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∆pu+ V (x)|u|p−2u = |u|q−2u, x ∈ RN , (1)
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Abstract

In this paper, we study the existence of solutions for the following p-Kirchhoff elliptic

equation

−
(
a+ b(

∫
RN
|∇u|p)τ

)
∆pu+ V (x)|u|p−2u = |u|q−2u, x ∈ RN , (1)

with a, b, τ > 0, 1 < p < N, p < q < p(τ + 1) < p∗. By the variational methods, we prove

that problem (1) admits at least one nontrivial solution. The main difficulty is to get

a bounded (PS) sequence and extract a strong convergent subsequence from it.

Keywords

p-Kirchhoff Elliptic Equation, Variational Method, (PS) Sequence, PohozTTTev Identity

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 0�

�©§·��ÄXe�ap-Kirchhoff ý�¯K

−
(
a+ b(

∫
RN
|∇u|p)τ

)
∆pu+ V (x)|u|p−2u = |u|q−2u, x ∈ RN ,

Ù¥∆pu = div(|∇u|p−2∇u) ´p-Laplacican �f. ¯K(1)�±w¤´dêÆ[Kirchhoff [1]JÑ�

��êÆ�.�í2.'up-Kirchhoff-type ý��§��
k��(J�ë��'©z [2–4].

ÆöG. Li ÚH. Ye [5]3R3þïÄ
(1) �p = 2, τ = 1 ���/, ±9³¼êV (x) ÷vXe^

�:

(V1) V (x)3(R3,R) ëY�f��§ (∇V (x), x) ∈ L∞(R3) ∪ L 3
2 (R3) §V (x) − (∇V (x), x) ≥

0 a.e x ∈ R3, Ù¥(·, ·) ´R3 þÏ~½Â�SÈ;
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(V2) éuA�¤k�x ∈ R3, V (x) ≤ lim inf
|y|→∞

V (y) = V∞ < +∞ §�3V���ÿÝf8þkTØ

�'Xî�¤á;

(V3) �3C > 0 ¦�C = inf
u∈H1(R3)\{0}

∫
R3 |∇u|

2+V (x)|u|2∫
R3 |u|2

> 0.

¦�y�
�3 < q < 6�§�§(1)���3����Ä�). 3©z [6]¥, N. Ikoma �Ä

�2 < q ≤ 3 ��§(1)��35. ,
, éu���p-Kirchhoff ý��§§�§(1)´Ä��3

aq��35(Jºdup-Laplacican �f��3§þã©z2^F�ËA�m�ïÄ�{é

up-Kirchhoff ý��§Ø2·^"�©¥§É©z [5–7]�éu§·�ò|^�ä¼ê!Pohozaev

ð�ª±9©z [8]¥�üN5E|��{��(PS)S��k.5�O§?
|^U?�ì´Ún

y�Ù�²�f)��35.

�
Qã·��Ì�(J, ·�Äk0��
Sobolev �mÚ�ê�½Â. �
�Bå�, ·

�ò
∫

Ω
hds Ú

∫
∂Ω
hds ©OL«3«�Ω ⊂ R3 Ú>.∂Ω þ�LebegsgueÈ©. -X = W 1,p(RN )

�Ï~�Sobolev �m§Ù�ê�‖u‖ = (
∫
RN a|∇u|

p + V (x)|u|p)
1
p , 1 < p < ∞. ½Â‖ · ‖q�Ï~

�Lq(RN ) �ê.¯¤±�§�r ∈ (p, p∗]�§i\W 1,p(RN ) ↪→ Lq(RN ) ´ëY�§±9�3��~

êSr ¦�

‖u‖r ≤ Sr‖u‖, ∀u ∈W 1,p(RN ). (2)

�©¥§·�ò^�Í¶�SobolevØ�ª [9]

S(

∫
RN
|u|p∗)

1
p∗ ≤ (

∫
RN
|∇u|pdx)

1
p , ∀u ∈ C∞0 (RN ), (3)

Ù¥1 < p < N , S ´���~ê. �e5, ·�b�³¼êV (x) ÷vXe^�:

(H1) V (x) ∈ C1(RN ) §�3~êV0, V1 > 0§¦�0 < V0 ≤ V (x) ≤ V1,∀x ∈ RN ;

(H2) �1 < p < N,N ≥ 3, p < q < p(τ + 1) < p∗ = Np
N−p .�λ∗ = N(q−p)(p∗−p(τ+1))

p∗(p(τ+1)−q) §�3λ ∈ (0, λ∗]

�,

(x · ∇V (x))− λV (x) ≤ 0, ∀x ∈ RN .

½n 1.1 e^�(H1)− (H2) ÷v§@o�§(1)���3���²�f).

5 1.2 (i) �p = 2, τ = 1, 3 < q < 4, N = 3�§3©z [6]¥, ëêλ �þ.λ∗÷v

N(q − p)(p∗ − p(τ + 1))

p∗(p(τ + 1)− q)
=
q − 2

4− q
> 1,

��©�λ∗�±w� [6]3p-Kirchhoff ý�¯K¥�í2. ,	3©z [5]¥³¼êV (x) ÷v»�

^�x.∇x ≤ V (x)§�©¥(H2) �»�^�x.∇x ≤ λV (x) w����.

(ii) �©¥¦+N´y²�§(1)¤�A��¼I(u) ÷vì´Ún�AÛ^�, �´�p < q <

p(τ + 1) �§·�ØU��y²(PS) S��k.5. �d, ·�òæ^©z [8]¥��«����

üN5�{.

DOI: 10.12677/aam.2021.1012453 4264 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.1012453


4áu

2. ý�ó�

XJéu?Û�v ∈ X, ÷v

(a+ b‖∇u‖pτp )

∫
RN
|∇u|p−2∇u∇v +

∫
RN

V (x)|u|p−2u =

∫
RN
|u|q−2uv. (4)

K¡u ∈ X ´�§(1)�f).

�I(u) : X → R ´(1)�Uþ�¼§½ÂXeµ

I(u) =
1

p
‖u‖p +

b

p(τ + 1)
‖∇u‖p(τ+1) − 1

q

∫
RN
|u|q. (5)

N´y²T�¼÷vI ∈ C1(X,R) ±9éu?Û�v ∈ X§ÙGateaux �ê�

I ′(u)v = (a+ b‖∇u‖pτp )

∫
RN
|∇u|p−2∇u∇v +

∫
RN

V (x)|u|p−2v −
∫
RN
|u|q−2uv, (6)

w,, �§(1)�f)éAX�A�¼��.:.

Ún 2.1 ( [8]) �X ��n<â�m§Ù�ê�‖.‖X , ±9K ⊂ R+ ´�«m. �ÄXe½Â3X

þ�C1¼êq,

Iµ(u) = A(u)− µB(u), µ ∈ K, (7)

Ù¥B(u) �K§Iµ(0) = 0§�‖u‖X →∞ �§÷vA(u)→∞ ½B(u)→∞.

éu?Û�µ ∈ K, �

Γµ = {γ ∈ (C[0, 1], X) : γ(0) = 0, Iµ(γ(1)) < 0}. (8)

XJéu?Û�µ ∈ K, 8ÜΓµ ��±9

cµ = inf
γ∈Γµ

max
t∈[0,1]

Iµ(γ(t)) > 0. (9)

@oéuA�¤k�µ ∈ K, �3S�{un} ⊂ X ¦�(i). {un} k.; (ii). Iµ(un) → cµ; (iii).

3X∗ ¥I ′µ(un)→ 0.

�©¥§·��

A(u) =
a

p
‖u‖p +

b

p(τ + 1)
‖∇u‖p(τ+1)

p , B(u) =
1

q

∫
RN
|u|q. (10)

·�ïÄXe��¼q

Iµ(u) =
a

p
‖u‖p +

b

p(τ + 1)
‖∇u‖p(τ+1) − µ

q

∫
RN
|u|q, (11)
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±9Gateaux �ê�

I ′µ(u)v = (a+ b‖∇u‖pτp )

∫
RN
|∇u|p−2∇u∇v +

∫
RN

V (x)|u|p−2 − µ
∫
RN
|u|q−2uv, (12)

�e5�Ún2.2 ÚÚn2.3 ¿�XIµ ÷vÚn2.1�^�.

Ún 2.2 b�(H1)− (H2) ÷v, Ké¤k�µ ∈ [ 1
2
, 1], kΓµ 6= ∅ .

y²: ��y²�3φ ∈W 1,p(RN ) ¦�éu?Û�µ ∈ [1/2, 1]kIµ(φ) < 0 ¤á=�. Äk, ·�b

�

gµ(t) = µ|t|q−2t− V (x)|t|p−2t, Gµ(t) =

∫ t

0

gµ(x) =
µtq

q
− V (x)

p
tp (13)

duq > p > 1, À�·��κ0 > 0 ¦�G1/2(κ0) > 0. ½Â

lR(x) =


κ0, if |x| ≤ R,
κ0(R+ 1− |x|), if R < |x| ≤ R+ 1,

0, if |x| > R+ 1.

(14)

u´�n→∞�§klR(x) ∈W 1,p(RN ), ‖lR(x)‖ → ∞ ±9

‖∇lR‖pp = κp0((R+ 1)N −RN )σN/N,

∫
RN

Gµ(lR(x)) ≥ G1/2(κ0)σNR
N/N, (15)

Ù¥σN �S
N−1þ�ü ¥¡. d(15) ÚG1/2(κ0) > 0 �§�3¿©��R0 ¦�

∫
RN G1/2(lR0

) ≥
1.�e5, PlR0,β = lR0

(x/β). u´k

‖∇lR0,β‖pp = βN−p‖lR0
‖pp,

∫
RN

G1/2(lR0,β) = βN
∫
RN

G1/2(lR0
) ≥ βN .

l
,

Iµ(lR0,β) =
a

p
‖∇lR0,β‖pp +

b

p(τ + 1)
‖∇lR0,β‖p(τ+1)

p −Gµ(lR0,β)

≤ a

p
βN−p‖∇lR0

‖pp +
b

p(τ + 1)
β(N−p)(τ+1)‖∇lR0

‖p(τ+1)
p − βN

(16)

dup(τ + 1) < p∗ = pN
N−p , u´(N − p)(τ + 1) < N . ?
�β →∞ �§kIµ(lR0,β)→ −∞§u´

·K�y.

Ún 2.3 b�(H1)− (H2) ÷v. K�3~êc > 0§¦�éu¤k�µ ∈ [ 1
2
, 1] kcµ ≥ c > 0.

y²: �â(2) Ú(5)§��éu¤k�u ∈W 1,p(RN ) Úµ ∈ [1/2, 1]k

Iµ(u) =
a

p
‖u‖p +

b

p(τ + 1)
‖∇u‖p(τ+1) − µ

q

∫
RN
|u|q,

≥ a

p
‖u‖p − C‖u‖q,

(17)
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Ï�q > p, ¤±�3ρ > 0 ¦�Iµ(u) > 0. AO/, éu‖u‖ = ρ, kIµ(u) ≥ c > 0. �½µ ∈ [ 1
2
, 1]

Úγ ∈ Γµ. �âΓµ�½ÂÚÙëY5,�3tγ ∈ (0, 1)¦�‖γ(tγ)‖E = ρ and ‖γ(1)‖ > ρ. Ïd, éu

?Ûµ ∈ [ 1
2
, 1],

cµ = inf
γ∈Γµ

max
t∈[0,1]

ITµ (γ(t)) ≥ inf
γ∈Γµ

ITµ (γ(tγ)) ≥ c > 0. (18)

y..

3. (PS)S��Âñ5Úk.5

dÚn2.1-2.3, �éua.e. µ ∈ [1/2, 1], �3k.S�{un} in X, ÷v

Iµ(un)→ cµ, (Iµ(un))′ → 0 , sup
n
‖un‖ < T. (19)

du�q ∈ (p, p∗)�§i\X ↪→ Lq(RN ) ´ëY�, �d·��±b�

un ⇀ u, in X; un → u, in Lqloc(R
N ); un → u, a. e. in RN . (20)

�e5, ·�òy²{un}3X¥Âñ.

Ún 3.1 b�(H1)− (H2) ÷v. éu?Û�µ ∈ [ 1
2
, 1], XJS�{un} k.�÷v(20), @o

lim
n→∞

∫
RN
|un|q =

∫
RN
|u|q, lim

n→∞

∫
RN
|un − u|qdx = 0.

y²: TÚn�y²�±ë�©z [10]. �

Ún 3.2 �(H1)− (H2) ÷v. {un} ��(PS)cS�±9÷v(20),K3X ¥§un → u , =, éu¤

k�µ ∈ [1/2, 1]§�¼Iµ ÷v(PS) ^�.

y²: d(12), �

(Iµ(un)− Iµ(u))′(un − u) = Pn +Qn +Kn, (21)

Ù¥

Pn =
(
a+ b‖∇un‖pτp

) ∫
RN

(|∇un|p−2∇un − |∇u|p−2∇u)∇(un − u)

+

∫
RN

V (x)(|un|p−2un − up−2u)(un − u),

Qn = b(‖∇un‖pτ − ‖∇u‖pτ )

∫
RN
|∇u|p−2∇u∇(un − u),

Kn = µ

∫
RN

(|un|q−2un − |u|q−2u)(un − u).
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w,

(Iµ(un)− Iµ(u))′(un − u)→ 0 as n→∞. (22)

dÚn3.1±9Hölder Ø�ª, k

|Kn| ≤ µ(‖un‖q−1
q + ‖u‖q−1

q )‖un − u‖q → 0 as n→∞. (23)

½Â�5�¼g : X → R§

g(ω) =

∫
RN
|∇u|p−2∇u∇ω.

5¿�|g(ω)| ≤ ‖∇u‖p−1‖ω‖, �±w�g3XþëY. du3X¥§un ⇀ u,�

g(un − u) =

∫
RN
|∇u|p−2∇u∇(un − u)→ 0, as n→∞. (24)

qÏ‖un‖ 3Xþk., u´|Qn| ≤ Cg(un − u)→ 0, as n→∞.

nþ?Ø, ·�k|Pn| → 0 as n→∞, ù�·�y�3X ¥§un → u . y.. �

�âÚn3.2, �3S�{µn} ⊂ [ 1
2
, 1]§µn → 1±9�n→∞�k§ITµn(un) = cµn , (ITµn)′(un) =

0§un is ´Xe�§�

−(a+ b‖∇un‖pp)∆pun + V (x)|un|p−2un = µ‖un‖q−2un. (25)

�²�). �e5, ·�ò/ÏuPohozav ð�ªy²‖un‖ < T§�d·�ÄkïáXe�ð�ª.

Ún 3.3 �u ∈ X ´Xe�§�

−(a+ b‖∇u‖pτp )∆pu+ V (x)|u|p−2u = µ|u|q−2u. (26)

�f)§K÷vXeð�ª

(a+ b‖∇u‖pτp )

(
N − p
p

)∫
RN
|∇u|p +

1

p

∫
RN

(NV (x) +∇V (x).x) |u|p − N

q

∫
RN
|u|q = 0 (27)

y²: duu ∈ X ´�§�(26)f), �âIO��Kz?Øk [9], u ∈ C2
loc(RN ) ∩W 1,p(RN ), -

y(x, u) =
µ|u|q−2u− V (x)|u|p−2u

a+ b‖∇u‖pτp
. (28)

u´u ∈ X �´Xe�§

−∆pu = y(x, u). (29)

DOI: 10.12677/aam.2021.1012453 4268 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.1012453


4áu

�). |^Pohozaev ð�ª [11] ,

N − p
p

∫
RN
|∇u|p =

∫
RN

(NY (x, u) + Y1(x, u)) (30)

Ù¥Y (x, u) =
∫ u

0
y(x, s)ds, Y1(x, u) =

N∑
i=1

xi
∂Y (x,u)
∂xi

§(Ø¤á. �

Ún 3.4 b�(H1)−(H3)¤á. �{µn} ⊂ [ 1
2
, 1]±9{un} ⊂ X ¦�µn ↗ 1, Iµn = cµn ÚI

′
µn

(un) =

0. u´S�{un} 3X¥k..

y²:du(Iµn)′(un) = 0,u´�âÚn3.3, un ÷vXe��ª:

0 = Pµ(un) = (a+b‖∇un‖pτp )

(
N − p
p

)∫
RN
|∇un|p +

N

p

∫
RN

V (x|un|p

+
1

p

∫
RN

(
∇V (x).x

)
|un|p −

N

q

∫
RN
|un|q.

(31)

dIµn(un) = cµn , I
′
µn

(un)un = 0, Pµ(un) = 0 and (H3)�

cµn = Iµn − αPµn(un)− βI ′µn(un)un

= a

(
1

p
− α(N − p)

p
− β

)
‖∇un‖pp + b

(
1

p(τ + 1)
− α(N − p)

p
− β

)
‖un‖pτ+1

p

+

∫
RN

(
1

p
− Nα

p
− β)V (x)− α

p
(∇V.x)

)
|un|p + µ

(
1

q
− Nα

q
− β

)
‖un‖qq

≥ a
(

1

p
− 1

p(τ + 1)

)
‖∇un‖pp + (a+ b‖∇un‖pτp )

(
1

p(τ + 1)
− α(N − p)

p
− β

)
‖∇un‖pp

+

(
1

p
− α(N + λ)

p
− β

)∫
RN

V (x)|un|p + µ

(
β +

Nα

q
− 1

q

)
‖un‖qq.

(32)

Ù¥α = (p(τ+1)−q)p∗
N(p∗−q)p(τ+1)

, β = p∗−p(τ+1)
(p∗−q)p(τ+1)

, λ ∈ (0, N(q−p)(p∗−p(τ+1))
p∗(p(τ+1)−q) ].

u´{üO���

1

p(τ + 1)
− α(N − p)

p
− β = 0,

1

p
− α(N + λ)

p
− β ≥ 0, β +

Nα

q
− 1

q
= 0. (33)

d(32) and (33)�

cµn ≥ a(
1

p
− 1

p(τ + 1)
)‖∇un‖pp. (34)

ù¿�X∇un 3Lp¥k.. ,��¡, du

cµn = Iµnun)− 1

q
I ′µn(un)un

=

(
a(

1

p
− 1

q
) + b(

1

p(τ + 1)
− 1

q
)‖∇un‖pp

)
‖∇un‖pτ +

(
1

p
− 1

q

)∫
RN

V (x)|un|p.
(35)
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ùq¿�Xun 3L
p¥k.. y.. �

4. �²�)��35

½n1.1�y² dÚn3.4, ·�b½‖un‖ ≤ T ,¤±k

I(un) = Iµn(un) + (µn − 1)‖un‖qq. (36)

Ï�µn → 1, �y{un} 3Iþ÷v(PS) ^�. ¯¢þ, {un}�k.5¿�X{Iµn} k.. ,	,

I ′(un)v = I ′µn(un)v + (µn − 1)

∫
RN
|un|q−2unv, v ∈ X. (37)

u´I ′(un)→ 0±9{un} ´�k.�(PS) S�.�âÚn2.3, �{un} k�Âñf�. b½un → ũ0.

u´I ′(ũ0) = 0. �âÚn2.2, ��I(ũ0) = lim
n→∞

I(un) = lim
n→∞

Iµn(un) ≥ c > 0§¤±ũ0 ´¯

K(1)��²�). ù�·�Ò�¤
T½n�y². �

Ä7�8

ô��p�g�¡þ�8(20KJD110001)"

ë�©z

[1] Kirchhoff, G. (1883) Vorlesungen über Mechanik. Teubner, Leipzig.
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