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Abstract

In this paper, we prove some common coupled fixed point theorems for mappings

satisfying different contractive conditions in the context of complete C∗-algebra-valued

metric spaces. Moreover, the paper provides an application to prove the existence and

uniqueness of a solution for Fredholm nonlinear integral equations.
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1. 0�

ØÄ:nØ´êÆïÄ¥�¹�©|��, 3Ý
�§! �©�§ÚÈ©�§)��3

5Ú��5¥u�X���^ [1–5]. 1987c, H��ÚLakshmikantham [6]ÄgÚ\
ÍÜ

ØÄ:�Vg. ��, NõÆöm©ïÄØÓÝþ�mØÓØ N�e�ØÄ:nØ. 2006c,

BhaskarÚLakshmikantham [2]Ú\·ÜüN5�¿ïÄ�AN��ÍÜØÄ:½n, ??Ø


±Ï>�¯K�)��3��5. 2011c, LuongÚThuan [7]ïÄ
 SÝþ�m¥ÍÜØÄ:½

n, ¿?Ø��5È©�§)��3��5. 2012c, JleliÚSamet [3]?Ø
ÛÉ��5©ê�©�

§�)��3��5. o�, NõÆöïÄ
S�mþ�ÍÜØÄ:ÚÍÜÜ:½n [1, 8–10].

,��¡, ÆöïÄ
ØÓ�mþ�ØÄ:ÚÍÜØÄ:½n, ~Xb-Ýþ�m [11], IÝ

þ�m [12], �
Ýþ�m [13], G-Ýþ�m [14], [Banach�m [15], ���Banach�m [16]�.

2007c, �91ÚÜ� [12]í2
Ýþ�m�Vg, Ú\IÝþ�m¿����
Ø N�e��

«ØÄ:½n. ��, Æö�ïÄ
IÝþ�mþ�A�ÍÜØÄ:½n [17–19]. 2014c, æ�u

�< [20]Äg0�
C∗-�ê�Ýþ�m9�'5�, ¿�y²
d�mþØ N��*ÜN��

ØÄ:½n.

ÉAbbas [17]Úæ�u [20]ó��éu, �©òy²C∗-�ê��mþØÓØ N��ú�ÍÜ

ØÄ:½n, ¿���Fredholm��5È©�§)��3��5.
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Äk·�£�C∗-�ê��'Vg!PÒÚ(Ø [21]. �A´kü ���ê. eAþ��
Ý�5N�a → a∗÷v: é?¿a, b ∈ A, Ñka∗∗ = aÚ(ab)∗ = b∗a∗, K¡TN��Aþ�é
Ü, ¿¡(A, ∗)´∗-�ê. XJ∗-�êAþ�3���g�¦�ê÷v‖a∗‖ = ‖a‖, K¡A�Banach

∗-�ê. ?, XJT�ê�÷v‖a∗a‖ = ‖a‖2, K¡A�C∗-�ê. �a ∈ A, ea´g��,

�σ(a) ⊆ [0,+∞), Ù¥σ(a)L«a�Ì, K¡a´C∗-�êA���, P�0A � a, Ù¥0A´A�"�.

·�©O^A+, AhL«Aþ��Úg����N. ég,/�±p�Ahþ� S: a � b��=

�0A � b− a. ly3å, ^A′L«8Ü{a ∈ A : ab = ba,∀b ∈ A}.
ÚÚÚnnn 1.1. [21] �A´kü �1A�C∗-�ê.

(1) ea ∈ A+�‖a‖ < 1
2
, K1A − a´�_�.

(2) ea, b ∈ A+�ab = ba, K0A � ab.

(3) ea, b ∈ Ah�c ∈ A′+, Ka � b�íÑca � cb, Ù¥A′+ = A+ ∩ A′.

½½½ÂÂÂ 1.2. �X´8Ü. eN�d : X ×X → A÷v:

(1) 0A � d(x, y), x, y ∈ X;

(2) d(x, y) = 0A��=�x = y;

(3) d(x, y) = d(y, x), x, y ∈ X;

(4) d(x, y) � d(x, z) + d(z, y), x, y, z ∈ X;

K¡d´Xþ�C∗-�ê�Ýþ, ¿¡(X,A, d)´C∗-�ê�Ýþ�m.

½½½ÂÂÂ 1.3. �(X,A, d)´C∗-�ê�Ýþ�m, x ∈ X, {xn}∞n=1´X¥�S�. ed(xn, x)
‖·‖A−→ 0A

(n → ∞), K¡{xn}Âñux, P� lim
n→∞

xn = x. eéu?¿��êp, kd(xn+p, xn)
‖·‖A−→ 0A

(n→∞), K¡{xn}´X¥�Cauchy�.

XJX¥�Cauchy�Ñ´Âñ�, K¡(X,A, d)´���C∗-�ê�Ýþ�m.

w,, Banach�m´���C∗-�ê�Ýþ�m. ?, C∗-�ê�Ýþ�mí2
D��5�

mÚÝþ�m. �
�²��C∗-�ê�Ýþ�m�~f�ë�©z [20].

2. Ì�(Ø

·�3ùÜ©ò�ÑC∗-�ê�Ýþ�m¥ØÓØ N��ú�ÍÜØÄ:½n. Äk�Ñ�


7��½Â.

½½½ÂÂÂ 2.1. [17] �X´��8Ü, (x, y) ∈ X ×X.

(1) eN�F : X ×X → X÷vF (x, y) = xÚF (y, x) = y, K¡(x, y)´N�F�ÍÜØÄ:.

(2) eN�F : X × X → XÚg : X → X÷vF (x, y) = gxÚF (y, x) = gy, K¡(x, y)´N

�FÚg�ÍÜÜ:. d�, (gx, gy)¡�N�FÚg�ÜÍÜ:.

(3) eN�F : X ×X → XÚg : X → X÷vF (x, y) = gx = xÚF (y, x) = gy = y, K¡(x, y)´

N�FÚg�ú�ÍÜØÄ:.
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½½½ÂÂÂ 2.2. [17] eN�F : X × X → XÚg : X → X÷v: �gx = F (x, y), gy = F (y, x)�,

kg(F (x, y)) = F (gx, gy), K¡N�FÚg´w-�N�.

½½½nnn 2.3. �(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → XÚg : X → X÷v:

d(F (x, y), F (u, v)) � a∗d(gx, gu)a+ a∗d(gy, gv)a, ∀x, y, u, v ∈ X, (2.1)

Ù¥a ∈ A�‖a‖ < 1√
2
. eF (X ×X) ⊆ g(X), g(X)3X¥´���, KFÚgkÍÜÜ:. ?,

eFÚg´w-�N�, KFÚg3X¥k���ú�ÍÜØÄ:.

y²: X¥�ü:x0, y0, -g(x1) = F (x0, y0), g(y1) = F (y0, x0). ��ü�S�{xn}Ú{yn}÷
vg(xn+1) = F (xn, yn)Úg(yn+1) = F (yn, xn). |^(2.1), ��

d(gxn, gxn+1) = d(F (xn−1, yn−1), F (xn, yn))

� a∗d(gxn−1, gxn)a+ a∗d(gyn−1, gyn)a

� a∗(d(gxn−1, gxn) + d(gyn−1, gyn))a.

(2.2)

Ón

d(gyn, gyn+1) = d(F (yn−1, xn−1), F (yn, xn))

� a∗d(gyn−1, gyn)a+ a∗d(gxn−1, gxn)a

� a∗(d(gyn−1, gyn) + d(gxn−1, gxn))a.

(2.3)

-

δn = d(gxn, gxn+1) + d(gyn, gyn+1),

(Ü(2.2)Ú(2.3), ��

δn = d(gxn, gxn+1) + d(gyn, gyn+1)

� a∗(d(gxn−1, gxn) + d(gyn−1, gyn))a+ a∗(d(gyn−1, gyn) + d(gxn−1, gxn))a

� (
√

2a)∗(d(gxn−1, gxn) + d(gyn−1, gyn))(
√

2a)

� (
√

2a)∗δn−1(
√

2a),

qÏ��b, c ∈ Ah�, b � c�íÑa∗ba � a∗ca (½n2.2.5 [21]), �é?¿n ∈ N, k

0A � δn � (
√

2a)∗δn−1(
√

2a) � · · · � [(
√

2a)∗]nδ0(
√

2a)n.

eδ0 = 0A, d½Â2.1(2)��FÚgkÍÜÜ:(x0, y0). e0A � δ0, éun ∈ N, p ∈ N, k

d(gxn+p, gxn) � d(gxn+p, gxn+p−1) + d(gxn+p−1, gxn+p−2) + · · ·+ d(gxn+1, gxn),

d(gyn+p, gyn) � d(gyn+p, gyn+p−1) + d(gyn+p−1, gyn+p−2) + · · ·+ d(gyn+1, gyn).
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Ïd

d(gxn+p, gxn) + d(gyn+p, gyn) � δn+p−1 + δn+p−2 + · · ·+ δn

�
n+p−1∑
k=n

[(
√

2a)∗]kδ0(
√

2a)k,

l

‖d(gxn+p, gxn) + d(gyn+p, gyn)‖ ≤
n+p−1∑
k=n

‖
√

2a‖2kδ0 ≤
∞∑

k=n

‖
√

2a‖2kδ0 =
‖
√

2a‖2n

1− ‖
√

2a‖2
δ0.

q‖a‖ < 1√
2
, �

‖d(gxn+p, gxn) + d(gyn+p, gyn)‖ ≤ ‖
√

2a‖2n

1− ‖
√

2a‖2
δ0 → 0,

(Üd(gxn+p, gxn) � d(gxn+p, gxn) + d(gyn+p, gyn), d(gyn+p, gyn) � d(gxn+p, gxn) +d(gyn+p, gyn),

��{gxn}Ú{gyn}Ñ´g(X)�Cauchy�. dg(X)���5�, �3x, y ∈ X¦� lim
n→∞

gxn = gx,

lim
n→∞

gyn = gy. e¡y²F (x, y) = gx, F (y, x) = gy. Ï�

d(F (x, y), gx) � d(F (x, y), gxn+1) + d(gxn+1, gx)

� d(F (x, y), F (xn, yn)) + d(gxn+1, gx)

� a∗d(gxn, gx)a+ a∗d(gyn, gy)a+ d(gxn+1, gx).

3þª¥-n→∞, d(F (x, y), gx) = 0A, lF (x, y) = gx. ÓnF (y, x) = gy. ÏdFÚgkÍÜ

Ü:(x, y).

�(x′, y′)�´FÚg�ÍÜÜ:, K

d(gx, gx′) = d(F (x, y), F (x′, y′)) � a∗d(gx, gx′)a+ a∗d(gy, gy′)a,

d(gy, gy′) = d(F (y, x), F (y′, x′)) � a∗d(gy, gy′)a+ a∗d(gx, gx′)a,

üª�\, �

d(gx, gx′) + d(gy, gy′) � (
√

2a)∗(d(gx, gx′) + d(gy, gy′))(
√

2a),

l

‖d(gx, gx′) + d(gy, gy′)‖ ≤ ‖
√

2a‖2‖d(gx, gx′) + d(gy, gy′)‖.

q‖
√

2a‖ < 1,�‖d(gx, gx′)+d(gy, gy′)‖ = 0. lgx = gx′, gy = gy′. Ón�ygx = gy′, gy = gx′.

`²FÚgk���ÜÍÜ:(gx, gx). -v = gx, Kv = gx = F (x, x). duFÚg´w-�N�,
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gv = g(gx) = g(F (x, x)) = F (gx, gx) = F (v, v),

�(gv, gv)´FÚg�ÜÍÜ:. dÜÍÜ:���5, ��gv = gx, lv = gv = F (v, v). Ï

dFÚgk���ú�ÍÜØÄ:(v, v).

555 2.4. �X = R, A = M2(C), ½ÂN�d : X ×X → A�

d(x, y) =

[
|x− y| 0

0 k|x− y|

]
,

Ù¥k��~ê. K(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → XÚg : X → X©O½

Â�F (x, y) = x+y
2

, g(x) = 2x. �λ ∈ C�|λ| < 1√
2
, -a =

[
λ 0

0 λ

]
, Ka ∈ A�‖a‖∞ = |λ|. �±

�yF÷ve¡�Ø ^�:

d(F (x, y), F (u, v)) � a∗d(x, u)a+ a∗d(y, v)a, ∀x, y, u, v ∈ X.

d�, (0, 0)´FÚg�ÍÜÜ:. qduFÚg´w-�N�, �FÚg�ÍÜÜ:´���.

íííØØØ 2.5. �(X,A, d)´���C∗-�ê�Ýþ�m. eN�F : X ×X → X÷v:

d(F (x, y), F (u, v)) � a∗d(x, u)a+ a∗d(y, v)a, ∀x, y, u, v ∈ X,

Ù¥a ∈ A�‖a‖ < 1√
2
. KFk���ÍÜØÄ:.

½½½nnn 2.6. �(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → XÚg : X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), gx) + bd(F (u, v), gu), ∀x, y, u, v ∈ X, (2.4)

Ù¥a, b ∈ A′+�‖a‖+ ‖b‖ < 1. eF (X ×X) ⊆ g(X), g(X)3X¥��, KFÚgkÍÜÜ:. ?

, eFÚg´w-�N�, KFÚg�ÍÜÜ:´���.

y²: aqu½n2.3, �EX ¥�S�{xn}Ú{yn}÷vgxn+1 = F (xn, yn), gyn+1 = F (yn, xn).

|^(2.4)ª, ��

(1A − b)d(gxn, gxn+1) � ad(gxn, gxn−1),

(1A − b)d(gyn, gyn+1) � ad(gyn, gyn−1).

dua, b ∈ A′+ �‖a‖+ ‖b‖ < 1, �1A − b´�_�, (1A − b)−1a ∈ A′+. Ïd

d(gxn, gxn+1) � (1A − b)−1ad(gxn, gxn−1),

d(gyn, gyn+1) � (1A − b)−1ad(gyn, gyn−1).

l

‖d(gxn, gxn+1)‖ � ‖(1A − b)−1a‖‖d(gxn, gxn−1)‖,

‖d(gyn, gyn+1)‖ � ‖(1A − b)−1a‖‖d(gyn, gyn−1)‖.
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(Ü

‖(1A − b)−1a‖ ≤ ‖(1A − b)−1‖‖a‖ ≤
∞∑
k=0

‖b‖k‖a‖ =
‖a‖

1− ‖b‖
< 1

��{gxn}Ú{gyn}Ñ´g(X)¥�Cauchy�. 2dg(X)���5, �3x, y ∈ X¦� lim
n→∞

gxn = gx,

lim
n→∞

gyn = gy. Ï�

d(F (x, y), gx) � d(gxn+1, F (x, y)) + d(gxn+1, gx)

= d(F (xn, yn), F (x, y)) + d(gxn+1, gx)

� ad(F (xn, yn), gxn) + bd(F (x, y), gx) + d(gxn+1, gx)

� ad(gxn+1, gxn) + bd(F (x, y), gx) + d(gxn+1, gx),

¤±

d(F (x, y), gx) � (1− b)−1ad(gxn+1, gxn) + (1− b)−1d(gxn+1, gx).

ld(F (x, y), gx) = 0A, =F (x, y) = gx. aq�yF (y, x) = gy.

�(x′, y′)�´FÚg�ÍÜÜ:, d(2.4)ª��

d(gx′, gx) � d(F (x′, y′), F (x, y))

� ad(F (x′, y′), gx′) + bd(F (x, y), gx) = 0A,

Ú

d(gy′, gy) � d(F (y′, x′), F (y, x))

� ad(F (y′, x′), gy′) + bd(F (y, x), gy) = 0A,

`²gx′ = gx, gy′ = gy. aq��gx′ = gy, gy′ = gx. ÏdFÚgk���ÜÍÜ:(gx, gx). ?

`²FÚgk���ú�ÍÜØÄ:.

íííØØØ 2.7. �(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → XÚg : X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), gx) + ad(F (u, v), gu), ∀x, y, u, v ∈ X,

Ù¥a ∈ A′+�‖a‖ < 1
2
. eF (X ×X) ⊆ g(X), g(X)3X¥´���, KFÚgkÍÜÜ:.

íííØØØ 2.8. �(X,A, d)´���C∗-�ê�Ýþ�m. eN�F : X ×X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), x) + bd(F (u, v), u), ∀x, y, u, v ∈ X,

Ù¥a, b ∈ A′+�‖a‖+ ‖b‖ < 1. KFk���ÍÜØÄ:.
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½½½nnn 2.9. �(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → XÚg : X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), gu) + bd(F (u, v), gx), ∀x, y, u, v ∈ X, (2.5)

Ù¥a, b ∈ A′+�‖a‖+ ‖b‖ < 1. eF (X ×X) ⊆ g(X), g(X)3X¥´���, KFÚgkÍÜÜ:.

?, eFÚg´w-�N, KFÚg�ÍÜÜ:´���.

y²: aqu½n2.3,�EX¥�S�{gxn}Ú{gyn}÷vgxn+1 = F (xn, yn), gyn+1 = F (yn, xn).

d(2.5)ª, ��

d(gxn, gxn+1) = d(F (xn−1, yn−1), F (xn, yn))

� ad(F (xn−1, yn−1), gxn) + bd(F (xn, yn), gxn−1)

� bd(gxn+1, gxn−1)

� bd(gxn+1, gxn) + bd(gxn, gxn−1),

l

(1A − b)d(gxn, gxn+1) � bd(gxn, gxn−1). (2.6)

d(2.5)ª�é¡5��

d(gxn+1, gxn) = d(F (xn, yn), F (xn−1, yn−1))

� ad(F (xn, yn), gxn−1) + bd(F (xn−1, yn−1), gxn)

� ad(gxn+1, gxn−1)

� ad(gxn+1, gxn) + ad(gxn, gxn−1),

=

(1A − a)d(gxn, gxn+1) � ad(gxn, gxn−1). (2.7)

(Ü(2.6)Ú(2.7)�� (
1A −

a+ b

2

)
d(gxn, gxn+1) �

a+ b

2
d(gxn, gxn−1).

dua, b ∈ A′+�‖a+ b‖ ≤ ‖a‖+ ‖b‖ < 1, �
(
1A − a+b

2

)−1 ∈ A′+, 2(ÜÚn1.1(3)��

d(gxn, gxn+1) �
(

1A −
a+ b

2

)−1
a+ b

2
d(gxn, gxn−1).

-t =
(
1A − a+b

2

)−1 a+b
2

, K‖t‖ = ‖
(
1A − a+b

2

)−1 a+b
2
‖ < 1. aqu½n2.6�y{gxn}´g(X)¥

�Cauchy�. Ón{gyn}�´g(X)¥�Cauchy�. dg(X)���5,���3x, y ∈ X,¦� lim
n→∞

gxn =
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gx, lim
n→∞

gyn = gy. eyF (x, y) = gx, F (y, x) = gy. du

d(F (x, y), gx) � d(gxn+1, F (x, y)) + d(gxn+1, gx)

= d(F (xn, yn), F (x, y)) + d(gxn+1, gx)

� ad(F (xn, yn), gx) + bd(F (x, y), gxn) + d(gxn+1, gx)

� ad(gxn+1, gx) + bd(F (x, y), gxn) + d(gxn+1, gx),

l

‖d(F (x, y), gx)‖ ≤ ‖a‖‖d(gxn+1, gx)‖+ ‖b‖‖d(F (x, y), gxn)‖+ ‖d(gxn+1, gx)‖.

d�êÚÝþ�ëY5, ��

‖d(F (x, y), gx)‖ ≤ ‖b‖‖d(F (x, y), gx)‖.

2d‖b‖ < 1��‖d(F (x, y), gx)‖ = 0. ÏdF (x, y) = gx. ÓnF (y, x) = gy. l(x, y)´FÚg�Í

ÜÜ:. aqu½n2.6�y², ��FÚg�ú�ÍÜØÄ:´���.

íííØØØ 2.10. �(X,A, d)´���C∗-�ê�Ýþ�m. N�F : X ×X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), gu) + ad(F (u, v), gx), ∀x, y, u, v ∈ X,

Ù¥a ∈ A′+�‖a‖ < 1
2
. eF (X ×X) ⊆ g(X), g(X)3X¥´���, KFÚgkÍÜÜ:.

íííØØØ 2.11. �(X,A, d)´���C∗-�ê�Ýþ�m. eN�F : X ×X → X÷v:

d(F (x, y), F (u, v)) � ad(F (x, y), u) + bd(F (u, v), x), ∀x, y, u, v ∈ X,

Ù¥a, b ∈ A′+�‖a‖+ ‖b‖ < 1. KFk���ÍÜØÄ:.

 SÝþ�mþ�ÍÜØÄ:½n3È©�§!±Ï>�¯K��¡kX2��A^, ÏdÉ

�
NõÆö�'5, �ë�©z [2, 9, 15]. e¡·�ò�ÄFredholm��5È©�§)��3�

�5¯K.

�E´Lebesgue�ÿ8�m(E) <∞, X = L∞(E)L«�ÿ8Eþ�5k.�ÿ¼ê��N. �

ÄÈ©�§

x(t) =

∫
E

(
K1(t, s) +K2(t, s)

)(
f(s, x(s)) + g(s, x(s))

)
ds+ h(t), t ∈ E. (2.8)

½½½nnn 2.12. �¼êK1, K2, fÚg÷v:

(i) K1 : E × E → [0,+∞), K2 : E × E → (−∞, 0], f, g : E × R→ R´�ÿ�, h ∈ L∞(E);

(ii) �3k ∈ (0, 1
2
), ¦��t ∈ E, x, y ∈ R�, k
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0 ≤ f(t, x)− f(t, y) ≤ k(x− y),

−k(x− y) ≤ g(t, x)− g(t, y) ≤ 0;

(iii) sup
t∈E

∫
E

(K1(t, s)−K2(t, s))ds ≤ 1.

KÈ©�§(2.8)3L∞(E)¥k��).

y²: �B(L2(E))´Hilbert�mL2(E)þk.�5�f��N. ½ÂXþ�IÝþd : X ×X →
B(L2(E))�

d(f, g) = M|f−g|,

Ù¥M|f−g| L«L
2(E)þ��¦�f. w,, (X,B(L2(E)), d)´���C∗-�ê�Ýþ�m.

é?¿x, y ∈ X, t ∈ E, ½ÂN�F : X ×X → X�

F (x, y)(t) =

∫
E

K1(t, s)
(
f(s, x(s)) + g(s, y(s))

)
ds+K2(t, s)

(
f(s, y(s)) + g(s, x(s))

)
ds+ h(t).

K

d(F (x, y), F (u, v)) = M|F (x,y)−F (u,v)|.

qdu

|(F (x, y)− F (u, v))(t)|

= |
∫
E
K1(t, s)

(
f(s, x(s)) + g(s, y(s))

)
ds+

∫
E
K2(t, s)

(
f(s, y(s)) + g(s, x(s))

)
ds

−
∫
E
K1(t, s)

(
f(s, u(s)) + g(s, v(s))

)
ds−

∫
E
K2(t, s)

(
f(s, v(s)) + g(s, u(s))

)
ds|

= |
∫
E
K1(t, s)

(
f(s, x(s))− f(s, u(s)) + g(s, y(s))− g(s, v(s))

)
ds|

+|
∫
E
K2(t, s)

(
f(s, y(s))− f(s, v(s)) + g(s, x(s))− g(s, u(s))

)
ds|

≤
∫
E
K1(t, s)|f(s, x(s))− f(s, u(s)) + g(s, y(s))− g(s, v(s))|ds

−
∫
E
K2(t, s)|f(s, y(s))− f(s, v(s)) + g(s, x(s))− g(s, u(s))|ds

≤ sup
s∈E

[k|x(s)− u(s)|+ k|y(s)− v(s)|]
∫
E

(K1(t, s)−K2(t, s))ds

≤ [k‖x− u‖∞ + k‖y − v‖∞] sup
t∈E

∫
E

(K1(t, s)−K2(t, s))ds

≤ k‖x− u‖∞ + k‖y − v‖∞.

Ïd

‖d(F (x, y), F (u, v))‖ = ‖M|F (x,y)−F (u,v)|‖

= sup
‖ϕ‖=1

(M|F (x,y)−F (u,v)|ϕ,ϕ)

= sup
‖ϕ‖=1

∫
E
|(F (x, y)− F (u, v))(t)|ϕ(t)ϕ(t)dt

≤ sup
‖ϕ‖=1

∫
E
|ϕ(t)|2dt(k‖x− u‖∞ + k‖y − v‖∞)

≤ k‖x− u‖∞ + k‖y − v‖∞.
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-a =
√
k1B(L2(E)), @oa ∈ B(L2(E))�‖a‖ = |

√
k| < 1√

2
. díØ2.5��(Ø.

Ä7�8
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