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Abstract

The paper uses the Lagrange’s form of one-dimensional radial basis function (abbr. RBF) interpo-
lation with zero-degree algebraic precision to give the finite difference formulas (abbr. RBF-FD)
for approximation of first derivative and second derivative of the interpolated function at the cen-
tral node of the three equidistant nodes. In particular, the approximation error of second deriva-
tive of the RBF difference formula is analyzed, and the optimal parameter of the radial basis func-
tion, which makes the approximation order of RBF-FD reach the highest level, is obtained. Then,
using these RBF-FD formulas, the RBF-FD scheme of the non-homogeneous two-point boundary
value problem with small viscosity coefficient is given. The convergence order of the RBF-FD
scheme constructed in this paper is two times of the polynomial finite difference scheme under
the same node stencil. While, the calculating time of the RBF-FD scheme is only slightly increased.
Numerical experiments indicate that the RBF-FD scheme can maintain the fourth-order conver-
gence order under viscosity coefficient greater than or equal to 10-3.
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1. 51§
A2 7 (finite difference, i1t FD)& V6 RS ECE T R LML), B H R EE R S
(1) BRI B A ) 22 1 2H A R T bR B 1% e B T BUE, — ROl B HE T VR S, Tz B T SR ik
IR, TR AT — 0 S I 5 A RO HET 5B A (x5, v, —, =, — = )
B 2 A gt 224y, HAnR 25 N
f(xi+1)_f(xi—1) n

2h =1 (x)+ 71" (x)+O(). (b
f(x,-n)—th (o) /() _ fv(xl.)% 79 (0)+0(). (12)

B, PO ES AN, (L2)MERNRZESOER] IR R, BT 2 50 2 b (1 R 00 2 [
TR DL IE I P AN AT RE AR

1% 1) 2 bR £ (Radial Basis Function, fijic. RBF)JHAE 2 £ A SOEL AR 2 2] [3] [4]. 2 1 HZ T
— e ARG A IR E, ENMER — MRS H e, ZTIRS BN A [FBUE 2 520 4% 7] FE 4
{ELRORS P R AR 2 M (5]

G. B. Wright F1 B. Fornberg 7F SCHk[ 7] F H SCHR[ 617025 FAERH T Fa 4% m) J% oA B0 (8 = AR 10 IR 25 47
WSRA B Z TS, Me—> 00 RRFKIERSE e MBUE S MK 72 50 A XEFEE. A
FNHATN L, JUFEA R 8 2 5 A 208 A A B AR S8 e MR RIEN . AMT—Mdid %
ELIRFR HF A & B, 4n[7] [8]. FRATXASCHIE ) RBF-FD A s W iR 23847 Taylor BIF43#T, 45
H A @ ST A B i = I 280 e MRS RIA S, R b 28 22 4 0 SN T SR Ay /IR PR R B R 55 0 il
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Table 1. Typical examples of “global function”
=1L LEBRBNSHREREEERH

“Global” functions o(r)
Thin-Plate Spline (TPS) (er) log(sr)
Gauss function exp (— (er) )
Inverse Quadric(IQ) 1/ (l+(5r)2)
Inverse Multiquadric (IMQ) 1/ i+ (er)
Multiquadric (MQ) 1+ (gr)2

FER REE S TREHORGUS S, VF 2 S2Brid) i) 4 H W R BKRF S A RS 7, S5
TS EUEA RN, & SETTRERIME AR AR, /IR IE R B AR S5 P R AR ) R -

(v(x)u'(x))’+p(x)u'(x)+q(x)u(x):f(x), a<x<b (1.3)
u(a):a, u(b)zﬂ,

Horh R % v(x),p(x),q(x),f(x)eCz[a,b] » Ho<v(x)<1, ¢g(x)=05 SRR AT AN RG M R B 101 )
BARIE VS B AR BB 775 A B L — M (B IR R R E[9] [10],  H RTX - ANk PR R0 il
)RR, FEMBUEMEA 20 BT IEE[11]. mEREZEME12]. BREHZESE13]. BEH
R B R B VA 1415« AR, FRATTR) A4 38 i 4% 1 25k R 50 B 22 43 (8T92. RBF-FD), iRy /s
R R BCAEFE R AU 10 R (1. 3) 0 — P DU B B AR 1l AT R 22 o a 5K, A v A X i e SR 2 [
T U 1 22 I ZE i USSR ) 2 £, bAbh, BB SR EG IR B B4 (1) RBF-FD % 3U7E /N M R ALK
FEF 107 FIHH T RERS LR FR DU IR SIGE JE
WERATENTZHWM T 5B S 7 =S SN EE e R BN — I A B 340 RBF-FD
A, FEE T AW R Z TR B R ES e MRIEX, DRIE RBF-FD AFUA BB AEELN; 5=
RIS AT ERE L B TR AU RBF-FD A3, 45 H 1SRRG R 00 R A 1)
RBF-FD #%3X, IR0 AR B T S5 e k520, B 7 A E ORI R M 2800
FELEWRE Y o
2. RF=FEWH A0 RBF-FD AR HNMER RIES B miEF
2.1. EF=FEW LA RBF-FD 2438
AR, BT/ o SR O I 2 A X B = A AN { ()] < B2
AT RSN, Bl h=x —x, = x, —x, o 1% B3 7 5 B0 1 42 17 3 bR 2
s(x)
PENT RAL B E s L b o (r) RAR I FERRHL
(A, Ay, Ay, B HR BUAEE 25 AR ANETO R 5 F
s(x,.)=u(xl.), i=1,2,3,
-

J=1

> do(Js—x )« A. e

[ R e R R B B . TR0 ) 0 RS

(2.2)
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(0) o(lx-xl) ok -x[) 1 A u(x)
(0(”)52 X ") (/’(0) (0(")62 R ") L4 _ u(xz) (2.3)
o(|lx, —x1||) ("("xs _x2||) ¢(0) | A u(x;)
1 1 1 o)\B 0

A

PR R DA R x, A H p B 3O
s? (x,)= iqu)(”) ("x1 - X; "), p=12.

BT s (x, ) BRAIE TAR RE R BRI p MATRZESY, WHOA p B RBE-FD. —fef s (x) = u'” (x,) -
mREAE] Y (x) WFRIER, MBS RATFUR3), IXE— M0 R, R B T3 {5 4
s(x) i) Lagrange &

s(x)zZl//j(x)u(xj). 24)
e sV () IR RIER, Foh g (x),/=1,2,3 7 Lagrange JEB . MR SCHR[1516
det{ 4, (x
Wj(x)zﬁ. 2.5)

H 4, (x),j=1,2,3 ZQ2.3) T 4 M2 j MTRER LT E

B(x)=(o(lx=x[) o —x]) o (lx-x])1)-
B 0. (5302 40

3
s(p)(xl)=Zl//5.p)(x1)u(xj), p=12.

J=1

TESCEAR Ty, AR EERECA o(r) =1+ (er)” (Multiquadric, MQER$0)HHEAT i . A
ARQS) 5" () THRE Y (), ) =1,2,3 FFIER BN
&h &h

l//;(xl):_m’ l//l”(xl):o’ WS(XI):a(b—l).
Hrp
a=\1+&,b=1+4gh". 2.6)
TH
s"(x ):M(Zu(x )—u(x )—u(x )) 2.7)
! as(b—4a+3) ! } 27

22. RIESYAIESE
BB 37 L PR B e () AR 19 A { o,y x, } OIXCTR) 7 580006, HAYIE x, = eh .
vy (x),2u(x)—u(x;)—u(x,),s"(x) KT x, F1 h #] Taylor EIF30775 04
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" (4)
S"(XI)ZM"()CI)-q-[Su (x1)€2+u 1gXI)]h2+O(h4)- (28)

h7(2.8) T L1 ée——%u ()" (x) OB & MUBAERD), A 5" (x) =" (x)+O(h*) o F
5 A VRUT2 8YRIS R AR KM B P 0 LT DS AP 22 43 B o
3. vt R BA0IEST R R B {E 9] R RO K AR

I R T A
{m(x+p(ﬂu(@+q@y4xy;f@y a<x<b,
u(a)=a. u(b)=p
v > 0 R R AL BH p(x),q(x)./ (x) e C[ab] . Ha(x)20
3.1. REFARINEBREH) RBF-FD &3

X[8 a <x <b Wil n 50y, Trix =a+(i-1)hh=(b-a)/n,1<i<n+1. x4, —J7H,
AR 0BG DRIE u (x,)H

3.1)

s”(xi):L_l))(Zu(xi)—u(xi1)—u(xl.+1)), (3.2)

a3(b—4a+3

Horpa=\1+&h, b=1+420 . B 2.2 59507 A S, ég%f—44 (x)/u"(x) (BAEZHOR,
s%w=wmw0uﬁoﬁ%%ﬁ?ﬁf@JﬁM@J%@Mﬁﬁ,ﬁméﬁgMﬁmzu@¢wmm
BRI, T a,b 15 u” (x,),u') (x) B, RUPEHX KR 5,0 B b S HICH 6,0, M b, , [FRFFI AL

Fy= ( ,( ; 1))/<af(bi—4al.+3))o
H I3, R G 2 A
ur(xi):u(xiﬂ)z_hu(xil)_% m( )+0(h4) (33)
Yt —ANEIT o' (x,) IAE O(h* RIS, o TIEFIRANH A, BRGNS 5 (x,) H
BA RS i8I A B A BN mIFAE, P UL MR UG D R 5 RS, TR

(1) =2 (f (x) = P (x) g (x)u(). 64
LN(]

1
v

3.5
1 (3.5
v
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u,(xi)zu(xm)_”(xi—l)_ﬁ ”(xi+1)_”(xi—1)

UOOES

2h 6v
) 2D ) 66

ol ) o) (i),
MHIA(3.2), (3.6)1F 2K M P s I8 17 (3. 1) HAT DYBKE B2 ) RBF-FD J7 &

U, —U;,_ n ’ P Uiy —U
V7i(2ui_ui+1_”i1)+l7i[ e __[f;_piT

2h 6v

U, —2u +u_, U, —u, .
P hZI =g == +qu, = f, 2<i<n

Hil i 5% M u, =a,u,, = . H—0%HE, 15

{Hl+bu +cu,,,=d,, 2<i<n, 3.7
l_a’ ul1+1:ﬂ’
Hrp
2
- p  pi  Dph
a;,=—vy,——+———"— i )s
T T e 1w (pi+4)
» pM
b 2v ———+q,
ni= 3v 6v 4
p p. _ ph
¢ =—vy,+—+—"—+——(p/+4q),
7t e Yo (pi+a,)
2
i- f+p,h 7
ARG HHEERREERIEN AU =F, X5
b, & 0 0 - 0 0 0 u, d, —aa,
a b, & 0 - 0 0 0 u, d,
A= i U=l |F=
0 0 0 O dn—l ~n—l én—l u”‘l d~n—1
0 0 0 0 - 0 a b u, d, - pe,

BRHh, A, F #2 U FIRE, BITRRA AU = F 2320 . AT W M ks =
Ut =4 (UN)F(UY), k=012, (3.8)

HEATRAR, BB RIS R [0 - 0*| Ut 10, BRE L.
32. BESHA HHHE

wﬁ31FMAmTﬂmﬁ%ﬁe=——u () fu" (x,) > 1" (o), u® (x,) AR, SR AEL Hy
%ﬁ%ﬁq%*ﬁﬁﬁﬁm%E%LUﬁ,%z%ﬁwxfw%MF (h*) Hedr. fnfgs i &2 f—A
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B, MITREGAPLIESSR I MK, 17

) (x) = £7(5) = p (5 ()~ (20" () 0 ()" ()
—(p"(xi)+2q’(x[))u'(xi)—q”(xi)u(x[)).

(3.9)

FA(B.4), BHNACHE

¥ RBF-FD 22 3((2.8) iR %, wIki

u"(x, u (x,
S”(x[)—u"(x[):{s (’)€2+ lg')]h2+0(h4).

4

- _L(u(x"” )—u(x,, ))g1 (xi)+ 2h(u(x,.)g2 (xl.)+f(x,. )& (x,.)+ 84 (x,.))
15 Zh(f(xi)—q(xl.)u(xi))—p(xi)(u(xm)—u(x,.,l)) .
B, A s"(x)= u"(x,.)+0(h4) AROT .
Algorithm I: Z 43 5 FE 3. 7)HEARSK Rt 72 .
STEP 1: 5% AXG8) KWL AL FE: FIH —Frh 0z
y. st _2;" Tl +p, 'uMZ_huH +qu, =f, i=2,,n,

w=a, u,, =p

L —ALEA O(h ) RS FE R {u, )} -

(3.10)
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STEP 2 bl {u, )" fE Joke s 3. 8) KW U° HEAT AR 5L, 10035 SR 21k P
||Uk“ —u* ||2 / ||U" <107, BRI,
3.3. ¥{E

B 1: FIH Algorithm I 3K~ 51 s 4 In) /& -

{vu"—u’:—vnz sin(mx)—cos(mx), 0<x<l

u(0)=0, u(1)=0.

FASWHAE N u (x) =sin(mx) o
FERAMGEH T, B/ R B BUNFMER, ARSCHER RBF-FD % 2(3.7) 1 fif 19 1% A IR
(Iter)~ 1RZ ([ -error)~ UXSKFT (order) FITHELET [A](Time(s)), FHH
I, -error :LZ

PP u, —u(xi)|.

R, 22 IRFIH 7 = dOZ 0k G 10 MM IR ZE W Kt S 1l .
% 2~3% 5 pnlgEH 7 v=1,0.1,0.01,0.001 1, AL RBF-FD # 3. DIEAF LK SRR ZE

n+l

Table 2. The error, convergence order and calculation time of RBF-FD format (3.7) and central difference format (3.10) under
different steps when v =1

= 2.v=18] RBF-FD X (3. 7)) 5 LESER G I0ERE LK TRINRE . WS KT E AT

RBF-FD #%3{ T 2 sy g

h Iter l;-error order Time (s) I;-error order Time (s)

1/5 3 0.0011 / 0.0017 0.0175 / 0.0001
1/10 2 7.8850e—05 3.8022 0.0018 0.0048 1.8662 0.0001
1/20 2 5.2323e-06 3.9136 0.0031 0.0013 1.8845 0.0001
1/40 2 3.3615¢—07 3.9603 0.0085 3.2480e—04 2.0009 0.0001
1/80 2 2.1287¢—08 3.9811 0.0311 8.2217¢-05 1.9820 0.0001
1/160 2 1.3390e—09 3.9907 0.1402 2.0683e—05 1.9910 0.0002
1/320 1 8.3725¢—11 3.9994 0.8365 5.1869¢—06 1.9955 0.0002

Table 3. The error, convergence order and calculation time of RBF-FD format (3.7) and central difference format (3.10) under
different steps when v = 0.1

%% 3.v=0.1 BF RBF-FD 88 R 3.7)5FLES KRG IOEAB LK THIIZRE . WM &1t ERTE

h Iter l;-error order Time (s)

1/5 9 0.0382 / 0.0014
1/10 7 0.0047 3.0228 0.0019
1/20 5 3.7369¢—04 3.6527 0.0030
1/40 3 2.4336e—05 3.9407 0.0081

1/80 3 1.5434e—06 3.9789 0.0304
1/160 2 9.7117¢—08 3.9902 0.1453
1/320 2 6.0897¢—09 3.9953 0.8651
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Table 4. The error, convergence order and calculation time of RBF-FD format (3.7) and central difference format (3.10) under
different steps when v=0.01
%% 4.v=0.01 Bf RBF-FD #R(3.7) 5P LESBRGI0VETRR LK TRERNIRE . WM &It ERE

h Tter I;-error order Time (s)
1/5 5 0.0072 / 0.0018
1/10 4 6.8856e—04 3.3863 0.0024
1/20 3 5.1999¢-05 3.7270 0.0032
1/40 2 3.4797e—06 3.9014 0.0083
1/80 2 2.2279¢-07 3.9652 0.0309

1/160 2 1.4054e—08 3.9866 0.1400
1/320 2 8.8175¢—10 3.9945 0.8582

Table 5. The error, convergence order and calculation time of RBF-FD format (3.7) and central difference format (3.10) under
different steps when v=0.001
2 5.v=0.001 B RBF-FD #&8RX(3.7) 5L ES KRR G I0)ETRE S K TRAIRE . WS K& i+ EitE

h Iter l;-error order Time (s)
1/5 3 0.5132 / 0.0022
1/10 1 0.0476 3.4305 0.0018
1/20 1 0.0023 4.3713 0.0031
1/40 1 2.2760e—04 3.3371 0.0086
1/80 1 1.5507¢—05 3.8755 0.0311
1/160 1 9.7868e—07 3.9859 0.1431
1/320 1 6.1358e—08 3.9955 0.8111

(1, -error) S WSk F (order). FHEUELE R TTULE H, ST 1 A, ASCHE P& 7E v =1~ 0.001 i}
REME IR UMM UL SIGER B, SAEGERISE T =T PO 2 % G0 M b, ISk i s 1 2 B, i
(AT 16 0 (ESEAE v /T 0.001 FFL RS 5L, RBF-FD A% sRARE E 5SS & BT F %, S30x—

IF] ) A R A2 %*ﬁﬁ@ﬂ)ﬁ‘]éﬂi%ﬁﬁ%*é‘ﬁ%%D%Iﬁ, MK R BRI, BTz 2 i

RhTE R80T R, X 21 2 v BUE RV, T RS RO, R aX3.7) IR SIS th 2 i 2
TR,

4. &g

A2 T = 2R BR T m AR A T UORBOR FE 4% 17 2 R BT ) Lagrange 3K, 45 1 3@ 3 44
BREAE P07 RUAL — B S EOR B S 801 RBF-FD AR, X AR Z AT 00, et 7 AEE Tk
BB BB ES e . )5, FMRXEAARESHERN RBF-FD A3, 451 7R /TR
AR W R OLE ) RBF-FD 22704630, Friti& i) RBF-FD 4% 2RSS 2 A5 R BEAR f — B 22 T
A ZE A% 2 f%, MTHSEN g A 10, SR A A B ESH0N RBF-FD UL . Bush, &
SCHIER) RBF-FD R 2X, ORIE 7 RGVE Ry > 0.001 N, EUEMREWILE] 4 BrilSIOR . AR TAR R
fE T IO B2 A 3K, S 2ok I R Ky BUE T /NI e PR A AR 7 RE 08 3 B s o ) I S
JEo
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