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Abstract

An edge-partition of a graph G is a decomposition of G into subgraphs G1, G2, . . . , Gm

such that E(G) = E(G1) ∪ · · · ∪ E(Gm) and E(Gi) ∩ E(Gj) = ∅ for i 6= j. A linear forest

is forest in which each connected component is a path. The linear arboricity la(G) is

the least integer m such that G can be edge-partitioned into m linear forests. In this

paper, we use the discharging method to study the linear arboricity la(G) of IC-planar

graphs, and prove that la(G) = d∆(G)
2
e for each IC-planar graph G with ∆(G) ≥ 9 and

without 4-cycles, where ∆(G) is the maximum degree of G.
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Á �

ãG�>©)´�òG©)¤fãG1, G2, . . . , Gm§¦�E(G) = E(G1) ∪ · · · ∪ E(Gm)§�é?

¿i 6= j§kE(Gi) ∩ E(Gj) = ∅"e��Ü��z�ëÏ©|Ñ´´§K¡TÜ���5Ü�"
ãG��5ÎÝla(G)´�¦�G�±>©)�m��5Ü�����êm"�©|^�=£�{y

²
Ø¹4-��∆(G) ≥ 9�IC-²¡ãG��5ÎÝ�d∆(G)
2
e"

'�c

IC-²¡ã§>©)§�5ÎÝ
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1. Úó

�©�ïÄ{üÃ�k�ã. �½ãG, ·�^V (G)ÚE(G)©OL«ãG�:8ÜÚ>8

Ü. é?¿v ∈ V (G), ^dG(v)L«:v�Ýê, NG(v)L«:v�¤k�:|¤�8Ü. ldG(v) =

|NG(v)|. -∆(G) = max{dG(v)| v ∈ V (G)}�ãG���Ý, δ(G) = min{dG(v)| v ∈ V (G)}�
ãG���Ý.ãG�>©)´�òG©)¤fãG1, G2, . . . , Gm,¦�E(G) = E(G1)∪· · ·∪E(Gm),

�é?¿i 6= j, kE(Gi) ∩ E(Gj) = ∅. e��Ü��z�ëÏ©|Ñ´´, K¡TÜ���5Ü�.

ãG��5ÎÝla(G)´�¦�G�±>©)�m��5Ü�����êm.

ã��5ÎÝ´dHarary [1]31970cJÑ. w,, la(G) ≥ d∆(G)
2
e. 1980c, Akiyama, Ex-

ooÚHarary [2]�ßÿéu?¿�KãG, Ñkla(G) = d∆(G)
2
e. dß��due¡��5ÎÝß

�:

ß�1. éu?¿{üãG, kd∆(G)
2
e ≤ la(G) ≤ d∆(G)+1

2
e.

1984c, EnomotoÚPéroche [3]ïÄ
�
�Kã��5ÎÝ, y²
¤k5-�Kã��5

ÎÝ´3. Guldan [4]y²
10-�Kã��5ÎÝ÷vß� 1. Ó�, �k¯õÆöïÄ²¡ã

��5ÎÝ. WuÚWu©O3©z [5]Ú [6]y²
∆(G) ≥ 9Ú∆(G) = 7�²¡ãG÷vß� 1.

(Üþã(J§·��±��: ¤k{ü²¡ã÷vß� 1. Wu, HouÚLiu [7]y²
eG´�
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�∆(G) ≥ 7�vki-��²¡ã, i = 4½5, Kla(G) = d∆(G)
2
e. ChenÚQi [8]y²
∆(G) ≥ 5�

vk��4-�Ú��5-��²¡ãG÷vla(G) = d∆(G)
2
e. Û��Ú�� [9]y²
∆(G) ≥ 7�

z�6-��õ¹�^u�²¡ãG÷vla(G) = d∆(G)
2
e. éu�
AÏ²¡ã,�k�'(J.

Wu [10]y²
∆(G) ≥ 3�	²¡ãG÷vla(G) = d∆(G)
2
e. Zhang, LiuÚWu [11]ïÄ
1-²¡

ã�(�, ¿y²
∆(G) ≥ 33�1-²¡ãG ÷vla(G) = d∆(G)
2
e. Wang, WuÚChen [12]y²


∆(G) ≥ 9��¡ãG÷vla(G) = d∆(G)
2
e. Wu, HouÚSun [13]y²
∆(G) ≥ 5�Ø¹4-��²¡

ãG÷vla(G) = d∆(G)
2
e. �©?Ø
Ø¹4-����Ý∆(G) ≥ 9�IC-²¡ãG��5ÎÝ, ��


e¡½n.

½n1. �M ≥ 10´����ê. eãG´Ø¹4-����Ý∆(G) ≤ M�IC-²¡ã,

Kla(G) ≤ dM
2
e.

íØ1. �ãG´Ø¹4-����Ý∆(G) ≥ 9�IC-²¡ã, Kla(G) = d∆(G)
2
e.

·�k0��
�'½ÂÚÎÒ. XJãG�±i\3²¡S¦�?¿ü^>�3à:?

��, K¡ãG´²¡ã. ù��i\¡�²¡i\, T²¡i\¡�²ã. XJãG�±i

3²¡þ¦�G¥�¤k>�õ���g¿�¤k:�õ'é�^��>, K¡ãG�IC-²¡

ã. IC-²¡ãGUìþã^���«x{¡�G��«IC-²¡i\, dIC-²¡i\¡�IC-²

ã. éuIC-²ãG, �©o´b�G÷v�`5, =G®²�IC-²¡i\3²¡þ¿¦�G¥�

��:�ê8´���. Ïdéu��uz:�ü^>x1y1Úx2y2, §��o�à:´üüØ

Ó�. >x1y1�¡�>x1zy1. �C(G)´G¥¤k��:�8Ü(5¿��:¿�´G¥�º:),

E0(G)´G¥vk����>�8Ü. ½ÂIC-²ãG�'é²ãG×: ¦�V (G×) = V (G) ∪ C(G),

E(G×) = E0(G) ∪ {xz, yz| xy ∈ E(G) \ E0(G)}, Ù¥z´ uxyþ���:. u´G���:¤�


G×¥�4-:. ¡C(G)¥�:�b:, V (G)¥�:�ý:. w,ü�b:3G×¥Ø��, �ý:

�õ���b:�.

�G×´��'é²ã. ^F (G×)L«G×�¡8Ü. éuf ∈ F (G×), ¡�f'é�>�ê8

�f�Ý, P�dG×(f), Ù¥z^�>Püg. ^b(f)L«¡f�±.. eu1, u2, . . . , uk´b(f)þ�

¤k:, �3b(f)þ�SÑy, KPf = [u1u2 · · ·uk]. XJ¡f�����b:'é, K¡f�b

¡; ÄK¡f�ý¡. k-:, k+-:½k−-:©OL«G×¥Ý�k, Ý���k, ½Ý�õ�k�:. Ó

��·��±½Âk-¡, k+-¡½k−-¡. ¡dG×(v) ≤ 5�ý:��:, ¡dG×(v) ≥ 6�:��:.

¡dG×(f) ≤ 4�¡��¡, ¡dG×(f) ≥ 5�¡��¡. éuG×¥���ý:v, ·�^α(v)L«

�v'é�b3-¡��ê, ^fi(v)L«�v'é�i-¡��ê, ^ni(v)L«�:v���i-:��ê.

3G×¥, ��:'é�b3-¡¡��b3-¡; ÄK¡��~b3-¡. éuG×¥�:v, ^αa(v)L«

�v'é��b3-¡��ê.

2. Ì�(J9y²

�G´½n 1���4��~¿¦�|E(G)|¦�U��. ´�GëÏ�δ(G) ≥ 2.

äó1. [11] éu?¿>uv ∈ E(G), kdG(u) + dG(v) ≥ 2dM
2
e+ 2.

däó 19G×¥Ø�3��b:, ´�e¡5�.

äó2. z�¡f�õ�bdG× (f)

2
c��:'é.
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äó3. -v´G×¥���ý:.

(1) edG×(v) = 2, Kα(v) = 0.

(2) edG×(v) = 3, Kα(v) ≤ 1; ��α(v) = 1�, kf5+(v) ≥ 1.

(3) edG×(v) ≥ 4, Kα(v) ≤ 2; ��α(v) = 2�, kf5+(v) ≥ 2.

(4) edG×(v) = 4½5, Kαa(v) ≤ 2; ÄKαa(v) ≤ 1.

y²: (1) �dG×(v) = 2. ^�y{, b�v�b3-¡f = [vxy]'é, Ù¥y ´b:. Ky´G¥

>xzÚ>vu���:. y3·��±#x>xz, ¦�yØ´��:, �b�G���:�ê��g

ñ. Ïd, α(v) = 0.

(2) �dG×(v) = 3. b�:v'éü�b3-¡f1 = [vv1v2]Úf2 = [vv2v3]. dv�õ���b:

��v2´b:. lv1v3´G��^>. y3·�#x>v1v3, ¦�v2Ø´��:, �b�G�

��:�ê��gñ. Ïd, α(v) ≤ 1. �α(v) = 1�, -f = [vv1v2]´�v'é�b3-¡, v2´b

:. Kv2´>v1x�>vy���:. -f ′´±vv2Úv2x�>.>�¡. dc¡?Ø�, dG×(f ′) ≥ 4.

edG×(f ′) = 4, =f ′ = [vv2xv3], KG�¹4-�vv1xv1v, gñ. �dG×(f ′) ≥ 5, =f5+(v) ≥ 1.

(3) �dG×(v) = k ≥ 4. -v1, v2, . . . , vk´v3G
×¥��:, �3²¡þU^����ü�.

dv�õ���b:���α(v) ≤ 2. �α(v) = 2�, -f1 = [vv1v2]Úf2 = [vv2v3]´�v'é�ü�

b3-¡. Kv2´b:�v1v3 ∈ E(G). -f3´±vv3Úvv4�>.>�¡, fk´±vvkÚvv1�>.>�

¡. dGØ¹4- ��v3v4 /∈ E(G). ef3 = [vv3xv4]´�4-¡, Kv4�y´ý:. Ïd, vv3yv4v´G¥�

��4-�, gñ. �dG×(f3) ≥ 5. Ón, dG×(fk) ≥ 5. �f5+(v) ≥ 2.

(4) dG´IC-²¡ã9äó 1´�(4)¤á.

däó 1�z�ý3-¡��~b3-¡���ü��:'é. qdäó 3��:v�õ'é���

b3-¡. �e¡5�¤á.

äó4. ev ∈ V (G×)´��:, Kv�õ�dG×(v)− f3(v) + 1��:��.

äó5. [14] -v ∈ V (G×), Kn2(v) ≤ 2; ��n2(v) = 2�, kf3(x) = 0, Ù¥x´�v��

�2-:.

äó6. -v ∈ V (G×).

(1) en2(v) ≤ 1, Kf3(v) ≤ ddG× (v)

2
e.

(2) en2(v) = 2, Kf3(v) ≤ ddG× (v)−2

2
e.

y²: (1) �α(v) = 0�, dGØ¹4-��f3(v) ≤ bdG× (v)

2
c. �α(v) = 1�, dGØ¹4-�

�f3(v) ≤ 1 + ddG× (v)−2

2
e = ddG× (v)

2
e. �α(v) = 2�, -f1 = [vv1v2]Úf2 = [vv2v3]´�v'é�

ü�b3-¡. Kdäó 5(3)�y²L§�, f3�fk´5+-¡, Ù¥k = dG×(v), f3´±vv3Úvv4�>.

>�¡�fk´±vvkÚvv1�>.>�¡. �f3(v) ≤ 2 + ddG× (v)−4

2
e = ddG× (v)

2
e.

(2) däó 3��v���2-:Ø�3-¡'é. �α(v) = 0�, dGØ¹4-��f3(v) ≤ bdG× (v)−3

2
c.

�α(v) = 1 �, dGØ¹4-��f3(v) ≤ 1 + ddG× (v)−4

2
e = ddG× (v)−2

2
e. �α(v) = 2�, -f1 =

[vv1v2]Úf2 = [vv2v3]´�v'é�ü�b3-¡. Kdäó 3(3)�y²L§�, f3�fk´5+-¡, Ù

¥k = dG×(v), f3´±vv3Úvv4�>.>�¡�fk´±vvkÚvv1�>.>�¡. �f3(v) ≤ 2 +
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ddG× (v)−6

2
e = ddG× (v)−2

2
e.

Figure 1. 2-type bad 2-vertex and 3-type bad 2-vertex

ã 1. 2-.�2-:�3-.�2-:

�
�B(��ïÄ, ·��Ñ±e½Â. e2-:�b4-¡½�3-¡'é, K¡Ù��2-:;

ÄK¡Ù�Ð2-:. ¡TÐ���b4-¡½��3-¡'é�2-:�1-.�2-:; Ó����b4-

¡9��3-¡'é�2-:�2-.�2-:; Ó��ü�b4-¡'é�2-:�3-.�2-:(Xã 1¤«).

¡�2-.�2-:'é�b4-¡�2-.�4-¡. ev´3-.�2-:, =v��4-¡[uvwx] Ú[uvwy]'é

�w´vv′�xy���:, K¡v´v′�®:, v′´v�:. d½Â´�e¡äó¤á.

äó7. v′�õk��®:. ev′k��®:, Kα(v) = 0�f3(v) ≤ ddG× (v)−2

2
e.

dG´Ø¹4-��IC-²¡ã, N´��e¡äó¤á.

äó8. ef ∈ F (G×), Kf�õ�bdG× (f)

3
c�2-.�4-¡��.

äó9. -f ∈ F (G×). edG×(f) = 5, Kf�õ����2-:'é.

y²: �dG×(f) = 5�, däó 2, f�õ�ü�2-:'é. -f = [v1v2v3v4v5]. b�f�ü�

�2-:'é, däó 1, Ø���2-:�v1Úv3. dGØ¹4-��2- :Ø��3-¡'é�v1Úvj ÑØ

�3-¡'é. �v1ÚvjÑ��4-¡'é. �v1��4-¡f ′'é. �f´ý¡�, f ′ = [v5v1v2x]�x´b

:. dv29v5����b:x��v3Ø´�:,gñ. e�f´b¡. ev2´b:,=v2´v1x�v3y��

�:, Kv1Úv3©O��4-¡[v5v1v2y]Ú[v4xv2v3]'é. lG¹4-�v5yv3v4v5, gñ. ���v2´Ð

:. ev4´�:, Kv5´Ð:�v5����b:v4��v1´Ð2-:, gñ. Ïd, f�õ����2-:

'é.

�âî.úª|V (G×)| − |E(G×)|+ |F (G×)| = 0ÚºÃÚn,k∑
v∈V (G×)

(dG×(v)− 4) +
∑

f∈F (G×)

(dG×(f)− 4) = −8.

½ÂÐ©��¼ê�: �v ∈ V (G×)�, -ch(v) = dG×(v)− 4; �f ∈ F (G×)�, -ch(f) = dG×(f)−
4. �e5·�½Â�
�=£5K. -ch′(x)´²L�=£����x�#�, ùpx ∈ V (G×) ∪
F (G×). 5¿��=£�YØK����oÚ. �e5�y²éu?¿x ∈ V (G×) ∪ F (G×),
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kch′(x) ≥ 0. Ïd, ·���e¡gñ

0 ≤
∑

x∈V (G×)∪F (G×)

ch′(x) =
∑

x∈V (G×)∪F (G×)

ch(x) = −8,

l�¤½n�y².

½ÂXe��=£5K:

(R1). -f ∈ F (G×)�dG×(f) = 3. XJf´��ý3-¡½�~b3-¡, Kz��f'é��:

=� 1
2
�f ; XJf´���b3-¡, K�f'é��:=� 2

3
�f , �f'é��:=� 1

3
�f .

(R2). (2.1) z�5+-¡=� 1
3
�'é�4-:, 3-:½Ð2-:, 2

3
�'é��2-:.

(2.2) z�5+-¡ÏL���2-.�4-¡f=� 1
3
��f'é�2- .�2-:.

(R3). z��:=� 2
3
����2-:, =� 1

3
����3-:, 4-:.

(R4). M -:v=� 2
3
�§�®:.

·�ÏLe¡ü�Úny²ch′(x) ≥ 0, Ù¥x ∈ V (G×) ∪ F (G×). l�¤½n1�y².

Ún1. ch′(f) ≥ 0, ∀f ∈ F (G×).

y² -f = [v1v2 · · · vk]. �k = 3. Kch(f) = −1. XJf´��ý3-¡½�~b3- ¡, Kdä

ó1�f ���ü��:'é. Ïdd(R1)�ch′(f) ≥ −1 + 1
2
× 2 = 0. XJf´���b3-¡, KfT

Ð����:Ú���:'é. d(R1)�ch′(f) ≥ −1 + 1
3

+ 2
3

= 0.

�k = 4. Kch′(f) = ch(f) = 0.

�k = 5. Kch(f) = 1. efØ�2-.�4-¡��, däó 29äó 9�f�õ�ü��:'é

�f�õ����2-:'é. �â(R2)�ch′(f) ≥ 1 − max{ 1
3
× 2, 2

3
+ 1

3
} = 0. �f�2-.�4-¡�

�. däó 8, f�õ�1�2-.�4-¡��. -f�2-.�4-¡�ú�>�v1v2�v2´b:. KdIC-²

¡ã�5�9äó 1�v1�v3�ý:, v1�M -:, f�õ�ü��:��v1Úv33G
×¥=���b

:v2�. �v4�v5Ñ´ý:. dGØ¹4-��vivj /∈ E(G×), ùpi, j ∈ {1, 2, . . . , 5} �2 ≤ |i− j| ≤ 3.

levi´2-:, KviØ´�2-:, Ù¥i = 3, 4, 5. d(R2)�ch′(f) ≥ ch(f)− 1
3
× 2− 1

3
= 0.

�k = 6. Kch(f) = 2. efØ�2-.�4-¡��, Kdäó 1�f�õ�3��:�. Ïd

d(R2)�ch′(f) ≥ 2 − 2
3
× 3 = 0. �f�2-.�4-¡��. däó 8, f�õ�2�2-.�4-¡�

�. -f�2-.�4-¡�ú�>�v1v2�v2´b:. KdIC-²¡ã�5�9äó 1�v1�v3�ý:,

v1�M -:�f�õ�ü��:�. Ïdd(R2)�ch′(f) ≥ 2− 2
3
× 2− 1

3
× 2 = 0.

�k ≥ 7. Kdäó 2�äó 8�, f�õ�bdG× (f)

2
c��:��f�õ�bdG× (f)

3
c�2- .�4-¡�

�. Ïdd(R2)�ch′(f) ≥ k − 4− 2
3
× bk

2
c − 1

3
× bk

3
c ≥ 0.

Ún2. ch′(v) ≥ 0, ∀v ∈ V (G×).

y² �dG×(v) = 2. Kch(v) = −2�däó 3�α(v) = 0. XJv´Ð2-:, Kv�ü�5+-¡'

é. d(R2)-(R3)�ch′(v) ≥ −2 + 2
3
× 2 + 1

3
× 2 = 0. e�v´�2-:, =v�3-¡½�4-¡'é. X

Jv´1.�2-:,Kv���5+-¡'é. Ïdd(R2)-(R3)�ch′(v) ≥ −2+ 2
3
×2+ 2

3
= 0. XJv´2.

�2-:, Kv�3-¡[vv1v2]92-.b4-¡[vv1xv2]'é. Kx´v1x1�v2x2���:. -f´�v2x'é�
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¡�fØÓu[vv1xv2]. K�yf´5+-¡. ¯¢þ, -f = [v2xx1y1y2 . . . ys]. Kv2, x1, y1Úys´

ý:. ef´3-¡, =s = 0�v2x1 ∈ E(G×), KG¹4-�v2vv1x1v2, gñ. ef´3-¡, =s = 1,

KG¹4-�v2v1x1y1v2, gñ. �f´5+-¡. Ón�y�v1x'é�ØÓu[vv1xv2]�¡f ′´5+-¡.

d(R2)�f�f ′=� 1
3
�v. d(R3)�ch′(v) ≥ −2 + 2

3
× 2 + 1

3
× 2 = 0. XJv´3.�2-:, Kvk��

:. d(R3)�(R4)�ch′(v) ≥ −2 + 2
3
× 2 + 2

3
= 0.

�dG×(v) = 3. Kch(v) = −1�däó 3�α(v) ≤ 1. 5¿�d(R1), v���b3-¡=�.

�α(v) = 0�, d(R3)�ch′(v) ≥ −1 + 1
3
× 3 = 0. �α(v) = 1�, däó 5�f5+(v) ≥ 1. d(R1),

(R2)Ú(R3)�ch′(v) ≥ −1− 1
3

+ 1
3
× 3 + 1

3
= 0.

�dG×(v) = 4. Kch(v) = 0�däó 3�α(v) ≤ 2. 5¿�d(R1), v���b3-¡=�.

d(R1)Ú(R3)�ch′(v) ≥ 1
3
× 4− 1

3
× 2 = 2

3
.

�dG×(v) = 5. Kch(v) = 1�däó 3�α(v) ≤ 2. 5¿�d(R1), v���b3-¡=�. Ïd

d(R1)�ch′(v) ≥ 1− 1
3
× 2 = 1

3
.

�6 ≤ dG×(v) ≤ M − 4. däó 1�vØ��:�. �d(R1)�v=� 1
2
�'é3-¡. däó

6�f3(v) ≤ ddG× (v)

2
e ≤ dG× (v)+1

2
. d(R1) �(R3)�ch′(v) ≥ ch(v) − 1

2
× f3(v) ≥ dG×(v) − 4 − 1

2
×

dG× (v)+1

2
> 0.

�dG×(v) = M − 3 ≥ 7. däó 1�vØ�4−-:�. däó 6�f3(v) ≤ ddG× (v)

2
e ≤ dG× (v)+1

2
. d

äó 3�αa(v) ≤ 1. d(R1)�(R3)�ch′(v) ≥ ch(v) − 2
3
− 1

2
× (f3(v) − 1) = dG×(v) − 4 − 2

3
− 1

2
×

(
dG× (v)+1

2
− 1) > 0.

�dG×(v) = M − 2 ≥ 8½dG×(v) = M − 1 ≥ 9. däó 1�vØ�2-:�. däó 6�f3(v) ≤
ddG× (v)

2
e ≤ dG× (v)+1

2
. däó 3�αa(v) ≤ 1. däó 4�v�õ�dG×(v) − f3(v) + 1�4-:½3-:�.

d(R1)�(R3) �ch′(v) ≥ ch(v)− 2
3
− 1

2
× (f3(v)− 1)− 1

3
× (dG×(v)− f3(v) + 1) = dG×(v)− 4− 2

3
−

1
2
× (

dG× (v)+1

2
− 1)− 1

3
× (dG×(v)− dG× (v)+1

2
+ 1) > 0.

�dG×(v) = M ≥ 10. däó 5�n2(v) ≤ 2. däó 6�f3(v) ≤ ddG× (v)

2
e ≤ dG× (v)+1

2
.

däó 7�v�õk��®:, ��vk��®:�, α(v) = 0. �vk��®:�, d(R1),

(R3)Ú(R4)�ch′(v) ≥ ch(v) − 2
3
− 2

3
× n2(v) − 1

2
× f3(v) − 1

3
× (dG×(v) − f3(v) + 1 − n2(v)) =

2
3
× dG×(v)− 5− 1

6
× f3(v)− 1

3
×n2(v) ≥ 2

3
× dG×(v)− 17

3
− 1

6
× dG× (v)+1

2
> 0. �vvk®:�, dä

ó 3�αa(v) ≤ 1. �d(R1)(R3)�ch′(v) ≥ ch(v)− 2
3
− 1

2
× (f3(v)− 1)− 1

3
× (dG×(v)− f3(v) + 1−

n2(v))− 2
3
×n2(v) = 2

3
×dG×(v)− 9

2
− 1

6
×f3(v)− 1

3
×n2(v) ≥ 2

3
×dG×(v)− 31

6
− 1

6
× dG× (v)+1

2
> 0.
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