v88f,af>+<vaaf f>)fdedw
CcPpl ow Ot w 2w Ot " Ow

O
SRR, B £ 2
of
Va‘i % =0 (43)
ST
a2fz afk 8fj
900e + T} % o0 (4.4)

BB A A A S AT B, 4 ELOCS B/ (f) = OB, B (f) A3 X
3134.2 [14] B : (CPY,w) — (M, h) BRI, WA AR5 48 5 A 5

" _ of of of
FE (f)|t_o—2[cpl < 2 Fn <8t,R<8t (9(,0) 8w>) V—1ldw A dw. (4.5)
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MERR 5] #4145 5
nep— 0/ &, 0FN /= .
E"(f) = 2/@1 <8,vaiaw>ﬁdwmw
/ aaf>ﬁdw/\dw

V4V
of of of /
<at R(at 8w> aw>+<at’vai §a>)rd°”d“

)§£>
>)dedw

of
3 Hw
<8f af) >> V—1dw A da.

E N 4.3 [15] B (M, h)&— 4% > 20 B Kahler W, MHMIBRIEFMESX,Y € TVOM,
X,Y >=0, N
R(X,X,Y,Y)>0
FRAKahler iF I 1 B 1E A8 XU TH %

EIR4.4 W (M, h)ZE—"EEn > 2/ K Kahler Ji /2, A 1ER EAS 0T #h 2, NAT &R &R
MEBLET £ (CPY,w) — (M, h) i 4 gk & 33 4 40 ).

SRR B2 Al B/ LB FRE A 2 Al th S S AL e Al .
HE fidim HO(CP!, TCP') = 3,77 BLRCP! a@#@%z@rﬂiu%, AT M 4RO (1, 0) 7

EE=#7] o)

o 1% g g a1 af o

X= [f*(”aw)} Vo {f*(”aw)] 0w 92
FARETRANBL, W2 (4.4) , WA
afi\ 9o
6X vf)a( > <v38w 8w>8zi
f afafi\ o
- <8w8 T 8w> FEia (4.6)

o, (10 Of 9
VY =V <anazi> (Vf’i 3w> 0z

(L afrapy @
v <8w8a; * ijawaw> e (47)

H (4.6, (4.7) ﬁ%u,m - <V8%X,Y>+<X,V6%Y> 0. IX B (X, Y)RCP 440
. ANX, YYECP LAEER(X,Y) = 0. i, (1, 0)MmES X, YHEIES, fEM EAFHR
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(A7) DA S ‘%t)

t=0

af B
(vm)

MTRGE S — A A3 (4.5) , 1538

"o of> /of
E"(f) = 2/<cp1 (‘Vdaa <6t R(at 55 )8w>)\ﬁdedw

R<8f af) a‘f 8f>\fd A dw

t)—vay—o. (4.8)

ot dw
=2 / Ry (£05 = £207) (#5070 = ETL) V=1dw N do
Ccpt
= _2/ |U‘2Riikfff;Ef<§EV —ldw A dw
Ccpt

_ —2/ | 2 R(X, X, Y, Y)W/ —Tdw A do.
cp?

Horb|o| 2R(X, X, Y, V) Eoff % S kb ik A0.
BETT HI5E X4.3, 13
E"(f) = —2/ v ?R(X, X,Y,Y)vV—1dw A diw < 0.
cp?
S—J7H, BT AR RAMESS, HEY(f) > 0. X T — NP,

R AT R Re S MGBRET f 2 (CPY, w) — (M, h) W2t A 4Bl S 4 4l ). O

SEIS I A SN B AE SCHR (5] 8 HTX AN 2 BER | Frankel S48, tb4h, SEE. X 5CgEA
SAAESCHR [15] A XA g BEE— B UEW] 1) S Frankel 5548,

EEUH

WA Z B EK GRS H (W H %5 : 20101A9)F1) 7§ H R LT H (W H %5 -
2020437)9’1%\@30
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