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Abstract

In this paper, we mainly research the algorithm of traffic equilibrium flow with capacity

constraints of arcs, and obtain the necessary and sufficient condition that feasible flow

x is a traffic equilibrium flow with capacity constraints of arcs by the definition of

the drop of feasible flow x, a new algorithm of traffic equilibrium flow with capacity

constraints of arcs is constructed, and the concrete steps of calculating the traffic

equilibrium flow with capacity constraints of arcs are given, at the same time, an

example is given to illustrate the New Algorithm.
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1. Úó

1952c§WardropÄgJÑ
Iþ|G¼ê��Ïþï�Kµf�<ÀJ�¤k1�´��Ï

1�mÑ´�Ó�§f�<�ÀJ�¤k1�´��Ï1�m�� [1]¶Ó���Ñ
�Ïþï

¯K�êÆ�."1956 c§Beckmann�<òWardrop�Ïþï¯K=z¤���d�êÆ5y¯

K§¦��Ïþï6�O�C���N´ [2]"Cc5§du¢½�×�uÐ§�Ï×l¯K�5

�î§cÙ3½«�Ï¥§�´mpî��§ØÓ´ãÏ1Uå�Éé�§Ïd§²;��Ï

þï�.®ØU·A¯�uÐ�¢½�Ï�¸§I�U?§ùÒ��Ïþï�.¥Ú\lNþ�

åJø
�*�µ"2010 c§·�0�
älNþ�å��Ïþï¯K9þï�K [3] [4]§¿�

32015c�Ñ
älNþ�å��Ïþï6��{ [5]"'uälNþ�å�Ïþï�Ù¦(J

� [6] [7] [8] §'u�Ïþï6�Ù¦�{ïÄ� [9] [10] [11]9�'©z"3�©¥§·�é©

z [5]��{?1
U?§JÑ
�«O�älNþ�å�Ïþï6�#�{§ÏLäN~f`²


#�{�O�L§"

2. älNþ�å�Ïþï¯K0�

éu�Ï�ä§VL«!:8Ü§EL«k�l�8Ü§WL«¤kOD:é(å:/ª:)8

Ü§é?Ûω ∈ W§^Pω L«ë�OD:éω�´»�8Ü§PK = ∪ω∈WPω,m =| K |"^D =

(dω)ω∈WL«I¦�þ§Ù¥dω(> 0)L«OD:éω��ÏI¦þ§é?Ûla ∈ E§lþ6
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þ^xa ∈ R+ = {z ∈ R : z ≥ 0}L«"é?Ûω ∈ W§k ∈ Pω§^xk(≥ 0) L«´»kþ

��Ï6þ"¡x = (xk)Tk∈K ∈ Rm
+ = {(z1, z2, · · · , zm) ∈ Rm : zi ≥ 0, i = 1, 2, · · · ,m} �

´»6({¡6)"N´wÑ§éla ∈ E§xa =
∑

ω∈W
∑

k∈Pω
δakxk§Ù¥§�la áu´»k

�§δak = 1§�laØáu´»k�§δak = 0"^C = (ca)a∈E L«Nþ�þ§Ù¥ca(> 0)L

«laþ�Ï6�Nþ"�Ï�äÏ~L«�ℵ = {V,E,W,D,C}"é?Ûla ∈ E§laþ

6þI÷vNþ�å: ca ≥ xa ≥ 0§¿�§é?ÛOD:éω ∈ W§6xI�÷vI¦�å:∑
k∈Pω

xk = dω"Q÷vI¦�åq÷vNþ�å�6x¡��1´»6({¡�16)"P�

168ÜA = {x ∈ Rm
+ : ∀ω ∈ W,

∑
k∈Pω

xk = dω and ∀a ∈ E, ca ≥ xa ≥ 0}"�©é?
Ûω ∈ W§b½�ÏI¦dω´�½�§¿�A 6= ∅"N´�y§8ÜA´��;à8"éa ∈ E§
^ta = ta(xa) = ta(x) ∈ R+L«laþ�|G§é?Ûω ∈ W, k ∈ Pw§b½´»k þ�|Gtk´´

»þ¤kl�|G�Ú§=tk(x) =
∑

a∈E δakta(x)"

2.1. älNþ�å�Ïþï�K9Beckmannúª

e¡�½Â§� [3] [4]"

½Â1.1.é�16x ∈ A, a ∈ E,

i) XJxa = ca§Ka �¡��16x ��^�Úl§ÄK¡a ��16x��^��Úl;

ii) éOD:éω ∈ W§´»k ∈ Pω§XJ�3�16x ��^�Úláu´»k§K´»k ¡

��16x��^�Ú´»§ÄK¡´»k ��16x��^��Ú´»"

½Â1.2. (älNþ�å�þï�K). 6x ∈ A�¡�älNþ�å��Ïþï6§��÷
vXe^�µ

∀ω ∈W, ∀k, j ∈ Pω, tk(x)− tj(x) > 0

⇒ xk = 0 ½öj ´́́666x ������^̂̂���ÚÚÚ´́́»»».

x ��¡�älNþ�å��Ïþï¯K�)"älNþ�å��Ïþï¯KÏ~�L«

�Γ = {ℵ, A, t}"

älNþ�å��Ïþï¯KΓ = {ℵ, A, t}§�EêÆ5y¯KMPXe:

Minz(x) = Σa∈E
∫ xa

0
ta(x)dx

s.t.


∑

k xk = dω, ∀ω ∈W,k ∈ Pω

xa =
∑

ω

∑
k xkδak ≤ ca, ∀a ∈ E,ω ∈W,k ∈ Pω

xk ≥ 0, ∀ω ∈W,k ∈ Pω.

þª¡�2ÂBeckmannúª"

2.2. á�½Â

e¡�(Ø� [5]"

Ún2.1. éälNþ�å��Ïþï¯K{ℵ, A, t}§XJé?Ûa ∈ E§ta(x) 3Rm
+ þëY§
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¿�x ∈ A´êÆ5yQ�)§@o§x ´�Ïþï6"

^P s
ωL«�16x'uOD:éω�¤k�Ú´»�8Ü§P

Tω = max
k∈Pω

{tk : xk > 0},

TωL«3ω��þ§f�<3¤À´»þs¤��m��"P

T̃ω =

{
Tω, XXXJJJP s

ω = Pω

mink∈Pω\P s
ω
{tk}, XXXJJJP s

ω 6= Pω.

=µ3ω��þ§�¤k´»Ñ´�Ú´»�§T̃ω L«f�<3¤À�Ú´»þs¤��m

��¶�´»�3��Ú´»�§T̃ωL«3ω ��þ§�Ø�Ú´»±�§f�<3¤À´»þ

s¤��m�á"

½Â2.3.é�16xÚOD:éω ∈ W§¡Ωω = max{0, Tω − T̃ω} ��16x'uOD:éω�

á�§=Ωω �ω ��þ�á�¶¡Ω = maxω∈W{Ωω} ��Ï�ä¥�16x�á�¶¡OD:

éω ∈ {ω ∈Wω : Ω = Ωω, www,,,Wω 6= φ} ��16x �á�:é"

3. älNþ�å�Ïþï6�#�{

6x�á�§�N
6x3�äþ©��Øþï§Ý§6�á���§ÙØþï§ÝÒ�p§

éA�á�OD:éÒ´ÙØþï§Ý�p�OD:é§�´6x��Ç���OD:é"�©�E

��{§Ò´84Ì�gñ§ÏL¯�~��16á�OD:é�á��§5O�älNþ�å�

Ïþï6"

3.1. Ä�(Ø��{

½n2.1. éälNþ�å��Ïþï¯K{ℵ, A, t}§�16x ∈ A´älNþ�å�Ïþï
6��=�Ùá�Ω = 0"

y²µ¿©5"é�1´»6x§eΩ = 0§Iyx�älNþ�å�Ïþï6§=yµ∀ω ∈
W, ∀k, j ∈ Pω§etk(x) − tx(x) > 0�xk > 0§@o7kµ´»j´x��^�Ú´»"^�y

{§ej Ø´x��Ú´»§KPω\P s
ω��§d�Pω 6= P s

ω§=ktj(x) ≥ T̃ω = minl∈Pω\P s
ω
{tl(x)}§

Ïxk > 0§¤±Tω = maxl∈Pω
{tl(x) : xk > 0} ≥ tk(x) > tj(x) ≥ T̃ω§kTω > T̃ω§¤±Ωω > 0§

=Ω > 0§�Ω = 0 gñ"

7�5"é�1´»6x§ex�älNþ�å�Ïþï6§IyΩ = 0§^�y{"b

XΩ 6= 0§K�3ω ∈ W§kTω − T̃ω > 0§d�kPω 6= P s
ω§u´§�3´»k, j ∈ Pω§÷

v^�µ£1¤§xk > 0§ tk(x) = Tω§£2¤j ∈ Pω\P s
ω ´��Ú´»§�T̃ω = tj(x)§íÑµ

tk(x)− tj(x) > 0§�xk > 0§j´��Ú´»§ù�x ´älNþ�å�Ïþï6gñ§y."

éälNþ�å��Ïþï¯K§dÚn2.1Ú½n2.1§��E��5�{O��Ïþï6"

I�`²�´§��Ï�ä'�E,�§�Å�Û�¤kOD:é�´»´(J�§�Ø�`O�
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�^´»�6þ§¯¢þ§Ï�3þï6¥§éõ´»��Ï6þ�"§Ïd§�IO�Ñ3þï

6¥§6þ�u"�´»þ�6þ=�§ù�§¦+ØO�þï6��ê§��â6þ�u"�

´»þ�6þ§�±N´/���Ï�ä¥�^l�6þ§ù�Ò;�
Å�Û�¤kOD :é�

´»"e¡��{Ò´�âù��g´�E�§���Ø´�Ïþï6�þy ∈ A§´y�¤k
6þ�u"�©þ|¤��þx§��dxO�Ñþï��l6�þz = (xa)a∈E"äN�{Xeµ

b�é?Ûa ∈ E§ta(x)3Rm
+ þëY"

1�Úµ3�äℵ¥§�?¿�1l6z(0)§��Ð©�16��0©þ�¤��þx(0)"

PH(0) = {l ∈ K : xl(0) > 0} §-i=0"

1�Úµéz��ω ∈W§

(1)O�Tω(i) = maxk∈H(i)∩Pω
tk(x(i))§Ù¥tk(x(i)) L«6þ�x(i) �´»k þ�|G"

(2)3�äℵ¥§íØ�6þ�x(i) ��ä�¤k�Úl§éÙ{��Úla§±lþ|

Gta(x(i))(> 0)��§��\��äℵ̂i §3�äℵ̂i ¥§O�éO/D :éω��á´§��á´

�sω§Ù��tsω(x(i))§w,§sω ∈ Pω§�T̃ω(i) = tsω(x(i))"

O�Ωω(i) = maxω∈W{0, Tω(i)− T̃ω(i)} ÚΩ(i) = maxω∈W{Ωω(i)}"

eΩ(i) = 0,K=1ÊÚ.

1nÚµéá�:é§�½��ω∗ ∈ {ω ∈W : Ωω(i) = Ω(i)}§

3�äℵ̂¥§eá�:éω∗��á´��kü^§Ù¥�^�sω∗§�,k�^�s
′

ω∗§

PŜω∗(i) = {sω∗, s
′

ω∗ : tsω∗(x(i)) = ts′ω∗(x(i)) < Tω(i)};

3�äℵ̂¥, eá�:éω∗��á´�k�^§=�sω∗§O�á�:éω∗�gá´§��s
′

ω∗§

PŜω∗(i) = {sω∗ : tsω∗(x(i)) < Tω(i)} ∪ {s′ω∗ : ts′ω∗(x(i)) < Tω(i)}"

éÙ¦:é§∀ω ∈W\{ω∗}§PŜω(i) = {sω : tsω(x(i)) < Tω(i)}"

=e�Ú"

1oÚµ-S(i) = (∪ω∈Pω
Ŝω(i))§H(i+ 1) = H(i) ∪ S(i)§¦)e�5y¯KMP (i) :

Minz(x) =
∑
a∈E

∫ xa(i)

0

ta(x)dx

s.t



∑
k∈Pω

xk(i) = dω,∀ω ∈W,k ∈ H(i+ 1)

xa(i) =
∑
ω∈W

∑
k∈Pω

δakxk(i) ≤ ca,∀a ∈ E

xk(i) ≥ 0,∀ω ∈W,k ∈ H(i+ 1)

��)x(i+ 1)"-i = i+ 1§=1�Ú"

1ÊÚµ¤¦�Ïþï6��0�þ�x(i+1)§kx(i+1)O�Ñþï��l6�þz = (xa)a∈E§
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O�(å"

3.2. �{Þ~

~2.1.�ÄÛlNþ�å��Ïþï¯K(�ã 1)µ

Ù¥V={1,2,3,4,5,6,7,8,9,10,11,12,13}, E={e1,e2,e3, e4,e5,e6,e7,e8,e9,e10,e11,e12,e13,e14,e15,e16,e17,
e18,e19,e20,e21,e22,e23}, C=(5,6,7,5,6,5, 6,4,5,7,3,5, 6,6,5,5,7,7,4,6,6,8,7), W={ω1, ω2}={(1,12),(3,10)},
D=(dω1, dω2}=(6,5)"

Figure 1. The figure of traffic network

ã 1. �Ï�äã

¿��m|G¼ê�te1(xe1)=2(xe1)
2 +23§te2(xe2)=(xe2)

2+33§te3(xe3)=3(xe3)
2+50§te4(xe4)

=2(xe4)
2+11§te5(xe5)=3(xe5)

2+20§te6(xe6)=2(xe6)
2+28§te7(xe7)=2(xe7)

2+30§te8(xe8)=3(xe8)
2

+28§te9(xe9)=(xe9)
2+40§te10(xe10)=4(xe10)

2+35§te11(xe11)=2(xe11)
2+42§te12(xe12)=3(xe12)

2+45§

te13(xe13)=3(xe13)
2+15§te14(xe14)=5(xe14)

2+22§te15(xe15)=(xe15)
2+48§te16(xe16)=2(xe16)

2+55§

te17(xe17)=2(xe17)
2+66§te18(xe18)=3(xe18)

2+13§te19(xe19)=3(xe19)
2+25§te20(xe20)=3(xe20)

2+60§

te21(xe21)=4(xe21)
2+38§te22(xe22)=2(xe22)

2+70§te23(xe23)=3(xe23)
2+90"

e¡^#�{O�älNþ�å��Ïþï6µ

i=0§

1)§éO/D:éω1=(1,12)§?À´»l1={e3e10e18e23}§-Ù6þ�x1(0)=6.00§éO/D:

éω2=(3,10)§?À´»l2={e7e14e20e22}§-Ù6þ�x2(0)=5.00"w,x(0)3l1 þ�6þx1(0) =

6.00§3l2þ�6þx2(0) = 5.00§Ù§´»þ�6þ�0.00§H(0) = {l1, l2}§Ù¥x1(0), x2(0) �

´»l1§l2�6þ"d�3x(0)e��ä6þã�ã 2 ()ÒS�êi�lþ�6þ)"

±x(0)�6��lþ�|G��§�\��äℵ̂0§d�\��äã�ã 3 ()ÒSêi��1

6x(0)�§�lþ��m)"

2)§(1) d\��äãã 3§éO/D:éω1=(1,12)§ω1 ∈ W§Tω1(0) = tl1(x(0)) = 656.00¶

éO/D :éω2 =(3, 10)§ω2 ∈W§Tω2(0) = tl2(x(0)) = 482.00"
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Figure 2. The figure of network flow under x(0)

ã 2. 3x(0)e��ä6þã

(2) d\��äãã 3§éO/D:éω1=(1,12)§^lingo ^�(±eO��á´9gá´þ

æ^lingo ^�)�Ñ�á´Sω1
= {l3}={e1e6e14e21}§T̃ω1(0) =tl3(x(0))=236.00 ¶éO/D:éω2

=(3, 10)§�á´Sω2
= {l4}={e2e5e11e17}§T̃ω2(0)= tl4(x(0))=161.00"

Ωω1(0) = max{0, 656− 236} = 480.00§Ωω2(0) = max{0, 482− 161} = 321.00"

Ω(0) = max{480.00, 321.00} = 480.00"

3¤§�ω1∗ ∈ {ω ∈W : Ωω1(0) = Ω(0)}§á�:é�ω1∗ = (1, 12)"

éá�:éω1∗ = (1, 12)§�á´Sω1∗ = {l3}={e1e6e14e21}§ tl3(x(0))=236.00¶gá´

�S
′

ω1∗ = {l5}={e4e12e19e23}§tl5(x(0))=279.00"Ŝω1∗(0)={l3, l5}"

éO/D:éω2 =(3, 10)§�á´Sω2
= {l4}={e2e5e11e17}§tl4(x(0))=161.00"Ŝω2(0)={l4}"

Figure 3. The figure of network weighting under x(0)

ã 3. 3x(0)e��ä\�ã

4)§S(0)= {l3§l5§l4}§H(1)={l1§l2§l3§l4§l5}§Ù¥x1(0), x2(0), x3(0), x4(0), x5(0) �´

»l1, l2, l3, l4, l5�6þ§=\\´»l3§l4§l5")e�5y¯KMP (1):
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Min z(x) =
∑

a∈E
∫ xa(i)

0
ta(x) dx =

∫ xe3(0)

0
(3x2 +50) dx +

∫ xe10(0)

0
(4x2 +35) dx +

∫ xe18(0)

0
(3x2 +

13) dx +
∫ xe23(0)

0
(3x2 + 90) dx +

∫ xe7(0)

0
(2x2 + 30) dx+ +

∫ xe14(0)

0
(5x2 + 22) dx+

∫ xe20(0)

0
(3x2 + 60)

dx+
∫ xe22(0)

0
(2x2 + 70) dx +

∫ xe1(0)

0
(2x2 + 23) dx +

∫ xe6(0)

0
(2x2 + 28) dx +

∫ xe21(0)

0
(4x2 + 38) dx

+
∫ xe2(0)

0
(x2 + 33) dx +

∫ xe5(0)

0
(3x2 + 20) dx +

∫ xe11(0)

0
(2x2 + 42) dx +

∫ xe17(0)

0
(2x2 + 66) dx +∫ xe4(0)

0
(2x2 + 11) dx +

∫ xe12(0)

0
(3x2 + 45) dx +

∫ xe19(0)

0
(3x2 + 25) dx§

Ù¥(xe3(0) = xe10(0) = xe18(0) = x1(0), xe7(0) = xe20(0) = xe22(0) = x2(0), xe1(0) =

xe21(0) = xe6(0) = x3(0), xe2(0) = xe5(0) = xe11(0) = xe17(0) = x4(0), xe4(0) = xe12(0) = xe19(0) =

x5(0), xe23(0) = x1(0) + x5(0), xe14(0) = x2(0) + x3(0))"

Ïd:Min z(x) = 10
3

(x1(0))3 + 188x1(0) + (x1(0) + x5(0))3 + 171x5(0) + 7
3
(x2(0))3 + 182x2(0) +

5
3
(x2(0) + x3(0))3 + 111x3(0) + 8

3
(x3(0))3 + 8

3
(x4(0))3 + 161x4(0) + 8

3
(x5(0))3§

s.t



x1(0) + x3(0) + x5(0) = 6, x2(0) + x4(0) = 5,

x1(0) + x5(0) ≤ 7, x2(0) + x3(0) ≤ 6,

0 ≤ x1(0) ≤ 7, 0 ≤ x2(0) ≤ 6,

0 ≤ x3(0) ≤ 5, 0 ≤ x4(0) ≤ 3,

0 ≤ x5(0) ≤ 4,

)�x(1)3l1þ�6þx1(1) = 1.46!3l2þ�6þx2(1) = 2.00!3l3 þ�6þx3(1) = 2.35!

3l4 þ�6þx4(1) = 3.00!3l5 þ�6þx5(1) = 2.19§Ù§´»þ�6þ�0"

6x(1) k�Úle11§�Ú´»l4"

36x(1)e§íØ�Úle11�§±x(1)�6��lþ�|G��§�\��äℵ̂1"

i=1§

1¤§(1)éO/D:éω1=(1,12)§Tω1(1) = tl3(x(1))
.
= 249.50§éO/D:éω2 =(3, 10)§Tω2(1) =

tl2(x(1))
.
= 304.43"

(2) 36x(1)e§íØ�Úle11�§±x(1)�6��lþ�|G��§�\��äℵ̂1§3\�
�äℵ̂1 ¥§éO/D:éω1=(1,12)§�á´Sω1

= {l1}={e3e10e18e23}§T̃ω1(1) =tl1(x(1))
.
= 249.50¶

éO/D:éω2 =(3, 10)§�á´Sω2
= {l6}={e7e13e19e22}§T̃ω2(1)= tl6(x(1))

.
= 170.40"

Ωω1(1) = 0.00§Ωω2(1) = 134.03"Ω(1) = 134.03"

2¤§�ω2∗ ∈ {ω ∈W : Ωω2(1) = Ω(1)}§á�:é�ω2∗ =(3, 10)"

éá�:éω2∗=(3,10)§�á´�Sω2∗ = {l6}={e7e13e19e22}§tl6(x(1))
.
= 170.40§gá´

�S
′

ω2∗ = {l7}={e2e6e13e19e22}§tl7(x(1))
.
= 213.41§Ŝω2∗(1)={l6, l7}"

éO/D:éω1 =(1, 12)§�á´�Sω1
= {l1}={e3e10e18e23}§tl1(x(1))

.
= 249.50§Ŝω1(1) =

{l1}"

3¤§S(1) = {l6§l7§l1}, H(2)={l1§l2§l3§l4§l5§l6§l7}§Ù¥x1(1), x2(1), x3(1), x4(1), x5(1),

x6(1), x7(1) �´»l1, l2, l3, l4, l5, l6, l7�6þ§=\\´»l6§l7")e�5y¯KMP (2):

Min z(x) =
∑

a∈E
∫ xa(i)

0
ta(x) dx =

∫ xe3(1)

0
(3x2 +50) dx +

∫ xe10(1)

0
(4x2 +35) dx +

∫ xe18(1)

0
(3x2 +
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13) dx +
∫ xe23(1)

0
(3x2 + 90) dx +

∫ xe7(1)

0
(2x2 + 30) dx+ +

∫ xe14(1)

0
(5x2 + 22) dx+

∫ xe20(1)

0
(3x2 + 60)

dx+
∫ xe22(1)

0
(2x2 + 70) dx +

∫ xe1(1)

0
(2x2 + 23) dx +

∫ xe6(1)

0
(2x2 + 28) dx +

∫ xe21(1)

0
(4x2 + 38) dx

+
∫ xe2(1)

0
(x2 + 33) dx +

∫ xe5(1)

0
(3x2 + 20) dx +

∫ xe11(1)

0
(2x2 + 42) dx +

∫ xe17(1)

0
(2x2 + 66) dx +∫ xe4(1)

0
(2x2 + 11) dx +

∫ xe12(1)

0
(3x2 + 45) dx +

∫ xe19(1)

0
(3x2 + 25) dx +

∫ xe13(1)

0
(3x2 + 15) dx§

Ù¥(xe3(1) = xe10(1) = xe18(1) = x1(1), xe23(1) = x1(1) + x5(1), xe7(1) = x2(1) + x6(1),

xe14(1) = x2(1) + x3(1), xe20(1) = x2(1), xe22(1) = x2(1) + x6(1) + x7(1), xe1(1) = xe21(1) =

x3(1), xe6(1) = x3(1) + x7(1), xe2(1) = x4(1) + x7(1), xe5(1) = xe11(1) = xe17(1) = x4(1), xe4(1) =

xe12(1) = x5(1), xe19(1) = x5(1) + x6(1) + x7(1), xe13(1) = x6(1) + x7(1))"

Ïd:Min z(x)=
∑

a∈E
∫ xa(i)

0
ta(x) dx = 10

3
(x1(1))3 + 188x1(1) + (x1(1) + x5(1))3 + 171x5(1) +

2
3
(x2(1)+x6(1))3 +182x2(1)+140x6(1)+ 5

3
(x2(1)+x3(1))3 +111x3(1)+(x2(1))3 + 2

3
(x2(1)+x6(1)+

x7(1))3 + 171x7(1) + 2(x3(1))3 + 2
3
(x3(1) + x7(1))3 + 1

3
(x4(1) + x7(1))3 + 161x4(1) + 7

3
(x4(1))3 +

5
3
(x5(1))3 + (x5(1) + x6(1) + x7(1))3 + (x6(1) + x7(1))3§

s.t



x1(1) + x3(1) + x5(1) = 6, x2(1) + x4(1) + x6(1) + x7(1) = 5,

x1(1) + x5(1) ≤ 7, x2(1) + x3(1) ≤ 6, x2(1) + x6(1) + x7(1) ≤ 8,

x2(1) + x6(1) ≤ 6, x3(1) + x7(1) ≤ 5, x5(1) + x6(1) + x7(1) ≤ 4,

x6(1) + x7(1) ≤ 6, x4(1) + x7(1) ≤ 6, 0 ≤ x1(1) ≤ 7,

0 ≤ x2(1) ≤ 6, 0 ≤ x3(1) ≤ 5, 0 ≤ x4(1) ≤ 3, 0 ≤ x5(1) ≤ 5,

0 ≤ x6(1) ≤ 4, 0 ≤ x7(1) ≤ 4.

)�x(2)3l1þ�6þx1(2) = 1.67!3l2þ�6þx2(2) = 0.00!3l3 þ�6þx3(2) = 3.15!

3l4 þ�6þx4(2) = 2.64!3l5 þ�6þx5(2) = 1.18!3l6þ�6þx6(2) = 2.36!3l7 þ�6

þx7(2) = 0.00§Ù§´»þ�6þ�0"

6x(2)vk�Úl§±x(2)�6��lþ�|G��§�\��äℵ̂2"

i=2§

1¤§£1¤éO/D:éω1=(1,12)!Tω1(2) = tl3(x(2))
.
= 240.08§éO/D:éω2 =(3, 10)§Tω2(2)) =

tl6(x(2))
.
= 216.70"

£2¤3\��äℵ̂2¥§éO/D :éω1=(1,12)§�á´Sω1
= {l8}={e4e11e18e23}§ T̃ω1(2)

=tl8(x(2))
.
= 205.40¶éO/D:éω2 =(3, 10)§�á´Sω2

= {l4}={e2e5e11e17}§T̃ω2(2)= tl4(x(2))
.
=

216.70"

Ωω1(2) = 34.68§Ωω2(2) = 0.00"Ω(2) = 34.68"

2¤§�ω1∗ ∈ {ω ∈W : Ωω1(2) = Ω(2)}§á�:é�ω1∗ =(1, 12)"

3\��äℵ̂2¥§éO/D:éω1∗=(1,12)§Tω1(2) = tl3(x(2))
.
= 240.08§éO/D:éω2

=(3, 10)§Tω2(2) = tl6(x(2))
.
= 216.70"

�16x(2)�á��Ω(2) = 34.68§á�:é�ω1∗ =(1, 12)"

éá�:éω1∗=(1,12)§�á´�Sω1∗ = {l8}={e4e11e18e23}§tl8(x(2))
.
= 205.40§gá´
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�S
′

ω1∗ = {l5}={e4e12e19e23} §tl5(x(2))
.
= 240.06"Ŝω1∗(2)={l8, l5}"

éO/D:éω2 =(3, 10), �á´�Sω2
(2) = {l4}={e2e5e11e17}§tl4(x(2))

.
= 216.70" Ŝω2(2) =

{l4}"

3¤§S(2) = {l8§l5§l4}§H(3)={l1§l2§l3§l4§l5§l6§l7§l8}§Ù¥x1(2), x2(2), x3(2), x4(2),

x5(2), x6(2), x7(2), x8(2) �´»l1, l2, l3, l4, l5, l6, l7, l8 �6þ§=\\´»l8 ")e�5y¯

KMP (3):

Min z(x) =
∑

a∈E
∫ xa(i)

0
ta(x) dx = 7

3
(x1(2))3 +188x1(2)+(x1(2)+x8(2))3 +156x8(2)+(x1(2)+

x5(2)+x8(2))3+171x5(2)+ 2
3
(x2(2)+x6(2))3+182x2(2)+140x6(2)+ 5

3
(x2(2)+x3(2))3+111x3(2)+

(x2(2))3 + 2
3
(x2(2)+x6(2)+x7(2))3 +171x7(2)+2(x3(2))3 + 2

3
(x3(2)+x7(2))3 + 1

3
(x4(2)+x7(2))3 +

161x4(2) + 5
3
(x4(2))3 + 2

3
(x4(2) +x8(2))3 + 2

3
(x5(2) +x8(2))3 + (x5(2))3 + (x5(2) +x6(2) +x7(2))3 +

(x6(2) + x7(2))3"

s.t



x1(2) + x3(2) + x5(2) + x8(2) = 6, x2(2) + x4(2) + x6(2) + x7(2) = 5,

x1(2) + x8(2) ≤ 7, x1(2) + x5(2) + x8(2) ≤ 7, x2(2) + x6(2) ≤ 6,

x3(2) + x2(2) ≤ 6, x2(2) + x6(2) + x7(2) ≤ 8, x3(2) + x7(2) ≤ 5,

x4(2) + x7(2) ≤ 6, x4(2) + x8(2) ≤ 3, x5(2) + x8(2) ≤ 5,

x5(2) + x6(2) + x7(2) ≤ 4, x6(2) + x7(2) ≤ 6, 0 ≤ x1(2) ≤ 7,

0 ≤ x2(2) ≤ 6, 0 ≤ x3(2) ≤ 5, 0 ≤ x4(2) ≤ 3, 0 ≤ x5(2) ≤ 4,

0 ≤ x6(2) ≤ 4, 0 ≤ x7(2) ≤ 4, 0 ≤ x8(2) ≤ 3.

Ù¥(xe3(2) = xe10(2) = x1(2), xe18(2) = x1(2)+x8(2), xe23(2) = x1(2)+x5(2)+x8(2), xe7(2) =

x2(2) + x6(2), xe14(2) = x2(2) + x3(2), xe20(2) = x2(2), xe22(2) = x2(2) + x6(2) + x7(2), xe1(2) =

xe21(2) = x3(2), xe6(2) = x3(2) + x7(2), xe2(2) = x4(2) + x7(2), xe5(2) = xe17(2) = x4(2), xe11(2) =

x4(2) + x8(2), xe4(2) = x5(2) + x8(2), xe12(2) = x5(2), xe19(2) = x5(2) + x6(2) + x7(2), xe13(2) =

x6(2) + x7(2))"

)�x(3)3l1þ�6þx1(3) = 1.35!3l2þ�6þx2(3) = 0.00!3l3 þ�6þx3(3) = 3.14!

3l4 þ�6þx4(3) = 2.23!3l5 þ�6þx5(3) = 0.74!3l6þ�6þx6(3) = 2.77!3l7 þ�6

þx7(3) = 0.00!3l8þ�6þx8(3) = 0.77§Ù§´»þ�6þ�0"d�6þã�ã 4"

6x(3) k�Úle11, �Ú´»l4§l8§íØ�Úle11§±x(3)�6��lþ�|G��§�\

��äℵ̂3§d�\��äã�ã 5"

i=3§

1)§(1) éO/D:éω1=(1,12)§Tω1(3)=tl1(x(3))
.
= 238.90"éO/D:éω2=(3, 10)§Tω2(3)

=tl6(x(3))
.
= 230.90"

(2) 36x(3)e§íØ�Úle11�§±x(3)�6��lþ�|G��§�\��äℵ̂3§3\
��äℵ̂3¥§éO/D:éω1=(1,12)§�á´�Sω1

(3) = {l3} = {e1e6e14e21}§T̃ω1(3)=tl3(x(3))
.
=

238.90"

éO/D:éω2= (3, 10)§�á´�Sω2
(3) = {l6} = {e7e13e19e22}§T̃ω2(3)=tl6(x(3))

.
= 230.90"
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Figure 4. The figure of network flow under x(3)

ã 4. 3x(3)e��ä6þã

Figure 5. The figure of network weighting under x(3)

ã 5. 3x(3)e��ä\�ã

Ωω1(3) = 0.00§Ωω2(3) = 0.00"

Ω(3) = 0.00"

�16x(3)�á��Ω(3) = 0.00§x(3) �þï6"

dþï6k�Úle11§�Ú´»l4!l8"

4. (Ø

�©�âá�½Â§�Ñ
�16x´älNþ�å�Ïþï6�¿�^�§¿±d�E
�

«#�{"�©3O�L§¥§Ò´|^á�§84Ì�gñ§éÑá�:é§ÏL¯�~��1
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ù«�¹§©¥�~

f¿©`²
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