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Abstract

A method for WENO reconstruction based on the artificial neural network (ANN) is proposed,
which uses the ANN to approximate the non-linear weights in WENO-JS, where the input of the ANN
is the value of the five-point function in the stencil for fifth-order WENO scheme, and the output is
the smoothness indicators of the three sub-stencils. The smoothness indicators can be directly
converted into corresponding non-linear weights for WENO reconstruction. Numerical experi-
ments show that, compared with the WENO-]S scheme, the WENO-ANN can maintain accuracy, the
numerical dispersion and dissipation are lower.
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1. 518

X TR 775 R (B L3 A W B (IBVP),  TESRARIEFE A, e AT BB AR o] BE 2 75 BRI 8] N %
FRANES:NE, B . AT BEAF A B SERE S, 2 TIRE T TSR AR 28R 32> 5 B2 (PDE)
HUE 75 [1]

1987 4, Harten &8 N\[2]#& ! 1 — KRR A BT CHR % (ENOYIS S i 7y e U7k, %07 ik g 17 AUE
fRAEZ AT R BRI GRS, SN ARIE RO I PR T BE R, DA Sk G i i AN e 2 Ve g AT 4
1996 4, Jiang F1 Shu % A\[3]%) ENO HEAT 1 Stdk, #&H 1 INBUA i ToR % 7715 (WENO-JS), 1% 77 15K
FEZA TR BRI . (A2, WENO-JS AR A ot IR, 12 R A A AN b Pt iy i
BT S8 (A SR i R P AR o

ZJE BIVF 2 TAEHR & AR SR 4R 1 WENO-JS 7772 b, WiiEsoeig $87r K 7 [4] [5] [6], 1BeRdEL 1t
FLEE[7] [8] [915F - H &I iX 2 WENO-JIS 77243 2| 1 U A #1 2 (o T 6 fa o [ 7 f R B 28,
REDAECEE LB G TR FiHE 7, HIRRAEWARE, et miniigs. A
FRHE A5 G0 1) e Fi s DR 7 [3143 HE OB, 70 368 2 bR 0 — I B A B B80T R I i b, TV IR S A 1
=B EL[7].

I ER LT, PLES S o] SR 2 i AR T AN TE, I HAESKR A PDE MAUE M7 T3] 1
IRZMEM. Lagaris 55 N[10PK 4 T RRMRRITE NS 8k, FIME M AT, FHAOUBE DAR/INME )
B2 . Yu SEN[LLJIZR T — /M I 2880 el BEEAT 7028, ARSI 3 280 H 50 T N TR B . Bar-Sinai
S N [12]f8 A0, E5r g b KR FE AL iR N B3 AR X 28 PG PR 22 20 20, AT e A TR CAAE AR KR )
B FSEOURIRZE . Pfau 258 A [L3PRHRFAEAEL 198 A ARFAE SR BB B AR NS, IR ZREL A AU AR AL 7]
LA D22, I S5 BEAIR T PIA7 53R o Hisieh 25 A [147 385 2 ) W a] {5 F 9 5 4o 428 X 28 1A b 5t 454
fift, 12T REE AU PRIE PDE SKRFAS, St MRS [1514HE, FOREESE A T 2~3 £5[16].

TEARSCH, FATRIE TR N TAZ M2 (ANN)RIEZEPERCE ) WENO J7i%(ie s WENO-ANN).
o ANN 5 N T WENO SR AR o 1) 05 BREUE, e o = AN FREAR 16 Fa e, etk

BhR A LA S MR LR e AU, T WENO EE 4. (K WENO-ANN 7ER it fErp AR R AN T2
B, W T AR E M. BUE SR 5 WENO-JS Al EL, WENO-ANN BB, H B0 (o BURE R
BAK. TEmaPRbo T, ARSI EAE.

2. MR TTHRSSH WENO-JIS &3
6 O gy < 1 A £ T PR R R A oy
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SR ) 2% 18] B O SRR BT, AT 15 (2) 3 1) 2 18] 3 2T AR B e S AL Tl s A A R 2 70 A 5K
3 EETRITAL,

du, (t 1
dt( ) = _E(hiu/z _hi—l/z)'

Hr hiﬂ/z = h(xiﬂ/z) °
iy AL FR R 22 T (B T AT AN A% AR I f; = f (%) SRTH5. 2B LR WENO Mg X
Kl 1 poR,

o5 —e - e —=—e =@
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Figure 1. The model of the fifth-order WENO scheme
1. Ak WENO ~EE

BB A T SRR S A T A TR (S,,8,,5, ) SR EA TR S S A .
B 109 (X, ) O 2AL 0 L T 2 TR Ly, = hyy +O(AX) , CHL £ (x) 52 XU BAS FHEMR
S, R BB, BRI X, AEFH WENO T HiTF:

2
k
fi+1/2 = Za)k fi(+1)2'
k=0

b £, k=0,12 N =AFEIE IR E I p, (X) 15 Xy, 40 H L -
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1 7 11
fl(ﬁ}z =-f. E fiy 6 fi,
1 5 1
fiErll)/z = By fiy +E f; +§ fias
1 5 1
f_(z) ==f+=f =1 _.
i+1/2 3 i 6 i+1 6 i+2

TLHr WENO-JS #% AL R E o, k =0,1,2 1

a, C
k o = k

i (e+B)
o R BN 5 =102, cﬁy@ﬁ*@ﬁﬁx@ﬁ%=%,cl=g,cz=%o B R T, K
BT BRI, TS K

@y

B =g( fip—2f,+f; )2 +%( fioe =i+ 3, )2 ,
13 1

B = E( fi,—2f + fi+1)2 +Z( fii- fi+1)2 '

B, :g( f—2f,,+ fi+2)2 +%(3fi —4f,+ fi+2)2'

3. T BP #HE&EMLER WENO IREHE X

BP #1228 I 4% B 25 ] FIAEA K BN - i A UG D6 R, 11 0 7 35 T8 7~ 4 R X P B 00 R I8
SRR, HL BRI P S5 R AL S N 2 (input layer) . [ )2 (hidden layer) A% H 2 (output layer) . BP 4
25 245 1) 25 2 3k B2 p T e o S R AR 2 S AR R R . FERT IR RS AR, WA RN AR
TEBEE, RS, FEMATIPRE R T —ZMEn RS, i E A seE 20
BRI, W NRZE R RIS R, RZEE SRR Bl IR (B, 2R R R I 26 5 2 (1 A AR R
B, HEXIFMAE, BEEEVE. IMERIKKE AT, AR ERREMRE, 5
LR ZE NS B NATTIT IR BRI, % 5] AR 45

HARQ) A, AN RICLI X, MHER, WEEFHEALIENE o (k=0,12), JFHAE
THEARRMERCERT, 28T RBUE S AR F 1R RULIRATEEH BP #4485 il
RQ)PHIBE @ (k=0,1,2), MR N TSEMER, N x K&H T s EE
(i o £ fi, fip) € RS, ATRABRIE A HE AR AN T BE0 LR B i bk, icoh Index, 485 Fid e
T TEFRFR Index A6y 58 TR _EIIALE o (k=0,1,2), PRI R R 1 FR.

Table 1. The corresponding relationship between the smoothness index and the weights of the sub-stencils e, (k =0,1, 2)
T 1 AEMERR Index 5FHEIERE o, (k=0,12) IR X F

Index (111) (11,0) (0,11) (10,0)

@ (i,ii] (Elﬁyoj [O,E,E] (1’0,0)
10'5'10 7'7 3'3

Index (0,0,1) (0,0,0) (Lo1) (0,1,0)

® (0,0,2) (i@m] @ﬂgj “%mﬂj
" 626'939'1878 730'365 ' 730 44021114 4402
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3.1. MILEROMN T
WL AN X, S M ) R U (f,, fiy, £ o sz)eRs RN EME TN, =50 4%
R E M2 TN, =3, N TRROCIETEISAT Index, H5=ASFHAREOEHE A %, HAARE 2

Table 2. The corresponding relationship between the smoothness index and the smoothness of the three sub-stencils S,,S,,S,
T2 ZANFIRIR S, S, S, EABMS FRIRLBMIERR Index BIFT R K&

ﬁ‘ﬁ%'fﬁ 50,31,52 Suvsl ﬁ‘ﬁf%’ Su I‘HJH%’ Su ﬁ‘ﬁﬁ%’ SO’SI I‘H“iiﬁ’ So —M‘E‘F sl ~IZJII\%"‘ Sz —B)/I\
' e s, Tl S.S, il S,S, OB MORES: MORMES: HORELE
Index  (LL1) (11,0) (0.1,1) (1,0,0) (0,01) (0,0,0) (1,0,2) (0.1,0)

3.2. BUESRHYIT

a0 3.1 ik, R AR RN ICRR B f () B SR D I g S A T AL I R U
(fip fig £ fgs fip) s BRECE(X) o SEODUE. & Uk, (A IbR iR S R s B e O e 3 s
FERPZ BRI R, BEHLIEEL 80%HEAT LR, R4 20% T L5t .

Table 3. The function f(x), the value of the parameters, the domain, the smoothness index and the number of the func-
tions in the data base

3 BURE TR f (x)  SHEE. EXE, ABMERRINGETEXRBNEE

f(x) AU JE M3 D Index Hw
sin(knx) k=2 (0.9) (111 18000
11
kx k e(-10,10) [_E’E + 4dxj (111 40000
11
kx® ke(-10,10),ae(2,5) [_E’E+4dxj (111 40000
c ce(-11) (0,2) (111 20000
(0,0,0) 10000
k|| k e(-10,10) [—% %+ 4dxj (£o1) 10000
(0,1,0) 10000
(L10) 20000
(0,1,1) 20000
[(x<X)+r(x>X) le(-11),re(-11) (0,)
(10,0) 20000
(0,01) 20000

3.3. MBLHIRITHE

1) M%) ZE5
1989 4, Robert Hecht-Nielsen [17]3F 8] T % FATAR (A X 6] N ) — AL 5L, #nT DU — AN & 2
(1) BP W48 RIEIT, 2% I A& R BP W48 75 B AR S EOI%,$IﬁﬁWAMaEHpm%

DOI: 10.12677/aam.2020.94069 578 I3RS


https://doi.org/10.12677/aam.2020.94069

XHE, R

BP %%

2) BBEETT R

Bl = A IR B R R 2 N 2 (R PR . A FREUZE T  REOR D, LM 2 R R 2 I 2R
FEARRE )2, ARSI, A RUZ 1 SHOR %, W2 FEUNE S S [ RIR N, A —Ledn
T W R SRR A A a3 90 % 45 ) i 02 T R B AT 5 SR AR e ) SR, R B R TS R
AT EIB R EARTH R E RS E R {l,.1,} ={20,15} .

3) S B % (activation function)

FINBOE R A B R R g NJEZetE . R A BERE, A LRmamss 2/ 0E, &
RS — LRI, SR 2 BRSO R AN T 43 ]

RIAER T Hy, Hy 4 A Relu S0 B0 f(x) = max (0,x)), PAMSINARFIERON : 7640 H 2 ik

sigmoid S BB T (X) = ——— ), KeH BRI (0.0) TSR, MTTHEAT 402K,

1+e7*
4) HAREE— A
YT RAA—E A N R B, AR SCHIEEUY S BUE0E sk 5 (sigmoid) 75 i N ot K I A8 40 P 2%,
X FER /N o DR 5 R IO — A B0 N B AT TA 3, A R M3 — A SR M el )3 —
H3[0,2] X [H] -

~ f.
foee j=i-2i+2
b max (|f..2)

Hoob f R f AL .

Input H H, Output
layer layer
wl wZ
(<} }3_ o O | (o]
bl b2 /
N =5 1,=20 1,=15 N,=3

[S)

Figure 2. The model of the BP neural network
2. BP WL REY

4. WENO-ANN #&=¢

S FH 58 A R I N T ARG 46, SE F A s A RER S° i s B T S AR ML @, (K =0,1,2)
FNHF WENO HEH. Hin R

# ¥k 1 WENO-ANN 5%

1) MEIFIIGAh LS, 25 H i TS RIS (f,, Ty, f, fy, ) € ROTEE AN FHUR 16 1 s
Index 1M 4% N

2) PR, IR, HALP AR REUE (f_,, fy, f, L f) TEAMEEE, THE
13 = AN TR 16 HEFE AR Index.
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X, iREE

3) MR 1, FpRL ML H I PEFE AR Index F A NAELRMERE o (k=0,1,2) ;
4) WENO HHy: f,,, = Zzla)k £, -
k=0

5. BUELER

LEA AU SR, PDEs BE US55 T I ODEs, #H T =K TVD Runge-Kutta 7%
QY =Q"+atL(Q"),

@_3qn, 1 (1)+1AtL( (1))
QY =,Q"+, Q7+ AL(Q ),

Q™ = %Q” +%Q(2) +§AtL(Q(2) )

Hrp, LB EsE 1, CFL 4&M4-%0h 0.45,
5.1. #rEBAE

RAE S IEBA ML AR EEN TR Q +Q =0, JLAPIUAAEA LG 1 e A A Wy P i
JIEHIUA AR Q(X,0) =sin(2nx), x€[0,1] , L ILR AN t=0.32 RBHILAELMAA
—sin(nx)—%xs, —1<x<0,

Q(x.0)-

—sin(nx)—%x3 +1, 0<x<1,

bRt =8
TAg TGP AIE T, WENO-ANN #2UM) L, iRZH L, k%, WLAE HH WENO-ANN #% 2
RECRIE TR RS

Table 4. The precision test of the wave equation with smooth initial condition

4. ABABEFMAEGERNB R

N L % Hrik L, % Bk
50 1.13E—4 - 2.05E-4 -
100 3.28E-8 11.75 2.32E-7 9.78
200 1.03E-9 5.00 1.03E-8 4.50
400 3.21E-11 5.00 4.54E-10 4.50

E 300 R T AR BRI a6 464, WENO-ANN A1 WENO-JS #& 20T SRS BB M tbig, w UG
i WENO-ANN #% 20 B A FXH i R, BB FEBURK .
HRH & B JE 0 2641 Burgers 77 12
Qt+(%2j _0, (xt)e[0,1]x(0,0.32],
Q(x,0) =sin(2nx).

HEE R 3(4)Fn, 5 WENO-JS #&:UH LL LA RISEME . bal, £ 5 441 T Burgers /7 FE7E
PiFR R CPU BHAIST L, ATLLEHY, WENO-ANN & RAEF R T, S B mitE8eE.
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Figure 3. (Left) The numerical solution of the wave equation with the discotinuous initial condition, (Right) The numerical
solution of the Burgers equation with N = 200

B 3. (%) AEREENGFHEEMNGIZNRER, (B)Burgers TRRMMEMR: WET RN N =200

Table 5. The comparison of the CPU time for Burgers equation
%= 5. Burgers 5F2#9 CPU EFE]XFEE

CPU I [E](s)

N WENO-ANN WENO-JS
200 3.95 4.57
400 15.83 17.89
600 34.36 39.38
800 64.42 74.57

1000 94.00 110.01

5.2. —HERRIHE
TEAA T, 25 R sR AT TE T 2 —4ERR b 75 72
Q +F, =0,
/\q:l’
Q=(p.pu.E)’, F=(pupu’+P,(E+P)u),

i

s 1 s e
>Ut?|§ﬁﬁp:(7—1)(E—Epu2j,7=1.4, p,U, P E IR, HE, KGR E.

TR SERR R 5 R e A S8 ) 8 Sod ). Lax ). Shock-Density 195 L & Shock-Entropy
I AT HUE S5, SR IGUE BT HE 77 vk I HERA M AN 250
Sod [ BRI HI4E AN
0.125,0,0.1), -5<x<0,
(pu,P)= ( )
(1,0,2), 0<x<5.

ZAabfalt =2, P S BN =200 .
Lax |9 @ W) aE 2614
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(0.445,0.698,0.3528), —5<x <0,

(0.5,0,0.5710), 0<x<5.
Zabm At =13, MR REN =200 .
Shock-Density v & 44646 1
27 4 1
. £ 3— —5< X< -4,
(p.u,P)=
(1+o 2sin(kx),0,1), —4<x<5.
Hr, k=5, &iiEt=1.8, PKISEN =400,
Sod Lax
1.2 T T T 14 T T T T T
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Figure 4. The solutions of the density for the Sod problem, the Lax problem and the Shock-Density problem
& 4. Sod [a]8 . Lax [a)8R A0 Shock-Density [a]2% B4 25 & fi2

1, Lax [ f Al Shock-Density [7] &5 1] 2 2% fif & B WENO-JS % 2UAE A% 15 s 4 N = 2400

Kl Sod [7] @
THBUEM. s 4 PR, WENO-ANN A% sCREMR 47 O S (M W 454, H 5 WENO-JS #% UM LL,

WENO-ANN ##% R BAEAEHCE /N, A E IR
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