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Abstract

In this paper, firstly, we investigate a kind of pointwise metric-the second metric,

and characterize it by using O2 − nbd mappings. Secondly, we prove that its induced

topology is consistent with its cotopology. In addition, we also prove that the second

metric is Q− CI . Finally, we assert that L–real line is the second metric, and present

the relationships between its several basic spheres.
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1. ý��£

3©z [1]p,·��Ñ
F�þ��«:ªÝþ,¿éù«½ªÝþ?1
ïÄ.3©z [2]p,Ï

L¦^ØÓ�ëY5^�,·�rù«:ªÝþ©�oa.©z [2]®²ïÄ
1�a.e¡òïÄ1

�a.

½Â1.1 [1]F�LXþ���:ª[Ýþ({¡:ª[Ýþ)´��N�p : M ×M → [0,+∞),�

÷ve�^�:

(B1) ∀a, b ∈M ,XJa ≥ b,@op(a, b) = 0;

(B2) ∀a, b, c ∈M ,p(a, c) ≤ p(a, b) + p(b, c).

��:ª[Ýþp�����:ª�Ýþ({¡:ª�Ýþ),XJp�÷ve�^�:

(B3) ∀a, b ∈M ,∃x 6≤ b′¦�p(a, x) < r ⇔ ∃y 6≤ a′¦�p(b, y) < r.

��:ª�Ýþp,XJ§�÷v^�:

(B4) ∀a, b ∈M ,XJp(a, b) = 0,Ka ≥ b,
K¡p´LXþ���:ªÝþ({¡:ªÝþ).

½Â1.2 [2] [3] ��N�p : M ×M → [0,+∞)´LXþ�1�a�Ýþ(½:ªErceg�Ýþ)�
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�=�p÷v^�(B1),(B2),(B3)Ú^�� p(a, b) =
∨
c�b

p(a, c).

½Â1.3 [2] �p : M ×M −→ [0,∞)´N�.a, b ∈M ,∀r ∈ [0,+∞), ½Â

(1) Ur(a) =
∨
{c ∈M | p(a, c) < r}; (2) Br(a) =

∨
{c ∈M | p(a, c) ≤ r};

(3) Qr(b) =
∨
{c ∈M | p(c, b) > r}; (4) Pr(b) =

∨
{c ∈M | p(c, b) ≥ r}.

N�Ur(a) : M −→ LX�¡´a�1�am��N�, {Ur(a) | a ∈ M, r ∈ [0,+∞)}�¡�p�
1�am��N�q({¡O1 − nbdq).

N�Br(a) : M −→ LX�¡´a�4��N�, {Br(a) | a ∈ M, r ∈ [0,+∞)}�¡�p�4��
N�q({¡C − nbdq).

N�Qr(b) : M −→ LX�¡´a�1�am��N�, {Qr(b) | b ∈ M, r ∈ [0,+∞)}�¡�p�
1�am��N�q({¡O2 − nbdq).

N�Pr(b) : M −→ LX�¡´a��-��N�, {Pr(b) | b ∈ M, r ∈ [0,+∞)}�¡�p��-��

N�q({¡R− nbdN�q).

½n1.1 [1] XJN�p : M ×M → [0,+∞)÷v(B3),K
∨
b�a

Ur(b) = Ur(a).

½Â1.4 [1]�N�p : M ×M → [0,+∞).A ∈ LX ,½ÂDr(A) =
∨
{b ∈ M | ∃a � A, p(a, b) <

r}.

�â½Â1.4Ú½n1.1,�A ∈ LX ,3A´©f�,=A = b ∈M�,ke�(J:

íØ1.1 [1] �N�p : M ×M → [0,+∞)÷v(B3),b ∈M ,KUr(b) = Dr(b).

½Â1.5 [1]�N�p : M ×M → [0,+∞) ÷v(B3).éz�A ∈ LXÚ∀r > 0,½ÂN�Ur(A) =∨
a�A

Ur(a).

�â½Â,w,ke�(J:

½n1.2 [1]�N�p : M ×M → [0,+∞) ÷v(B3),Kkeª¤á:

(I) Dr(A) =
∨
a�A

Dr(a);

(II) Ur(A) = Dr(A).

½Â1.6 [1]�N�p : M ×M → [0,+∞),�A ∈ LX ,½ÂD−r(A) =
∨
{a ∈M | Dr(a) ≤ A}.

½Â1.7 [4] [5] (LX , δ)´L-fuzzyÿÀ�m.a ∈M ,A ∈ δ′(=A´48),XJka 6≤ A,K¡A ´a

�4��.�B ∈ LX , Xa k4��A¦�B ≤ A,K¡B´a���,Ó�¡B′´a��.

½Â1.8 [4] [5] (i) a��xQ(a)¡�a�Q − neighborhoodsÄ,eéa�?��η, �3ξ ∈
Q(a) ¦�ξ ≤ η;

(ii) (LX , δ)¡�´Q− C1�,eéz��a ∈Mk�ê�Q− neighborhoodsÄ.

½n1.3 [1] �p´:ª�Ýþ,Kk
∨
z 6≤b′

Pλ(z)′ ≤ Dλ(b).

½n1.4 [2] XJp´1�a�Ýþ,@o
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(I) Qr(a) =
∨
r<s

Qs(a);

(II)
∨
c�a

Qr(c) = Qr(a).

½n1.4 [1] �p´:ª�Ýþ,KPr(a)3ζp¥´��48.

½n1.5 [1] �p´:ª[Ýþ,K{D−r(α)|α ∈ MJ, r ∈ [0,+∞)}´LXþ�{ÿÀÄ,l�

�LX þ�{ÿÀψp.

½n1.6 [1]�p´:ª[Ýþ,KO1-nbdq{Ur(a)|a ∈ M, r ∈ [0,+∞)} ´LXþ�ÿÀÄ,Pé

A�ÿÀ�ζp.

½n1.7 [1] XJp´:ª�Ýþ,Kψp = ζ ′p.

½n1.8 [1] �p´:ª[Ýþ,a ∈M ,K∀r > 0k
∧
u<r

Pu(a) = Pr(a).

½n1.9 [1] �p´:ª[Ýþ,�
∧
c�a

p(c, a) = λ > 0,Ka 6≤ Pr(a)⇔r > λ.

½n1.10 [4] LXþ���1�a�Ýþ(½Erceg�Ýþ)Ò´�du÷ve¡^���xN

�{Dr | Dr : LX → LX , r > 0}:

(D1) Dr(A) ≥ A;

(D2) Dr(
∨
i∈Ω

Ai) =
∨
i∈Ω

Dr(Ai);

(D3) Dr ◦Ds ≤ Dr+s;

(D4) Dr =
∨
s<r

Ds;

(D5) D−1
r = Dr.

½n1.11 [5] [6] [7] L − fuzzy¢��(½¡L-¢��)R(L)Ò´��÷ve¡^��_SN

�λ : R→ L��da�8Ü: ∨
t∈R

λ(t) = 1,
∧
t∈R

λ(t) = 0.

ùp,ü�N�λ, µ�d��=�∀t ∈ R, λ(t−) = µ(t−), λ(t+) = µ(t+).R(L)þ�IOL− fuzzyÿ
À´ÏLfÄ{lt, rt|t ∈ R})¤.{lt, rt}©O½ÂXe:

lt : R(L)→ L, lt(λ) = λ(t−)
′
,

rt : R(L)→ L, rt(λ) = λ(t+).

XJA ⊂ R,@ok
∨
t∈A

lt = lsupAÚ
∨
t∈A

rt = rinfA,�éz�t ∈ RÚ∀s > 0,klt ≤ r
′

t ≤ lt+sÚrt ≤

l
′

t ≤ rt−s.

½n1.12 [7]3R(L)¥,½ÂN�ε : M(LR(L))→ RÚσ : M(LR(L))→ R¦�∀e ∈M(LR(L))k:ε(e) =

sup{t|e ≤ l′t}, σ(e) = inf{t|e ≤ r′t},Kk

(a) ε(e) = max{t|e ≤ l′t}, σ(e) = min{t|e ≤ r′t}.
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(b)XJa, b ∈M(LR(L))�a ≤ b,Kε(a) ≥ ε(b)Úσ(a) ≤ σ(b).

(c)XJ-p(b, a) = max{ε(b)− ε(a), σ(a)− σ(b), 0},Kp´Shi�Ýþ�p�R− nbdN�q{Pr |
r > 0} ÷ve�^�: Pr(a) = l′ε(a)+r

∨
r′σ(a)−r.

2. 1�aÝþ5�

½Â2.1 ��N�p : M ×M → [0,+∞)´1�aëY5:ª�Ýþ({¡�a�Ýþ),XJp´

��:ª�Ýþ��÷ve�^�

� p(a, b) =
∧
c�a

p(c, b).

XJ�a�Ýþp�÷v^�(B4),K¡p´1�aÝþ.

© [3] [7] [8]¥ïÄ�:ªShi�Ýþ(Ýþ)¢SþÒ´·��Ñ�1�a�Ýþ(Ýþ).

½n2.1 �p´1�a�Ýþ,K

∀c, b ∈M, c ≤ Pr(b)⇔ p(c, b) ≥ r.

y² �Ly²c ≤ Pr(b) ⇒ p(c, b) ≥ r.�c ∈ M�c ≤ Pr(b).@o∀h � c,∃e ∈ M¦�e ≥
h�p(e, b) ≥ r. dp÷v(B1)Ú(B2)��

r ≤ p(e, b) ≤ p(e, h) + p(h, b) = p(h, b).

Ïdd��p(c, b) =
∧
h�c

p(h, b) ≥ r.

ly²�±wÑ:½n2.1(Ø¤á,N�p=I�÷v(B1)!(B2)Ú�Ò�±
.

3© [1]¥,·�y²
½n1.3:�p´:ª�Ýþ,Kk
∨
z 6≤b′

Pλ(z)′ ≤ Dλ(b).XJp´1�a�Ý

þ,Kk:

½n2.2 �p´1�a�Ýþ,Kk
∨
z 6≤b′

Pλ(z)′ = Dλ(b).

y² dd,Ly²
∨
z 6≤b′

Pλ(z)′ ≥ Dλ(b).

�a � Dλ(b).Kp(b, a) < λ.é∀x 6≤ a′,=a 6≤ x′,d(B3)�3z 6≤ b′ ¦�p(x, z) < λ,d½n2.1�

�x 6≤ Pλ(z).Ïd�x 6≤
∧
z 6≤b′

Pλ(z).Ï�dx 6≤ a′V«x 6≤
∧
z 6≤b′

Pλ(z), ��
∧
z 6≤b′

Pλ(z) ≤ a′,=a ≤∨
z 6≤b′

Pλ(z)′. l�
∨
z 6≤b′

Pλ(z)′ ≥ Dλ(b).·K�y.

½n2.3 �p´:ª[Ýþ,XJ÷v�,K�∀a, b ∈M ,p(a, b) =
∨
e�b

p(a, e)¤á.

y² p(a, b) ≥
∨
e�b

p(a, e)w,.�p(a, b) >
∨
e�b

p(a, e),@o∃s, r > 0¦�p(a, b) > s > r >∨
e�b

p(a, e).ls < p(a, b) ≤ p(a, e) + p(e, b) < p(e, b) + r ⇒ p(e, b) > s − r.de � b�?¿5
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�
∧
e�b

p(e, b) ≥ s− r,ùÚ
∧
e�b

p(e, b) = 0gñ,¤±p(a, b) =
∨
e�b

p(a, e).

½n2.4 �p´1�a�Ýþ,K∀a, b ∈M ,k
∨
x 6≤a′

p(x, b) =
∨
y 6≤b′

p(y, a).

�
y²½n2.4,·�I�e�Ún2.1.

Ún2.1 �N�p´:ª[Ýþ,�÷v�,K∀c, b ∈M,a ≤ Br(b)⇔ p(a, b) ≤ r.

y² Lyc ≤ Br(b) ⇒ p(b, c) ≤ r.�c ∈ M�c ≤ Br(b).@o∀h � c,∃e ∈ M ¦�e ≥ h

�p(b, e) ≤ r. dp÷v(B1)Ú(B2)��p(b, h) ≤ p(b, e) + p(e, h) = p(b, e) ≤ r.Ïdd��p(b, c) =∨
h�c

p(b, h) ≤ r.

½n2.4�y² w,∀a, b ∈M,
∨
x 6≤a′

p(x, b) =
∨
y 6≤b′

p(y, a)�due¡ªf:

(B3)∗ ∃x 6≤ a′, p(x, b) > r ⇔ ∃y 6≤ b′, p(y, a) > r.

yy(B3)∗¤á.�∃x 6≤ a′¦�p(x, b) > r,�∃s¦�p(x, b) > s > r.dÚn2.1�b 6≤ Bs(x).2d

½n2.2ÚíØ1.1��:

b 6≤ Bs(x) ≥ Us(x) =
∨
z 6≤x′

Ps(z)
′(Us(x) = Ds(x)).

dd�:�z�z 6≤ x′, �b 6≤ Ps(z)′.dux 6≤ a′,=a 6≤ x′, �,kb 6≤ Ps(a)′,�Ò´Ps(a) 6≤ b′.Ïdù
p∃y ∈M �y ≤ Ps(a)¦�y 6≤ b′.d½n2.1�p(y, a) ≥ s > r.Ón,���y.l·K¤á.

½n2.5 �p´:ª[Ýþ,�÷v�.Kp´1�a�Ýþ⇔p÷v(B3)∗.

y² (⇒). d½n2.4��.

(⇐). Lyp÷v(B3).

Äky²
∨
z 6≤b′

Qs(z)
′ ≤ Bs(b).

�a 6≤ Br(b),@o�3c � a¦�c 6≤ Br(b),d½n2.3ÚÚn2.1�p(b, c) > r.�z�z 6≤ b′(b 6≤
z′),�â(B3)∗��3x 6≤ c′¦�p(x, z) > r,ùL²x ≤ Qr(z).ÏdQr(z) 6≤ c′,=c 6≤ Qr(z)

′.Ï�é

z�z 6≤ b′, �âc � a ��a 6≤ Qr(z)
′,=�z�z 6≤ b′kBr(b) ≥ Qr(z)

′, l�,kBr(b) ≥∨
z 6≤b′

Qs(z)
′,=

∧
z 6≤b′

Qs(z) ≥ Bs(b)′¤á.

dd��e�ªµ

b 6≤
∧
x 6≤a′

Ps(x) ≥
∧
x 6≤a′

Qs(x) ≥ Bs(z)′ ≥ Ur(a)′.

=��Ur(a) 6≤ b′.dd�3y ≤ Ur(a)¦�y 6≤ b′�p(a, y) < r.Ó�,���y.

½Â2.2 N�F, G : M → LX , F ◦G�F � G©O�∀a, b ∈ MkF ◦ G(a) =
∨
{F (b)|b ≤

G(a)}ÚF �G(a) =
∧
{F (b)|b 6≤ G(a)}.

½n2.6 �p´1�a�Ýþ,�{Qr(b) | b ∈ M, r ∈ [0,+∞)}´§�O2 − nbdN�q,Kke¡

�(Ø:
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(R1) ∀a ∈M ,
∧
r>0

Qr(a) = 0;

(R2) ∀a, b ∈M,a ≤ b,∀r ∈ (0,+∞), b 6≤ Qr(a);

(R3) ∀r, s ∈ (0,+∞), Qr �Qs ≥ Qr+s;

(R4) ∀a ∈M,Qr(a) =
∨
r<s

Qs(a);

(R5) ∀a, b ∈M,Qr(a) 6≤ b′ ⇔ Qr(b) 6≤ a′.

y² (R1)b�
∧
r>0

Qr(a) 6= 0,@o�3b ∈ M¦�b ≤
∧
r>0

Qr(a), Ï∀r > 0, b ≤ Qr(a) ≤

Pr(a),dd�p(b, a) ≥ r.dur´?¿�,¤±p(b, a) = +∞,gñ.

(R2)da ≤ b,@o∀r ∈ (0,+∞),�â(B1)kp(b, a) = 0 < r,dd�b 6≤ Qr(a),ÄK,XJb ≤
Qr(a),dQr(a) ≥ Pr(a)�p(b, a) ≥ r,gñ.

(R3)�c� Qr+s(a),Kkp(c, a) > r+s.yyc ≤ Qr�Qs(a).bXc 6≤ Qr�Qs(a) =
∧
{Qr(b)|b 6≤

Qs(a)},@o�3b ∈M ¦�c 6≤ Qr(b)Úb 6≤ Qs(a),dd�p(c, b) ≤ rÚp(b, a) ≤ s,�â(B2)�p(c, a) ≤
r + s,gñ,ÏdkQr �Qs ≥ Qr+s.

(R4)d½n1.4¥(I)Ú½n2.3����.

(R5)d½n2.5��.

½n2.7 �N�q{Qr|Qr : M → LX , r ∈ [0,+∞)}÷v(R1)-(R5),½ÂN�p : M ×M −→
[0,+∞)Xe:

∀a, b ∈M,p(b, a) =
∧
{r|b 6≤ Qr(a)},

Kp´1�a�Ýþ�p(b, a) =
∨
{r|b ≤ Qr(a)},p�O2 − nbdN�qTÐ´{Qr|r ∈ [0,+∞)}.

y² Äky²: (1) p(b, a) > r ⇒ b ≤ Qr(a)¿�b ≤ Qr(a)⇒ p(b, a) ≥ r.

¢Sþ,�âb 6≤ Qr(a),�p(b, a) =
∧
{u | b 6≤ Qu(a)} ≤ r.=p(b, a) > r ⇒ b ≤ Qr(a).�p(b, a) =∧

{u | b 6≤ Qu(a)} < r,K�3u < r¦�b 6≤ Qu(a),d(R4)��Qu(a) ≥ Qr(a),Ïdb 6≤ Qr(a),=b ≤
Qr(a)⇒ p(b, a) ≥ r.

·���yp(¢´lM×M → [0,+∞)�N�.4a, b ∈M ,�â
∧
r>0

Qr(a) = 0�b 6≤
∧
r>0

Qr(a),Ï

d�3r > 0¦�b 6≤ Qr(a),dd��p(b, a) ≤ r,ùw«p(b, a) ∈ [0,+∞).

(B1)XJ∀a, b ∈ M,a ≤ b,Kd(R2)�∀r ∈ (0,+∞)kb 6≤ Qr(a),d(1)�p(b, a) ≤ r,dr�?¿

5�p(b, a) = 0.

(B2)�p(b, a) = r, p(c, b) = s,@o∀t > 0kp(b, a) < r + tÚp(c, b) < s + td(1)�kb 6≤
Qr+t(a)�c 6≤ Qs+t(b),Ïdc 6≤ Qs+t � Qr+t(a),d(R3)�c 6≤ Qr+s+2t(a),d(1) ùw«p(c, a) ≤
r + s+ 2t,Ït´?¿�,¤±kp(c, a) ≤ r + s,=�p(c, a) ≤ p(c, b) + p(b, a).

�XJa, b ∈M,p(b, a) = 0,@od(1)�∀r > 0kb 6≤ Qr(a),dd�∃c� b ¦�c 6≤ Qr(a),Ï

kp(c, a) ≤ r,?�
∧
c�b

p(c, a) ≤ r,dr�?¿5�
∧
c�b

p(c, a) = 0.

XJp(b, a) = r > 0.Ïp®÷v(B1)�(B2),¤±kp(b, a) ≤
∧
c�b

p(c, a).Ïd�Lyp(b, a) ≥
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∧
c�b

p(c, a).-
∧
c�b

p(c, a) = u > 0.�s <
∧
c�b

p(c, a) = u,��é∀c � bks < p(c, a),d(1)�c ≤

Qs(a),?�b ≤ Qs(a),2d(R4)Úp(b, a) =
∨
{r|b 6≤ Qr(a)}�p(b, a) > s.Ïs < u´?¿�,¤±

�p(b, a) ≥ u =
∧
c�b

p(c, a).

(B3)d½n2.5����.

4s =
∨
{r|b ≤ Qr(a)},yys = p(b, a).XJs < p(b, a),K�3t÷vs < t < p(b, a),d

∨
{r|b ≤

Qr(a)} < t,K��b 6≤ Qt(a).2d(1)��p(b, a) ≤ t,gñ.XJs > p(b, a),@o�3t÷vs > t >

p(b, a).ds =
∨
{r|b ≤ Qr(a)} > t,�3r > t¦�b ≤ Qr(a),d(1)�p(b, a) ≥ r > t, gñ,Ï

ds = p(b, a).

yyp�O2 − nbdN�qT´{Qr|r ∈ [0,+∞)}.

�p�O2 − nbdN�q´{Q′r|r ∈ [0,+∞)}.·�Uyéz�r ∈ (0,+∞),Q′r = Qr,=Lyéz

�a ∈M ,kQ′r(a) = Qr(a).

y²Xe:d(1)�:XJp(b, a) > rKb ≤ Qr(a),ÏdkQ′r(a) ≤ Qr(a).��,�b � Qr(a) =∨
r<s

Qs(a),@o�3s > r¦�b ≤ Qs(a), �â(1)�p(b, a) ≥ s,?p(b, a) > r, dd��b ≤

Q′r(a),ÏQr(a) ≤ Q′r(a).�r = 0,Q0(a) =
∨

0<s
Qs(a) =

∨
0<s

Q′r(a) = Q′0(a)�¤á.nþ¤ã,·K�

y.

3. 1�aÝþ?�Ú5�

½n3.1 �p´1�a�Ýþ,Ke�(Ø:

(I) R− nbdN�q{Pr(b)|r ∈ [0,+∞), b ∈M}´4ÿÀÄ,Pù�ÿÀ�ηp;

(II) ηp=ζ
′
p.

y² (I) Ly{Pr(b)|r ∈ [0,+∞), b ∈M}�?¿f8���¤��ÿÀ.=

ηp = {
∧
i∈Γ

Pi(bi)|Γ ⊆ [0,+∞), bi ∈M}

du
∧
∅ = 1,a ∈M,

∧
r>0

Pr(a) = ∅.l

(i) 0, 1 ∈ ηp;

(ii) A ⊆ ηp,B ⊆ ηp,�âηp½Â,A
∧
B ∈ ηpw,;

(iii) Ly²é∀a, b ∈ MÚ∀r, s ∈ [0,+∞),Pr(a) ∨ Ps(b)´{Pr(a) | a ∈ M, r ∈ (0,+∞)}¥�

����.

�r = 0!s = 0½ör = s = 0�,é∀a, b ∈M ,P0(a) = 1,lP0(a) ∨ Ps(b) = 1 ∈ ηp.

�∀r, s ∈ (0,+∞)�,é∀a, b ∈ M ,4A = Pr(a) ∨ Ps(b). @o�â½n1.4,A´ζp¥���4
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8.ÏdA′3ζp¥U
L¤e�/ª: A′ =
∨
i
Dri(ci), =

A = (
∨
i

Dri(ci))
′ =

∧
i

Dri(ci)
′,

�â½n2.2·�U
��

A =
∧
i

∧
z 6≤c′

i

Pri(z).

dd�{Pr(b)|r ∈ [0,+∞), b ∈M}�¤��4ÿÀÄ,ηp´§�)¤ÿÀ.

(II) d½n2.2�éz�Dr(b),§3ηp¥´m8,�d½n1.4,éz�Pr(b),§3ζ
′
p¥´48,ù%

¹ηp=ζ
′
p. y..

l½n3.1�y²L§��,��
∨
z 6≤b′

Pλ(z)′ = Dλ(b)¤á,Òk½n3.1(Ø¤á,

íØ3.1 �p´1�a�Ýþ,Kηp=ψp.

y² d½n1.7Ú½n3.1¥�(I)��.

½n3.2 p´1�a�Ýþ,Kµ

(1).a 6≤ Pr(a)⇔r > 0;

(2).{Pr(a)′}´a���Q− neighborhoodsÄ,=ζp´Q− CI .

y² (1).dup´1�a�Ýþ,�
∧
c�a

p(c, a) = 0.�â½n1.9�·K¤á.

(2).�B´a��.K∃a�4��A,÷vB ≤ A.d½n3.1,{Pr(b)|r ∈ [0,+∞), b ∈ M}´ζp�
4ÿÀÄ�A =

∧
Pri(bri).da 6≤ A ⇒ ∃Pri(bri)÷va 6≤ Ps(b)(PPri(bri) = Ps(b)).-p(a, b) =

t,�p(a, b) = t < s.�∀e÷vp(e, b) ≥ s.ds ≤ p(e, b) ≤ p(e, a) + p(a, b) = p(e, a) + t ⇒ s − t ≤
p(e, a),dus− t ≤ p(e, a)⇒ e ≤ Ps−t(a),lPs(b) ≤ Ps−t(a).

é?¿r > 0,�âPr(a)�½Â,ùp�3t ∈ Q+ = {�N�knê}�0 < t < r¦�Pr(a) ≤
Pt(a).=B´a��,d(1)7�3t ∈ Q+÷va 6≤ Pt(a) �B ≤ Pt(a),dd�{Pt(a)′, t ∈ Q+}´a��
�Q− neighborhoodsÄ,dQ+��ê5�ζp´Q− CI .

½n3.3 �p´1�a�Ýþ,KζpØ´Q− CI .

�
y²ù�(Ø�I�Ñ���~Ò
.

1984c,ùÄu3©z [4]¥QÞe¡~f5`²1�a�ÝþÿÀØ´Q − CI�,���Ñ�

[y².~fXe:

~f3.1 �X,Y´ü���8,| Y |> ℵ0,L = P(Y ).@o(L,∪,∩, ′)´����©���k[
SéÜéA“ ′ ”,ùp“ ′ ”´8�Ö$�.∀r > 0,½ÂDr : L → LXe:éz��A ∈ L,Dr(A) =

A.K{Dr | r > 0} ÷v1�a�Ýþ��d^�(D1)–(D5)(�½n1.10),�§�ÝþÿÀζpØ

´Q− CI .

�
`²1�a�Ýþ�1�a�Ýþ3L-ÿÀ�¿Âe´Ø�d�,©z [9]�QÚ^
þã

~f(�©z [3]¥~6.6).
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Ü�Æ3[Zentralblatt Math., zbl 0983.54012]�Ñ
~f3.1�Ø�(5(Ù¢y²é{ü,k,

���±gC�y�e),�Ò´~f3.1 �L- ÿÀζpE,´Q− CI�.

¤4B3©z [8]¥q�Ñe¡,��~f�`²L²1�a�Ýþp��ÿÀ��Ø

´Q− CI�.

~f3.2 �ω1L«1��Ø�êSê,[0, ω1] L«l0�ω1�¤kSê�8.-

L = [−ω1, 0] ∪ [0, ω1],

@oLX´��äk_SéÜéA���©��.2-X = {x}´��ü:8Ü.éz�¢êr > 0Ú

z�A ∈ LX(LX�LÓ�),5½Dr(A) = A,=Dr : LX → LX´��ðÓN�,@o{Dr | r > 0}´
��1�aÝþ��'��N�x�§�ÿÀ´T = LX .�L − fuzzy:xω1

,@oxω1
���x

´{Ca | a ∈ [−ω1, ω1)}, ùpCa L«��a�~�L− fuzzy8.w,{Ca | a ∈ [−ω1, ω1)}vk�êf
8�¤xω1

�4��Ä(���½Â1.8¥��½Â).

©ÛT~fuyÒ´�Ó�©fål½Â�0,ØÓ�½Â�+∞,·���+∞¿�ê(~

f3.1Ù¢�´Xd),1�a�Ýþ�����[0,+∞),��Ø��+∞,ù�,þ¡¤4B�Ñ�

~f�Lu²T,�vk�Ñî�y².î�`5,1�a�Ýþ´Ø´Q−CI �?�´�U�()û.

@o1�a�Ýþ�1�a�ÝþÄ¾´Ø´�dQ? ·���,3��ÿÀ¥�ü«Ýþ´

Ä�dAw§�p��ÿÀ´Ä�Ó(� [10]�1oÙ¥Ýþ�d�½Â). XJü«�Ýþp��

ÿÀ�Ó, @o·�Ò`ùü«�Ýþ�d,ÄK§�Ø�d.Ïd3L-ÿÀ�¿Âe, 1�a�Ýþ

�1�a�Ýþ´Ä�d�UlÿÀ��Ý��	.

·�uydu¤4B�Ñ�~fduÙ²T5�Øy1�a�Ýþ�1�a�Ýþ3L-ÿ

À�¿Âe´Ø�d��´Ã¢S¿Â.

du�9�Ã�Sê,�<�}Á5/�
e¡~f3.3(ØL�<éd~aú�vkrº,�


`²,�´~ÞXe,��[ë�).

e¡}Á·��Ñ1�a�Ýþ�1�a�Ýþ�~f,¿y²§´Q− CI .

�Sêd����ü�´:0, 1, 2, · · · , n, · · · , ω, ω + 1, · · · , ω + n, · · · , ω.2, · · ·ω.n,

· · · , ω2, · · · , ωn, · · · , ωω

, · · · , ω1, · · ·

~f3.3 �ω1L«1��Ø�êSê.-L = [0, ω1]L«l0�ω1�¤kSê�8Ü.α ∈
[0, ω1],-α′ = ω1 − α,KL´��äk_SéÜéA���©��.KM(L) = (0, ω1].

½Â¼êp : M ×M → [0,+∞)Xe:

∀a, b ∈M, p(a, b) =

{
0, a ≥ b;
1, a < b.

@op´[0, ω1]þ1�a�Ýþ.¯¢þ,ØJ�yp÷v(B1)Ú(B2).ey(B3)Ú�.
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(B3) l
∧

y>ω1−b
p(a, y) = 1 ⇔ y > ω1 − b%¹y > a ⇔ ω1 − b ≥ a ⇔ x > ω1 − a%¹x > b ⇔∧

x>ω1−a
p(b, x) = 1U
¼�

∧
y>ω1−b

p(a, y) =
∧

x>ω1−a
p(b, x).

�XJa, b ∈ (0, ω1]�a ≥ b,@op(a, b) = 0.�â(B1),k
∨
x�b

p(a, x) = 0.d�kp(a, b) =∨
x<b

p(a, x).Ón,�a < b,kp(a, b) =
∨
x<b

p(a, x) = 1,=p÷v�.

�´,pØ´1�a�Ýþ.

¯¢þ,∀a ∈ (0, ω1],p(a, a) = 0,,
∧
c<a

p(c, a) = 1.Ïdp(b, a) 6=
∧
c<b

p(c, a).

2w~f3.3,du
∧
c<a

p(c, a) = 1 = λ,�r > 1�,Pr(a) = φ;�r ≤ 1�,�â½n1.9,Pr(a)ÑØ

´R − nbdN�;Ùg�c ≥ a,ka ≤ Pr(a) ≤ Pr(c),�c < a�,c 6≤ Pr(c).u´�a = ω1,K���a

�R − nbdN�x�{Pr(α)|α < ω1, r > 0},duω1 = 2ω,ÏdØ�U�3�êR − nbdN�x,=pØ

�U´Q − CI ,=∀c ≤ a ∈ MÑvk�ê��Ä(�â½n3.1�:{Pr(b)|r ∈ [0,+∞), b ∈ M}´��
3Lþ�4ÿÀÄ,w,Ù§ØÓ�Ä��ÑØ´Q− CI�).

dþ¡�(JU�Ñ:du1�a�Ýþ�1�a�ÝþduØÓ�ëY5ún�Ú�

�ØÓ,��ùü«ÝþÛÜ5�¥yÑ�
��þ�É,=1�a�Ýþ¤p�ÿÀ�UØ

´Q− CI�,�Ò´ù«Ýþ�:a ∈ M�Pr�'XØU���N�þ“:ªÿÀ�A:”,=ØU�

��N:Ú§��'X,�â½n3.2,1�aÝþ%TÐ�±.

~f3.4 �L = [0, 1],M = (0, 1].½Â¼êp : M ×M → [0,+∞) Xe:

∀a, b ∈M, p(a, b) =

{
0, a ≥ b;
1, a < b.

@op´[0, 1]þ1�a�Ýþ. 3 [1]¥,·�®²y²§´��p:ª�Ýþ.y�y§÷v�.

�. XJa, b ∈ (0, 1]�a ≥ b,@o��p(a, b) = 0.�â(B1),Kk
∨
x�b

p(a, x) = 0.d�kp(a, b) =∨
x<b

p(a, x).Ón,�a < b,kp(a, b) =
∨
x<b

p(a, x) = 1,=p÷v�.

�´, pØ´1�a�Ýþ.¯¢þ,∀a ∈ (0, 1],p(a, a) = 0,,
∧
c<a

p(c, a) = 1.

Ïdp(b, a) 6=
∧
c<b

p(c, a).

~f3.4L²,l1�a�Ýþ¼êÑu,´ØU��1�a�Ýþ.½n2.4L²,l1�a�Ýþ

¼êÑu,%�±N´/��1�a�ÝþÝþ¼ê.

Ùg,~f3.4¥p¤p��ÿÀE,´Q − CI .·��±�yé∀a ∈ [0, 1],a¤k��8Ü

´[0, a).dd�íÑp´1�a�Ýþ⇒ζp´Q− CI´¿©�7�^�.

53.1 �´kíØ3.1,lé1�a�Ýþ�ÿÀ?1?Ø�,^p��-��N�q{Pr(a) | r ∈
[0,+∞), a ∈ M} ��Ä()¤ÿÀηp)U
�©Ú���x�C(�.�´31�aÝþ¥,�´d

u
∨
z 6≤b′

Pλ(z)′ = Dλ(b)�Ø¤á,ù��:�XùÚ$©O3©z [4]Ú [9]�Ñ�@�: ErcegÝþ�

(ØU���N�þ“:ªÿÀ�A:”=ØU���N:Ú§��'X [4].
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½n3.4 3L−¢��R(L) [6] [7]¥,½ÂN�ε : M(LR(L)) → RÚσ : M(LR(L)) → R¦

�∀e ∈M(LR(L))k:

ε(e) = sup{t|e ≤ l
′

t}, σ(e) = inf{t|e ≤ r
′

t}.

-p(a, b) = max{ε(a)− ε(b), σ(b)− σ(a), 0}, K

(i) p´1�a�Ýþ;

(ii) Ur(b) = lψ(b)+r

∧
rω(b)−r.

�y²½n3.4,·�ky²e�½n3.5.

½n3.5 3L−¢��R(L)¥,-ψ(b) =
∨
{t|b 6≤ lt}, ω(b) =

∧
{t|b 6≤ rt}, ε(e) =

∨
{t|e ≤

l
′

t}, σ(e) =
∧
{t|e ≤ r′t}, K

(a)
∨
z 6≤b′

ε(z) = ψ(b);

(b)
∧
z 6≤b′

σ(z) = ω(b);.

(c)
∧
z 6≤a′

ψ(z) = ε(a);

(d)
∨
z 6≤a′

ω(z) = σ(a).

y² (a) s >
∨
z 6≤b′

ε(z)⇒ ∀z 6≤ b′, s > ε(z) ⇒ ∀z 6≤ b′, z 6≤ l′s ⇒ l′s ≤ b′ ⇒ b ≤ ls ⇒ s ≥ ψ(b),Ï

d
∨
z 6≤b′

ε(z) ≥ ψ(b).�L5ks > ψ(b) ⇒ b ≤ ls ⇒ l′s ≤ b′ ⇒ ∀z 6≤ b′, z 6≤ l′s ⇒ ∀z 6≤ b′, s ≥ ε(z) ⇒

s ≥
∨
z 6≤b′

ε(z)§l
∨
z 6≤b′

ε(z) ≤ ψ(b).

(b) s <
∧
z 6≤b′

σ(z) ⇒ ∀z 6≤ b′, s < σ(z) ⇒ ∀z 6≤ b′, z 6≤ r′s ⇒ r′s ≤ b′ ⇒ b ≤ rs ⇒ s ≤ ω(b), Ï

d
∧
z 6≤b′

σ(z) ≤ ω(b). �L5ks < ω(b)⇒ b ≤ rs ⇒ r′s ≤ b′ ⇒ ∀z 6≤ b′, z 6≤ r′s ⇒ ∀z 6≤ b′, s ≤ σ(z)⇒

s ≤
∧
z 6≤b′

σ(z). l
∧
z 6≤b′

σ(z) ≥ ω(b).

(c) s >
∧
z 6≤a′

ψ(z) ⇒ ∃z 6≤ a′, s > ψ(z) ⇒ ∃z 6≤ a′, z ≤ ls ⇒ ls 6≤ a′ ⇒ a 6≤ l′s ⇒ ε(a) ≤ s,Ï

d
∧
z 6≤a′

ψ(z) ≥ ε(a). �L5ks > ε(a)⇒ a 6≤ l′s ⇒ ls 6≤ a′ ⇒ ∃z 6≤ a′, z ≤ ls ⇒ ∃z 6≤ a′, s ≥ ψ(z)⇒

s ≥
∧
z 6≤a′

ψ(z).lε(a) ≥
∧
z 6≤a′

ψ(z).

(d) s <
∨
z 6≤a′

ω(z) ⇒ ∃z 6≤ a′, s < ω(z) ⇒ ∃z 6≤ a′, z ≤ rs ⇒ rs 6≤ a′ ⇒ a 6≤ r′s ⇒ σ(a) ≥ s,Ï

dσ(a) ≥
∨
z 6≤a′

ω(z). �L5ks < σ(a) ⇒ a 6≤ r′s ⇒ rs 6≤ a′ ⇒ ∃z 6≤ a′, z ≤ rs ⇒ ∃z 6≤ a′, ω(z) ≥

s⇒ s ≤
∨
z 6≤a′

ω(z).lσ(a) ≤
∨
z 6≤a′

ω(z).

½n3.4�y² (i)d½n1.12Ú½n2.3,��.

(ii)d½n1.12�Pr(a) = l′ε(a)+r

∨
r′σ(a)−r,2�â½n2.2k

∨
z 6≤b′

Pr(z)
′ = Ur(b),ÏdLy

∨
z 6≤b′

Pr(z)
′ = lψ(b)+r

∧
rω(b)−r.
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Ï�
∨
z 6≤b′

Pr(z)
′ =

∨
z 6≤b′

(l′ε(z)+r
∨
r′σ(z)−r)

′ =
∨
z 6≤b′

(lε(z)+r
∧
rσ(z)−r),�Ò´�y

∨
z 6≤b′

(lε(z)+r
∧
rσ(z)−r) = lψ(b)+r

∧
rω(b)−r.

d½n1.11Ú½n3.3,k

∨
z 6≤b′

(lε(z)+r
∧
rσ(z)−r) ≤ lr+ ∨

z 6≤b′
ε(z)

∧
r−r+

∧
z 6≤b′

σ(z) = lψ(b)+r

∧
rω(b)−r.

�L5,�∀a� lψ(b)+r

∧
rω(b)−r.Ó�d½n1.9Ú½n3.3©O�

a� lψ(b)+r = l ∨
z 6≤b′

ε(z)+r =
∨
z 6≤b′

lε(z)+r;

a� rω(b)−r = r ∧
z 6≤b′

σ(z)−r =
∨
z 6≤b′

rσ(z)−r.

Ïdùp�3z1 6≤ b′Úz2 6≤ b′©O¦�a ≤ lε(z1)+rÚa ≤ rσ(z2)−r.dz1 6≤ b′Úz2 6≤ b′�b 6≤ z′1

Úb 6≤ z′2.Ïb ∈M(LR(L)),¤±�b 6≤ z′1
∨
z′2,=z1

∧
z2 6≤ b′. -z = z1

∧
z2,K�â½n1.12kε(z1) ≤

ε(z),2d½n1.11�lε(z1)+r ≤ lε(z)+r,Ónd½n1.11�σ(z2) ≥ σ(z)Úrσ(z)−r ≥ rσ(z2)−r. Ïdk

a ≤ lε(z)+r
∧
rσ(z)−r.

=
∨
z 6≤b′

(lε(z)+r
∧
rσ(z)−r) ≥ lψ(b)+r

∧
rω(b)−r¤á.

nþ¤ã�Ur(b) = lψ(b)+r

∧
rω(b)−r.
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