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CÒ)��35, Ù¥ 0 < s < 1 , N ≥ 3, 2∗s = 2N
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Abstract

In this paper, we study the following critical nonlinear fractional Schrödinger equations

ε2s(−∆)sv + V (x)v = |v|2
∗
s−2v + µ|v|q−2v, v ∈ Hs(RN )

where 0 < s < 1,N ≥ 3, 2∗s = 2N
N−2s

is the fractional critical exponent, µ is a normal
number, 2 < q < 2∗s, ε > 0 is a small parameter, V ∈ C1(RN ,R) satisfies a ≤ V (x) ≤ b,
b > a > 0 , ∀x ∈ RN . We obtain the existence of k pairs of sign-changing solutions by
combining critical point theory and invariant sets of descending flow.
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1. ý��£

3�©¥,ïÄ�k©ê� Sobolev�.�ê�©ê� Schrödinger�§

ε2s(−∆)sv + V (x)v = |v|2
∗
s−2v + µ|v|q−2v, v ∈ Hs(RN ), (1.1)

CÒ)��35.Ù¥, 0 < s < 1 , N ≥ 3, 2∗s = 2N
N−2s

´©ê��.�ê, µ ´���~ê,
2 < q < 2∗s, ε > 0´���ëê.³¼ê V ÷vXe^�:

(A1) V ∈ C1(RN ,R) , �3 b > a > 0¦� a ≤ V (x) ≤ b , ∀x ∈ RN ¿��3��äk1w>.�
k.�M⊂ RN ¦�

~n(x) · ∇V (x) > 0,∀x ∈ ∂M, (1.2)
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Ù¥, ~n(x)L« x3 ∂Mþ�ü 	{�þ.

3 (1.2)�b�^�e, �.8

A = {x ∈M | ∇V (x) = 0} 6= ∅, (1.3)

¿� A´M���;f8.Ø���5, ·��b� 0 ∈ A .éu?¿�8Ü B ⊂ RN � δ > 0 , ·
�P Bδ = {x ∈ RN | dist(x,B) := inf

y∈B
|x− y| < δ}� B � δm��. �©�Ì�(JXe:

½n1. b� max{N+2
N−2

, 2} < q < 2∗s � (A1) ¤á.Kéu?¿��ê k , �3 εk > 0 ¦��

0 < ε < εk �, �§ (1.1)��k kéCÒ) ±vj,ε, j = 1, 2 · · · , k .

�CþO� x 7→ εx, ½Â u(x) := v(εx) , K�§ (1.1)��d/ªXe

(−∆)su+ V (εx)u = |u|2
∗
s−2u+ µ|u|q−2u, u ∈ Hs(RN ). (1.4)

�¼ Iε(u)�½ÂXe

Iε(u) =
1

2

∫
RN

(|(−∆)
s
2u|2 + V (εx)u2)dx− 1

2∗s

∫
RN

|u|2
∗
sdx− µ

q

∫
RN

|u|qdx, u ∈ Hs(RN ). (1.5)

w,, Iε(u)��.:´�§ (1.4)�f).ÏLO\��¨v� Qε(u)¿�^���1� Rε(u)5

�O�.�ê�, =���¼ Γε(u)

Γε(u) =
1

2

∫
RN

(|(−∆)
s
2u|2 + V (εx)u2)dx+Qε(u)−Rε(u)− µ

q

∫
RN

|u|qdx

Ù¥, u ∈ Hs(RN )� Qε(u) = 1
2β

(
∫
RN

χεu
2dx− 1)β+ , Rε(u) = 1

2∗s

∫
RN
|u|q|mε(u)|2∗s−qdx .

2. ¨vÚ�1�¼ Γε(u)� Palais-Smale^�

3�!¥, IO�©ê� Sobolev�m Hs(RN )D�SÈ�

(u, v) =

∫
RN

(−∆)
s
2u(−∆)

s
2 vdx+

∫
RN

uvdx

��ê�

‖u‖ =
( ∫
RN

|(−∆)
s
2u|2dx+

∫
RN

|u|2dx
) 1

2

.

XJ u+ 6= 0 � u− 6= 0 , K�¼ u ∈ Hs(RN ) ¡�CÒ, Ù¥ u± = max{±u, 0} . éu?¿�
δ > 0, ε > 0�8Ü B ⊂ RN , ·�½Â

Bε = {x ∈ RN | εx ∈ B},
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Bδ = {x ∈ RN | dist(x,B) := inf
y∈B
|x− y| < δ}.

- ζ ∈ C2(R)´���ä¼ê¦�?¿ t ∈ R÷v: 0 ≤ ζ(t) ≤ 1� ζ ′(t) ≥ 0 .e t ≤ 0, ζ(t) = 0 ;X
J t > 0, ζ(t) > 0 ;� t ≥ 1�, ζ(t) = 1 .,	, �3��~ê C > 0Ú κ > 0¦�

tζ ′(t) ≥ Cζ(t), 0 ≤ t ≤ κ (2.1)

�

ζ(t) ≥ Ct4, 0 ≤ t ≤ κ. (2.2)

- θ > 0÷v
1

q
=
θ

2
+

1− θ
p

,

Ù¥

p =
1

2
(q + 2∗s).

-

χε(x) =

0, XJ x ∈Mε

ε−γζ(dist(x,Mε)), XJ x /∈Mε

(2.3)

ùp, γ > 0�÷v

γ > max
{

4,
12

N − 2
,

2(2∗s − q)
(q − 2)θ

}
. (2.4)

éN´�y, éu��� ε ¦� χε áu C1 �¼�� x ∈ Mε �, χε(x) = 0 ,� x /∈ (Mε)
1 �,

χε(x) = ε−γ .éu?¿� u ∈ Hs(RN ) , -

Qε(u) =
1

2β
(

∫
RN

χεu
2dx− 1)β+ (2.5)

Ù¥ β ÷v

2 < 2β < q

� (t)+ = max{t, 0} .

- ϕ ∈ C∞0 (R) ¦�é?¿� ξ ∈ R ÷v ϕ(−ξ) = ϕ(ξ) .XJ |ξ| ≤ 1, ϕ(ξ) = 1 ;XJ |ξ| ≥
2, ϕ(ξ) = 0¿� ϕ3«m [1, 2]þüN4~.,	, b� bε(ξ) = ϕ(εξ)�mε(ξ) =

∫ ξ
0
bε(τ)dτ.

·K1. �¼ bε Úmε ÷v±e5�

(i) ∀ξ ∈ R, ξmε(ξ) ≥ 0 ;

(ii) XJ ξ ≥ 0 , K ξbε(ξ) ≤ mε(ξ) ;

(iii) �3~ê c > 0¦�é?¿� ξ , k |mε(ξ)| ≤ c/ε.e |ξ| ≤ 1/ε , K bε(ξ) = 1�mε(ξ) = ξ .
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éu?¿� u ∈ Hs(RN ) , -

Rε(u) =
1

2∗s

∫
RN

|u|q|mε(u)|2
∗
s−qdx. (2.6)

¿�éu?¿� u ∈ Hs(RN ) , b�

Γε(u) =
1

2

∫
RN

(|(−∆)
s
2u|2 + V (εx)u2)dx+Qε(u)−Rε(u)− µ

q

∫
RN

|u|qdx. (2.7)

51. éu?¿� u, v ∈ Hs(RN ) , k

〈Γ′ε(u), v〉 =

∫
RN

((−∆)
s
2u(−∆)

s
2 v + V (εx)uv)dx+ (

∫
RN

χεu
2dx− 1)β−1

+

∫
RN

χεuvdx

− q

2∗s

∫
RN

|u|q−2|mε(u)|2
∗
s−quvdx

− 2∗s − q
2∗s

∫
RN

|u|q|mε(u)|2
∗
s−q−2mε(u)bε(u)vdx

− µ
∫
RN

|u|q−2uvdx

(2.8)

K Γε ��.: u´�§

(−∆)su+ V (εx)u+ (

∫
RN

χεu
2dx− 1)β−1

+ χεu

=
q

2∗s
|u|q−2|mε(u)|2

∗
s−qu+

2∗s − q
2∗s
|u|q|mε(u)|2

∗
s−q−2mε(u)bε(u)

+ µ|u|q−2u, u ∈ Hs(RN ).

(2.9)

�)¿�e Qε(u) = 0 , sup
x∈RN

|u(x)| < 1/ε , K Γε ��.: u´�§ (1.4)�).

-

Fε(ξ) =
1

2∗s
|ξ|q|mε(ξ)|2

∗
s−q +

µ

q
|ξ|q, (2.10)

�

fε(ξ) =
dFε
dξ

(ξ). (2.11)

K (2.9)�±�U��

(−∆)su+ V (εx)u+ (

∫
RN

χεu
2dx− 1)β−1

+ χεu = fε(u), u ∈ Hs(RN ). (2.12)
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Ún1. éu?¿ L > 0 , �3 εL > 0¦�é?¿� 0 < ε < εL , e c < L , K Γε ÷v (PS)c ^�.
y²: - {un} ⊂ Hs(RN )¦�

Γε(un)→ c,Γ′ε(un)→ 0 3(Hs(RN ))′¥.

�
y²TÚn, ·��Iy²3 Hs(RN )¥, S� {un}¹k��Âñf�. d

o(‖un‖) + L

≥o(‖un‖) + c

=(
1

2
− 1

q
)

∫
RN

(|(−∆)
s
2un|2 + V (εx)u2

n)dx

+
1

2β
(

∫
RN

χεu
2
ndx− 1)β+ −

1

q
(

∫
RN

χεu
2
ndx− 1)β−1

+

∫
RN

χεu
2
ndx

+
2∗s − q

2∗sq

∫
RN

|un|q+1|mε(un)|2
∗
s−q−1bε(un)dx

(2.13)

� 2 < 2β < q��, �3��� εÃ'� η̂L > 0¦� ‖un‖ ≤ η̂L� Qε(un) ≤ η̂L .Ïd, 3 Hs(RN )

¥, ·��b�� n→∞�, un ⇀ u�

λn := (

∫
RN

χεu
2
ndx− 1)β−1

+ → λ, n→∞. (2.14)

K� n,m→∞�, ·�k

o(1)

=〈Γ′ε(un)− Γ′ε(um), un − um〉

≥min {1, a} ‖un − um‖2 +

∫
RN

(λnun − λmum)(un − um)χεdx

− q

2∗s

∫
RN

(|un|q−2un|mε(un)|2
∗
s−q − |um|q−2um|mε(um)|2

∗
s−q)(un − um)dx

− 2∗s − q
2∗s

∫
RN

(|un|q|mε(un)|2
∗
s−q−2mε(un)bε(un)− |um|q|mε(um)|2

∗
s−q−2mε(um)bε(um))

× (un − um)dx

− µ
∫
RN

(|un|q−2un − |um|q−2um)(un − um)dx.

(2.15)

d (2.14)��, � n,m→∞�, k∫
RN

(λnun − λmum)(un − um)χεdx = λ

∫
RN

(un − um)2χεdx+ o(1). (2.16)
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- r0 > 0¦�M⊂ Br0(0) .d Qε(un) ≤ η̂L � (Mε)
1 ⊂ Bε−1r0+1(0)��∫

|x|≥ε−1r0+1

u2
ndx ≤ (1 + η̂

1
β

L )εγ . (2.17)

Ï� q < p < 2∗s � ‖u‖Lq ≤ ‖u‖θL2‖u‖1−θLp ≤ C ′‖u‖θL2‖u‖1−θ , Ù¥�~ê C ′ � nÚ εÃ'�

1/q = θ/2 + (1− θ)/p , Kd (2.17)Ú ‖un‖ ≤ η̂L ���3��� εÚ n�~ê CL > 0¦�∫
|x|≥ε−1r0+1

|un|qdx ≤ CLε
1
2γqθ. (2.18)

|^¥�½n, ·����3��~ê 0 < v(x) < 1¦�∣∣∣ ∫
RN

(|un|q−2un − |um|q−2um)(un − um)dx
∣∣∣

≤(q − 1)

∫
|x|≥ε−1r0+1

|vun + (1− v)um|q−2(un − um)2dx

+ (q − 1)

∫
|x|≤ε−1r0+1

|vun + (1− v)um|q−2(un − um)2dx.

(2.19)

Ï�3 Hs(RN ) ¥, un ⇀ u , K·���3 Lq({x | |x| ≤ ε−1r0 + 1}) ¥, un → u .l, �
n,m→∞�, k ∫

|x|≤ε−1r0+1

|vun + (1− v)um|q−2(un − um)2dx = o(1). (2.20)

¿�d (2.18)�� ∫
|x|≥ε−1r0+1

|vun + (1− v)um|q−2(un − um)2dx

≤Cε 1
2γ(q−2)θ‖un − um‖2.

(2.21)

(Ü (2.19)− (2.21) , ·���� n,m→∞�, k∣∣∣ ∫
RN

(|un|q−2un − |um|q−2um)(un − um)dx
∣∣∣

≤Cε 1
2γ(q−2)θ‖un − um‖2 + o(1).

(2.22)

�e5, ·�2g¦^¥�½n��, �3��0u un(x)Ú um(x)�m���~ê Vn,m(x)¦�∣∣∣ ∫
RN

(|un|q−2un|mε(un)|2
∗
s−q − |um|q−2um|mε(um)|2

∗
s−q)(un − um)dx

∣∣∣
≤C

∫
RN

(|Vn,m|q−2|mε(Vn,m)|2
∗
s−q + |Vn,m|q−2|mε(Vn,m)|2

∗
s−q−1bε(Vn,m))(un − um)2dx.

(2.23)
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d (2.23)Ú |ξbε(ξ)| ≤ |mε(ξ)| ≤ c/ε� Vn,m(x)0u un(x)Ú um(x)�m��∣∣∣ ∫
RN

(|un|q−2un|mε(un)|2
∗
s−q − |um|q−2um|mε(um)|2

∗
s−q)(un − um)dx

∣∣∣
≤ C

ε2∗s−q

( ∫
|x|≥ε−1r0+1

(|un|q−2 + |um|q−2)(un − um)2dx

+

∫
|x|≤ε−1r0+1

(|un|q−2 + |um|q−2)(un − um)2dx
)
.

(2.24)

�X (2.20)�y², ·���� n,m→∞�, k∫
|x|≤ε−1r0+1

(|un|q−2 + |um|q−2)(un − um)2dx = o(1). (2.25)

2d (2.21)�y²��, � n,m→∞�, ÷v∫
|x|≥ε−1r0+1

(|un|q−2 + |um|q−2)(un − um)2dx

≤Cε 1
2γ(q−2)θ‖un − um‖2

(2.26)

(Ü (2.24)− (2.26)��∣∣∣ ∫
RN

(|un|q−2un|mε(un)|2
∗
s−q − |um|q−2um|mε(um)|2

∗
s−q)(un − um)dx

∣∣∣
≤Cε 1

2γ(q−2)θ−(2∗s−q)‖un − um‖2 + o(1).

(2.27)

Ó�/, 2g¦^¥�½n, ·����3��0u un(x)Ú um(x)�m�~ê Vn,m(x)¦�

∣∣∣ ∫
RN

(|un|q|mε(un)|2
∗
s−q−2mε(un)bε(un)− |um|q|mε(um)|2

∗
s−q−2mε(um)bε(um))

× (un − um)dx
∣∣∣

=
∣∣∣q ∫

RN

|Vn,m|q−2Vn,m|mε(Vn,m)|2
∗
s−q−2mε(Vn,m)bε(Vn,m)(un − um)2dx

+ (2∗s − q − 1)

∫
RN

|Vn,m|q|mε(Vn,m)|2
∗
s−q−2b2ε(Vn,m)(un − um)2dx

+

∫
RN

|Vn,m|q|mε(Vn,m)|2
∗
s−q−2mε(Vn,m)b′ε(Vn,m)(un − um)2dx

∣∣∣.

(2.28)

d·K 1Ú��
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∣∣∣ ∫
RN

|Vn,m|q−2Vn,m|mε(Vn,m)|2
∗
s−q−2mε(Vn,m)bε(Vn,m)(un − um)2dx

∣∣∣
≤Cε 1

2γ(q−2)θ−(2∗s−q)‖un − um‖2 + o(1).

(2.29)

� ∫
RN

|Vn,m|q|mε(Vn,m)|2
∗
s−q−2b2ε(Vn,m)(un − um)2dx

≤Cε 1
2γ(q−2)θ−(2∗s−q)‖un − um‖2 + o(1).

(2.30)

Ï�e |ξ| ≥ 2/ε , |b′ε(ξ)| ≤ Cε , b′ε(ξ) = 0�éu?¿� ξ , mε(ξ) ≤ C/ε , K·���∣∣∣ ∫
RN

|Vn,m|q|mε(Vn,m)|2
∗
s−q−2mε(Vn,m)b′ε(Vn,m)(un − um)2dx

∣∣∣
≤Cε 1

2γ(q−2)θ−(2∗s−q)‖un − um‖2 + o(1).

(2.31)

(Ü (2.28)− (2.31) , ·��í�∣∣∣ ∫
RN

(|un|q|mε(un)|2
∗
s−q−2mε(un)bε(un)− |um|q|mε(um)|2

∗
s−q−2mε(um)bε(um))

× (un − um)dx
∣∣∣

≤Cε 1
2γ(q−2)θ−(2∗s−q)‖un − um‖2 + o(1).

(2.32)

Ï� 1
2
γ(q − 2)θ − (2∗s − q) > 0 , K(Ü (2.15), (2.16), (2.22), (2.27)Ú (2.32)���3 εL > 0¦�

éu?¿� 0 < ε < εL , � n,m→∞�, ‖un − um‖ → 0 .

3. Γε �õCÒ�.:��35

-X´�� Banach�m.?¿ P ⊂ X ,½Â−P = {−u|u ∈ P} .X�4é¡f8A(i.e.−A =

A)�º�(~X©z , [1] ) P� γ(A) . é?¿ J ∈ C1(X,R)Ú c ∈ R , P Jc = {u ∈ X|J(u) ≤ c}
�Kc = {u ∈ X|J(u) = c, J ′(u) = 0} .
½Â1. - J ∈ C1(X,R)´��ó�¼, P ⊂ X ´����m8¿� W = P ∪ (−P ) .XJ�3
τ0 > 0��3��÷v γ(N ) < ∞� Kc\W �é¡m�� N , ¦�é?¿� τ ∈ (0, τ0) , �3
η ∈ C(X,X)÷vXe^�

(1). η(∂P ) ⊂ P, η(∂(−P )) ⊂ −P, η(P ) ⊂ P, η(−P ) ⊂ −P ;

(2). η(−u) = −η(u),∀u ∈ X;

(3). η |Jc−2τ= id;

(4). η(Jc+τ\(N ∪W )) ⊂ Jc−τ .

K¡ P �3Y²8 cþ�éu J �NNØC8.
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½n2. b� J ∈ C1(X,R)´��ó�¼, P ⊂ X´����m8, M = P ∩(−P ),W = P ∪(−P ),
¿� Σ = ∂P ∩ ∂(−P ) .b�éu,
 L > c∗ , P ´3Y²8 c ∈ [c∗, L]þ�éu J �NNØC8,
Ù¥ c∗ = inf

u∈Σ
J(u)�éu?¿� n ∈ N , �3��ëYN� ϕn : Bn := {x ∈ Rn | |x| ≤ 1} → X ÷

v

(1). ϕn(0) ∈M,ϕn(−t) = −ϕn(t),∀t ∈ Bn;

(2). ϕn(∂Bn) ∩M = ∅;

(3). max{J(0), sup
u∈ϕn(∂Bn)

J(u)} < c∗.

éu?¿� j ∈ N , ½Â
cj = inf

B∈Λj
sup

u∈B\W
J(u),

Ù¥
Λj = {B | B = ϕ(Bn\Y )é,
ϕ ∈ Gn, n ≥ jð¤á,

¿�m8Y ⊂ Bn¦�− Y = Y�γ(Y ) ≤ n− j}

�

Gn = {ϕ | ϕ ∈ C(Bn, X), ϕ(−t) = −ϕ(t),∀t ∈ Bn, ϕ|∂Bn = ϕn|∂Bn}.Kéu?¿� j ≥ 2 ,
XJ L > cj , k

Kcj\W 6= ∅. (3.1)

,	, XJ j ≥ 2� L > c := cj = · · · = cj+m ≥ c∗ , K

γ(Kc\W ) ≥ m+ 1. (3.2)

b�

P+ := {u ∈ Hs(RN ) | u ≥ 0} �P− := {u ∈ Hs(RN ) | u ≤ 0}.

éu?¿� σ > 0 , -

P σ+ := {u ∈ Hs(RN ) | distHs(u, P+) < σ}, P σ− := {u ∈ Hs(RN ) | distHs(u, P−) < σ},

Ù¥, distHs(u,B) := inf
v∈B
‖u− v‖,∀u ∈ Hs(RN )� B ⊂ Hs(RN ) .w,, P σ− = −P σ+ .

�
A^½n 2�� Γε�õCÒ�.:, 3½Â 1Ú½n 2¥, ·��

X = Hs(RN ), P = P σ+, J = Γε, ÚW = P σ− ∪ P σ+. (3.3)

w,, W ´Hs(RN )¥���é¡mf8¿�==3Hs(RN )\W ¥¹kCÒ).,	, Ï� 0´ Γε

�î�ÛÜ4��:, ¤±� σ > 0¿©��, 3½n 2¥�~ê c∗÷v

c∗ = inf
∂(Pσ−)∩∂(Pσ+)

Γε > 0,
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Ø���5, ·��±b�
0 ∈ A. (3.4)

d (3.4)��, éu?¿�� ε > 0 , ·�k

B1(0) ⊂Mε. (3.5)

-

J0(u) =
1

2

∫
B1(0)

(|(−∆)
s
2u|2 + bu2)dx− µ

q

∫
B1(0)

|u|qdx, u ∈ Hs
0(B1(0)).

� {en} ⊂ Hs
0(B1(0))´��IO��Ä¿� En := span{e1, · · · , en} .d q > 2��, �3����

üN4OS� {Rn}¦�
J0(u) < 0,∀u ∈ En, ‖u‖ ≥ Rn.

·�½Â ϕn ∈ C(Bn, H
s
0(B1(0)))�

ϕn(t) = Rn

n∑
i=1

tiei, t = (t1, · · · , tn) ∈ Bn. (3.6)

éN´�y, 3 (3.3)�b�^�e, ϕn÷v½n 2�^� (1)− (3) .

éu?¿� j ∈ N , ½Â

cεj = inf
B∈Λj

sup
u∈B\W

Γε(u), c̃j = inf
B∈Λ̃j

sup
u∈B\W

J0(u),

Ù¥

Λj = {B | B = ϕ(Bn\Y ) é,
ϕ ∈ Gn, n ≥ j,

¿�m8Y ⊂ Bn ¦�− Y = Y �γ(Y ) ≤ n− j},

Λ̃j = {B | B = ϕ(Bn\Y ) é,
ϕ ∈ G̃n, n ≥ j,

¿�m8Y ⊂ Bn ¦�− Y = Y �γ(Y ) ≤ n− j},

Gn = {ϕ | ϕ ∈ C(Bn, H
s(RN )), ϕ(−t) = −ϕ(t)éu?¿�t ∈ Bn, ϕ |∂Bn= ϕn |∂Bn},

G̃n = {ϕ | ϕ ∈ C(Bn, H
s
0(B1(0))), ϕ(−t) = −ϕ(t)éu?¿�t ∈ Bn, ϕ |∂Bn= ϕn |∂Bn}.

·�k

0 < cε2 ≤ cε3 ≤ · · · , c̃2 ≤ c̃3 ≤ · · · . (3.7)

Ï� χε = 0 inMε , Kd (3.5)Ú V ≤ b , ·��� Γε(u) ≤ J0(u),∀u ∈ Hs
0(B1(0)) .

8Ü Λ̃j ⊂ Λj , ·��í�, éu¿©�� ε > 0 , k

0 < cεj ≤ c̃j ,∀j ≥ 2. (3.8)

Ún2. ( [2])�3 σ0 > 0¦�é?¿� 0 < σ < σ0� L > 0 , e 0 < ε < εL , Kéu?¿� c < L ,
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P σ+ ´�éu Γε �NNØC8, Ù¥ εL 5guÚn 1 .
Ún3. éu?¿� k ∈ N , �3 ε′k > 0¦�é?¿� 0 < ε < ε′k, Γε ��k kéCÒ�.:

{±uj,ε | 1 ≤ j ≤ k}

÷v

Γε(uj,ε) = cεj+1 ≤ c̃k+1, 1 ≤ j ≤ k.

y²: dÚn 2 , ½n 2� (3.3), (3.7)Ú (3.8)ª���TÚn�y².

4. )S��¿¡©)ÚüØ�»

3�!¥, ·�òy²Ún 3¥���CÒ�.: {uj,ε}Ø¬�».�O(/`, ·�òy²±
e·K:
·K2. � {uj,ε}´Ún 3¥�CÒ�.:.K�3~êMk > 0Ú ε′′k > 0¦�éu?¿� 0 < ε < ε′′k

, k
sup
x∈RN

|uj,ε(x)| < Mk, 1 ≤ j ≤ k. (4.1)

Ún4. ( [2])- {uj,ε}´Ún 3¥�CÒ�.:.éu?¿�~ê k ∈ NÚ 0 < ε < ε′k , �3��=
� a,N Ú qk'��~ê %Ú� εÃ'��~ê ηk ¦�

% ≤ ‖uj,ε‖ ≤ ηk �Qε(uj,ε) ≤ ηk, 1 ≤ j ≤ k.

Ún5. �� n→∞�, εn → 0 .éu?¿�~ê 1 ≤ j ≤ k , �3 σj,i,n > 0� xj,i,n ∈ RN ¦�

lim
n→∞

σj,i,n = +∞,

¿� uj,εn k��¿¡©)

uj,εn =
∑
i∈Λ1

Uj,i(· − xj,i,n) +
∑
i∈Λ∞

σ
N−2

2

i,i,n Uj,i(σi,i,n(· − xj,i,n)) + rn (4.2)

¦�

(1). Λ1 Ú Λ∞ ´k�8� Λ1 Ú Λ∞ ���þ�k.�=��ê kk'.

(2). éu?¿� i ∈ Λ1 , W = |Uj,i|÷v

(−∆)sW + a0W ≤W 2∗s−1 + µW q−1 3RN (4.3)

¿�éu?¿� i ∈ Λ∞,W = |Uj,i|÷v

(−∆)sW ≤W 2∗s−1 + µW q−1 3RN . (4.4)
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(3). �3��=� N k'�~ê C∗ > 0¦�éu?¿� i ∈ Λ∞ , ÷v∫
RN

|Uj,i|2
∗
sdx ≥ C∗. (4.5)

(4). e�Ø�ªð¤á ∑
i∈Λ1∪Λ∞

∫
RN

|Uj,i|2
∗
sdx ≤ lim inf

n→∞

∫
RN

|uj,εn |2
∗
sdx. (4.6)

(5). 3 Hs(RN )¥, éu?¿� i ∈ Λ1 , � n→∞�, k uj,εn(·+ xj,i,n) ⇀ Uj,i 6= 0 .

(6). 3 Ds,2¥, éu?¿� i ∈ Λ∞ , � n→∞�, k σ
−N−2

2

j,i,n uj,εn(σ−1
j,i,n ·+xj,i,n) ⇀ Uj,i 6= 0 , Ù¥

Ds,2 = C∞0 (RN )
‖.‖Ds,2

�

‖u‖Ds,2 = (

∫
RN

|(−∆)
s
2u|2)

1
2 .

(7). éu?¿� i, i′ ∈ Λ1 , � n→∞�, k

|xj,i,n − xj,i′,n| → ∞.

¿�éu?¿� i, i′ ∈ Λ∞ , � n→∞�, k

σj,i,n
σj,i′,n

+
σj,i′,n
σj,i,n

+ σj,i,nσj,i′,n|xj,i,n − xj,i′,n|2 →∞. (4.7)

(8). 3 L2∗s (RN )¥, � n→∞�, rn → 0 .

y²: d©z [3]�½n 2.1Ú½n 3.3���(Ø (4) − (8)¿�d©z [4]�·K 2.3ÚíØ 2.4

��(Ø (1)− (3) .
Ún6. XJ i ∈ Λ∞ , K�3��S�¦� xj,i,n ∈Mε �

lim
n→∞

σj,i,ndist(xj,i,n, ∂Mε) = +∞. (4.8)

y²: {üå�, ·�©OP |uj,εn |, xj,i,n Ú σj,i,n � un, xn Ú σn . Ï� uj,εn ´ (2.9) �)�

|mε(ξ)| ≤ C/ε , Ù¥ C ´��� εÃ'��~ê, K·��í��3��� nÃ'�~ê C > 0¦

� un ÷v

(−∆)sun ≤ Cε−(2∗s−q)
n uq−1

n 3RN¥. (4.9)

- vn = σ
−(N−2)/2
n un(σ−1

n .+ xn) .K vn ÷v

(−∆)svn ≤ Cε−(2∗s−q)
n σ

N−2
2 (q−2)−2s

n vq−1
n 3RN¥. (4.10)
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4 ωn = σ
−N−2

2
n uj,εn(σ−1

n .+ xn) , Kk

(−∆)sωn + σ−2s
n V (εnσ

−1
n x+ εnxn)ωn + λnσ

−2s
n χεn(σ−1

n x+ xn)ωn

=σ
−N−2

2 −2s
n gn(σ

N−2
2

n ωn) + σ
N−2

2 (q−2)−2s
n µ|ωn|q−2ωn,

(4.11)

Ù¥

λn = (

∫
RN

χεnu
2
j,εn

dx− 1)β−1
+ (4.12)

�

gn(u) =
q

2∗s
|u|q−2|mεn(u)|2

∗
s−qu+

2∗s − q
2∗s
|u|q|mεn(u)|2

∗
s−q−2mεn(u)bεn(u).

�

Λn = {σn(y − xn) | y ∈Mεn}.

Ïd§·�k

σ−1
n x+ xn ∈Mεn ⇔ x ∈ Λn (4.13)

�

dist(σ−1
n x+ xn,Mεn) = σ−1

n dist(x,Λn). (4.14)

l, ·��í�

χεn(σ−1
n x+ xn) =

0, XJx ∈ Λn

ε−γn ζ(σ−1
n dist(x,Λn)), XJx /∈ Λn.

(4.15)

Ø���5, ·�b� {xn}�o÷v {xn} ⊂ Mεn �o÷v {xn} ⊂ RN\Mεn .

111���ÚÚÚ. 3ù�Ú, ·�òy², �3��f�¦�

lim
n→∞

σndist(xn, ∂Mεn) = +∞. (4.16)

b�(ØØ¤á, K
lim
n→∞

σndist(xn, ∂Mεn) = r < +∞. (4.17)

Ïd, ÏL^=C�, ·�k

Λn →

Π+ := {x = (x1, · · · , xN ) ∈ RN | xN ≤ r}, XJ{xn} ⊂ Mεn

Π− := {x = (x1, · · · , xN ) ∈ RN | xN ≤ −r}, XJ{xn} ⊂ RN\Mεn .
(4.18)

�e5, ·�òy²3 RN\Π+ ¥, e {xn} ⊂ Mεn , K Uj,i 6≡ 0 .XJ(ØØ¤á, K Uj,i = 0 a.e.
3RN\Π+ .(Ü Uj,i ∈ Ds,2 , ·��í�

Uj,i ∈ Ds,20 (Π+), (4.19)
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ùp

Ds,20 (Π+) = C∞0 (Π+)
‖.‖Ds,2 .

éu?¿� ϕ ∈ C∞0 (Π+) , � n→∞�, ·�k

σ−2s
n

∫
RN

ωnϕ→ 0 �σ
(N−2)(q−2)

2 −2s
n

∫
RN

|ωn|q−2ωnϕ→ 0. (4.20)

Ï� ϕ ∈ C∞0 (Π+) , Kd (4.18)��éu¿©�� n , ϕ�|8�¹3 Λn ¥.l, d (4.15)��,
éu¿©�� n÷v

χεn(σ−1
n x+ xn)ωnϕ = 0. (4.21)

d (4.11), (4.19), (4.20), (4.21)Ú� n→∞�, gn(u)→ |u|2∗s−2u�� Uj,i ´�§

(−∆)su = σ
(N−2)(2∗s−2)

2 −2s
n |u|2

∗
s−2u, u ∈ Ds,20 (Π+). (4.22)

���).d©z [5]�½n 1.1��, 3 Ds,20 (Π+)¥, Uj,i = 0 .Ïd, 3 Ds,2(RN )¥, Uj,i = 0 .ù
ÚÚn 3.11�(Ø (6)�)gñ.l, 3 RN\Π+ ¥, k Uj,i 6≡ 0 .

aq/, ·��±y², 3 RN\Π− ¥, � {xn} ⊂ RN\Mεn �, Uj,i 6≡ 0 .

Ï�3 RN\Π± ¥, Uj,i 6≡ 0 , K·��±À�¿©�� R > 0Ú¿©�� δ > 0¦�

b′ :=

∫
BR(0)∩(RN\(Π±)δ)

U2
j,i > 0. (4.23)

dÚn 5�(Ø (6)��

vn = σ
−N−2

2
n |uj,εn |(σ−1

n .+ xn) ⇀ |Uj,i| 6= 0 3Ds,2.

Kd (4.18)Ú (4.23)��éu¿©�� n , k

1

2
b′ ≤

∫
BR(0)∩(RN\(Λn)δ)

v2
n. (4.24)

d Qε(uj,εn) ≤ ηk Ú χε �½Â��, �3~ê C = C(k) > 0¦�∫
RN\Mεn

ζ(dist(x,Mεn)u2
ndx ≤ Cεγn. (4.25)

Ïd, ·��� ∫
RN\Λn

ζ(σ−1
n dist(x,Λn))v2

ndx ≤ Cεγnσ2
n. (4.26)
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d (2.2)Ú (4.18)��� n¿©��, éu?¿� x ∈ BR(0) ∩ (RN\(Λn)δ) , k

ζ(σ−1
n dist(x,Λn)) ≥ C ′σ−4

n . (4.27)

d (4.27)���

C ′σ−4
n

∫
BR(0)∩(RN\(Λn)δ)

v2
n ≤

∫
BR(0)∩(RN\(Λn)δ)

ζ(σ−1
n dist(x,Λn))v2

ndx ≤ Cεγnσ2
n.

l, ·���� ∫
BR(0)∩(RN\(Λn)δ)

v2
n ≤ Cεγnσ6

n. (4.28)

Kd (4.24)Ú (4.28)��

ε−1
n ≤ Cσ6/γ

n , (4.29)

Ù¥ C ´� nÃ'��~ê.(Ü (4.29)Ú (4.10) , ·��±��

(−∆)svn ≤ Cσ
6(2∗s−q)

γ +
(N−2)(q−2)

2 −2s
n vq−1

n 3RN¥. (4.30)

Ï� γ > 12/(N − 2) , K 6(2∗s−q)
γ

+ N−2
2

(q− 2)− 2s < 0 .3 (4.30)¥, - n→∞ , Kd vn ⇀W =

|Uj,i| 6= 0 in Ds,2 , ·���
(−∆)sW ≤ 0 3RN¥.

ù�W ≥ 0,W 6= 0Ú
∫
RN
|(−∆)

s
2W |2 < +∞�)gñ.Ïd, (4.17)Ø¤á.l (4.16)¤á.

111���ÚÚÚ. 3ù�Ú¥, ·�òy²�3S� {xn} ⊂ Mεn . b�(ØØ¤á, K?¿S�
{xn} ⊂ RN\Mεn .(Ü (4.16)��éu?¿�~ê R > 0 , � n¿©��, k

BR(0) ⊂ RN\(Λn)1. (4.31)

Ï� Uj,i 6≡ 0 , K�3~ê R0 > 0¦�

b′′ :=

∫
BR0(0)

U2
j,i > 0. (4.32)

¦^1�Ú¥�Ó�ëê, Kd (4.31)Ú (4.32)�� (4.29)¤á.Ó�/, ·����1�Úaq�
gñ.Ïd, �3��S� {xn} ⊂ Mεn .

dþã�1�ÚÚ1�Ú�y²L§=���Ún 6�y².

Ún7. �3��~ê C > 0¦�éu?¿� i ∈ Λ∞ , ÷v

|Uj,i(x)| ≤ C|x|−(N−2), |x| ≥ 1.
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e�Ún�Ñ
 Uj,i�°(�4��§.
Ún8. éu?¿� i ∈ Λ1 , �3 yj,i ∈M¦� Uj,i ´�§

(−∆)su+ V (yj,i)u = |u|2
∗
s−2u+ µ|u|q−2u, u ∈ Hs(RN ). (4.33)

���).éu?¿� i ∈ Λ∞, Uj,i ´�§

(−∆)su = σ
N−2

2 (2∗s−2)−2s
n |u|2

∗
s−2u, u ∈ Ds,2(RN ). (4.34)

���).
y²: e i ∈ Λ1 , Kd©z [2]�Ún 4.3�� εnxj,i,n ∈M�

lim
n→∞

dist(xj,i,n, ∂Mεn) = +∞.

KdÚn 5�(Ø (5) , ·��� Uj,i ´�§ (4.33)�)�

yj,i = lim
n→∞

εnxj,i,n ∈M.

XJ i ∈ Λ∞ , Kd uj,εn ´�§ (2.9)�), ·��� ωn = σ
−N−2

2

j,i,n uj,εn(σ−1
j,i,n · +xj,i,n)÷v�

§ (4.11).éu?¿� ϕ ∈ C∞0 (RN ) , � n→∞�, k

σ−2s
j,i,n

∫
RN

ωnϕ→ 0 �σ
(N−2)(q−2)

2 −2s
j,i,n

∫
RN

|ωn|q−2ωnϕ→ 0. (4.35)

dÚn 4ÚÚn 6�� λn ´k.��

λn

∫
RN

χεn(σ−1
j,i,nx+ xj,i,n)ωnϕ→ 0, n→∞. (4.36)

d (4.11), (4.35), (4.36)Ú� n→∞�, gn(u)→ |u|2∗s−2u , ·��� Uj,i ÷v (4.34) .

- i∞ ∈ Λ∞÷v

σn := σj,i∞,n = min{σj,i,n | i ∈ Λ∞}. (4.37)

P

xn := xj,i∞,n. (4.38)

Ún9. �3��~ê C > 0¦�8Ü

A1
n = B

(C+5)σ
− 1

2
n

(xn)\B
Cσ
− 1

2
n

(xn)

÷v

A1
n ∩ {xj,i,n | i ∈ Λ∞} = ∅.
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y²: dÚn 4�í�

T := 1 + lim sup
n→∞

∫
RN

|uj,εn |2
∗
s < +∞. (4.39)

-

m0 = [
T

C∗
] + 1, (4.40)

ùp� C∗ 5g (4.5) � [x]L«Ø�L x����êÜ©.-

Bn,m = B
6mσ

− 1
2

n

(xn)\B
(6m−5)σ

− 1
2

n

(xn),m = 1, 2, · · · ,m0.

�e5, ·�I�y², éu¿©�� n , �3 1 ≤ mn ≤ m0 ¦�

Bn,mn ∩ {xj,i,n | i ∈ Λ∞} = ∅. (4.41)

b�(ØØ¤á, Kéu¿©�� n , �3 im ∈ Λ∞ ¦�

xj,im,n ∈ Bn,m,m = 1, 2, · · · ,m0. (4.42)

d Bn,m �½ÂÚ (4.42)��

B
σ
− 1

2
n /4

(xj,im,n) ∩B
σ
− 1

2
n /4

(xj,im′ ,n) = ∅,m 6= m′. (4.43)

Ïd, ·��� ∫
RN

|uj,εn |2
∗
sdx

≥
m0∑
m=1

∫
Bσj,im,n

1
4σ
− 1

2
n (0)

σ
N−2s
N−2

j,im,n
|σ−

N−2
2

j,im,n
uj,εn(σ−1

j,im,n
x+ xj,im,n)|2

∗
sdx.

(4.44)

Ï�� n→∞�, σj,im,nσ
− 1

2
n ≥ σ

1
2
n →∞ , Kd (4.44)ÚÚn 5�(Ø (6)��

lim inf
n→∞

∫
RN

|uj,εn |2
∗
s ≥

m0∑
m=1

∫
RN

|Uj,im |2
∗
s . (4.45)

(Ü (4.5), (4.39)Ú (4.45)��

T ≥ m0C∗. (4.46)

ùÚ (4.40)�)gñ.

d (4.41)��, �3~êm∗ ÚS� {nl}k

Bnl,m∗ ∩ {xj,i,nl | i ∈ Λ∞} = ∅, l = 1, 2, · · · . (4.47)
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- C = 6m∗ − 5 , Kd (4.47)=���TÚn�y².
Ún10. -

A2
n = B

(C+4)σ
− 1

2
n

(xn)\B
(C+1)σ

− 1
2

n

(xn).

K�3� nÃ'��~ê C ¦�

|uj,εn(x)| ≤ C, x ∈ A2
n.

y²: Ï�� ε = εn �, uj,εn ÷v (2.12) , K3 RN ¥, d (4.2)ÚÚn 8��

(−∆)srn + V (εnx)rn + λnχεnrn

=fεn
(∑
i∈Λ1

Uj,i(x− xj,i,n) +
∑
i∈Λ∞

σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n)) + rn
)

+
∑
i∈Λ1

(
− |Uj,i(x− xj,i,n)|2

∗
s−2Uj,i(x− xj,i,n)− µ|Uj,i(x− xj,i,n)|q−2Uj,i(x− xj,i,n)

+ V (yj,i)Uj,i(x− xj,i,n)− V (εnx)Uj,i(x− xj,i,n)− λnχεnUj,i(x− xj,i,n)
)

+
∑
i∈Λ∞

(
− |σ

N−2
2

j,i,n Uj,i(σj,i,n(x− xj,i,n))|2
∗
s−2σ

N−2
2

j,i,n Uj,i(σj,i,n(x− xj,i,n))

− V (εnx)σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))− λnχεnσ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))
)
,

(4.48)

Ù¥ λn 5g (4.12) .-
Rn = |rn|.

Ï��3��� εÃ'��~ê C ¦�

|fε(t)| ≤
a

2
|t|+ C|t|2

∗
s−1, t ∈ R,

d (4.48)Ú V ≥ a (ë� (A1)��, �3� nÃ'��~ê C ¦�

(−∆)sRn +
a

2
Rn + λnχεnRn

≤C|rn|2
∗
s−2Rn + C

∑
i∈Λ1

|Uj,i(x− xj,i,n)|2
∗
s−1 + C

∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))|2
∗
s−1

+ C
∑
i∈Λ1

|Uj,i(x− xj,i,n)|+ C
∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))|

+ λnχεn
∑
i∈Λ1

|Uj,i(x− xj,i,n)|+ λnχεn
∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))|.

(4.49)

- R
(1)
n ÷v

(−∆)sR(1)
n +

a

2
R(1)
n + λnχεnR

(1)
n − C|rn|2

∗
s−2R(1)

n

=C
∑
i∈Λ1

|Uj,i(x− xj,i,n)|2
∗
s−1 + C

∑
i∈Λ1

|Uj,i(x− xj,i,n)|, 3RN¥.
(4.50)
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Ï�éu?¿� i ∈ Λ1 , Uj,i ∈ L∞(RN )�� n → ∞�, ‖|rn|2
∗
s−2‖

L
N
2s (RN )

→ 0 , K¦^©z [6]
¥�½n 2.9� (2.47)�aqy²Úý��§�Moser{(~X, �ë�©z [7]�½n 4.1�y²),
·����3��� nÃ'��~ê C ¦�

0 ≤ R(1)
n ≤ C. (4.51)

éu?¿� i ∈ Λ∞ , - Tj,i,n ∈ Ds,2 ÷v

(−∆)sTj,i,n − C|ωj,i,n|2
∗
s−2Tj,i,n = C|Uj,n|2

∗
s−1 3RN¥, (4.52)

Ù¥

ωj,i,n(x) = σ
−N−2s

2

j,i,n rn(σ−1
j,i,nx+ xj,i,n), x ∈ RN . (4.53)

Ï�

‖ωj,i,n‖L2∗s (RN ) = ‖rn‖L2∗s (RN ) → 0, n→∞

� Uj,i ∈ L∞(RN ) , K·����3��� nÃ'��~ê C ¦�

0 ≤ Tj,i,n ≤ C. (4.54)

Ïd, d (4.54)���3��� nÃ'��~ê C ¦�

0 ≤ Tj,i,n ≤ C(1 + |x|)−(N−2), x ∈ RN . (4.55)

-

R(2)
n =

∑
i∈Λ∞

σ
(2∗s−1)(N−2)

2 −2s
j,i,n Tj,i,n(σj,i,n(x− xj,i,n)). (4.56)

K

(−∆)sR(2)
n +

a

2
R(2)
n + λnχεnR

(2)
n − C|rn|2

∗
s−2R(2)

n

≥C
∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(x− xj,i,n))|2
∗
s−1 3RN¥.

(4.57)

b� ϕ÷v

ϕ ∈ C∞0 (RN ), ϕ ≥ 0 and ϕ 6≡ 0 3RN¥. (4.58)

éu?¿� i ∈ Λ∞ , - Hj,i,n ∈ Ds,2 ÷v

(−∆)sHj,i,n − C|hj,i,n|2
∗
s−2Hj,i,n = ϕ 3RN¥, (4.59)

Ù¥

hj,i,n = σ
−N−2s

2

j,i,n rn(σ−1
j,i,ny + xj,i,n).
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Ï� ‖|hj,i,n|2
∗
s−2‖

L
N
2s (RN )

= ‖|rn|2
∗
s−2‖

L
N
2s (RN )

→ 0 , K3 RN ¥, d (4.59)��, Hj,i,n ≥ 0.�

(−∆)sHj,i,n ≥ 0 3RN¥.

l, �3��� nÃ'��~ê C ÷v

Hj,i,n ≥ C(1 + |x|)−(N−2), x ∈ RN . (4.60)

,	, d (4.55)�y², ·����3��� nÃ'��~ê C ′ ¦�

Hj,i,n ≤ C ′(1 + |x|)−(N−2), x ∈ RN . (4.61)

dÚn 7Ú (4.60)�í��3��� nÃ'��~ê ρ÷v

min
{a

2
, 1
}
ρHj,i,n ≥ max{C, 1}|Uj,i| 3RN¥, (4.62)

ùp�~ê C 5g (4.49) .-

Qj,i,n(x) = σ
N−2

2

j,i,n ρHj,i,n(σj,i,n(x− xj,i,n)), x ∈ RN . (4.63)

Kd (4.59)��

(−∆)sQj,i,n − C|rn|2
∗
s−2Qj,i,n = ϕn 3RN¥, (4.64)

Ù¥

ϕn = σ
N+2

2 +2s
j,i,n ρϕ(σj,i,n(· − xj,i,n)).

d (4.62)Ú (4.64)��

(−∆)sQj,i,n +
a

2
Qj,i,n − C|rn|2

∗
s−2Qj,i,n

≥C|σ
N−2

2

j,i,n Uj,i(σj,i,n(· − xj,i,n))| 3RN¥,
(4.65)

�

(−∆)sQj,i,n +
a

2
Qj,i,n + λnχεnQj,i,n − C|rn|2

∗
s−2Qj,i,n

≥λnχεn |σ
N−2

2

j,i,n Uj,i(σj,i,n(· − xj,i,n))| 3RN¥.
(4.66)

-

R(3)
n =

∑
i∈Λ∞

Qj,i,n. (4.67)

Kk

(−∆)sR(3)
n +

a

2
R(3)
n + λnχεnR

(3)
n − C|rn|2

∗
s−2R(3)

n

≥C
∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(· − xj,i,n))| 3RN¥,
(4.68)
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�
(−∆)sR(3)

n +
a

2
R(3)
n + λnχεnR

(3)
n − C|rn|2

∗
s−2R(3)

n

≥λnχεn
∑
i∈Λ∞

|σ
N−2

2

j,i,n Uj,i(σj,i,n(· − xj,i,n))| 3RN¥.
(4.69)

éu?¿� i ∈ Λ1 , - Sj,i,n ∈ Ds,2 ÷v

(−∆)sSj,i,n − C|rn|2
∗
s−2Sj,i,n = |Uj,i(· − xj,i,n)|2

∗
s−1 + µ|Uj,i(· − xj,i,n)|q−1 3RN¥. (4.70)

Ï� Uj,i(· − xj,i,n)÷v (4.33) , K·���

(−∆)s|Uj,i(· − xj,i,n)| − C|rn|2
∗
s−2|Uj,i(· − xj,i,n)|

≤|Uj,i(· − xj,i,n)|2
∗
s−1 + µ|Uj,i(· − xj,i,n)|q−1 3RN¥.

(4.71)

(Ü (4.70) , ·���3 RN ¥, k

Sj,i,n ≥ |Uj,i(· − xj,i,n)|. (4.72)

,	, éu?¿� i ∈ Λ1 , Uj,i ∈ L∞(RN )�� n→∞�, ‖|rn|2
∗
s−2‖

L
N
2s (RN )

→ 0 , Kd (4.51)�

y²��, �3��� nÃ'��~ê C ÷v

0 ≤ Sj,i,n ≤ C. (4.73)

Ïd, d (4.70)Ú (4.72)��

(−∆)sSj,i,n +
a

2
Sj,i,n + λnχεnSj,i,n − C|rn|2

∗
s−2Sj,i,n

≥λnχεn |Uj,i(· − xj,i,n)| 3RN¥.
(4.74)

-

R(4)
n =

∑
i∈Λ1

Sj,i,n. (4.75)

K�3��� nÃ'��~ê C ¦�

0 ≤ R(4)
n ≤ C 3RN , (4.76)

¿�

(−∆)sR(4)
n +

a

2
R(4)
n + λnχεnR

(4)
n − C|rn|2

∗
s−2R(4)

n

≥λnχεn
∑
i∈Λ1

|Uj,i(· − xj,i,n)| 3RN¥.
(4.77)

l, d (4.49), (4.50), (4.57), (4.68), (4.69)Ú (4.77)��

0 ≤ Rn ≤ R(1)
n +R(2)

n + 2R(3)
n +R(4)

n . (4.78)
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d (4.51), (4.55), (4.56), (4.61), (4.63), (4.67)Ú (4.76)���3��� nÃ'��~ê C ÷v

R(1)
n +R(2)

n + 2R(3)
n +R(4)

n

≤C + C
∑
i∈Λ∞

σ
N−2

2

j,i,n (1 + σj,i,n|x− xj,i,n|)−(N−2)

+ C
∑
i∈Λ∞

σ
(2∗s−1)(N−2)

2 −2s
j,i,n (1 + σj,i,n|x− xj,i,n|)−(N−2).

(4.79)

d (4.2), (4.61), (4.62), (4.72), (4.73), (4.78)Ú (4.79)���3��� nÃ'��~ê C ¦�

|uj,εn(x)| ≤C + C
∑
i∈Λ∞

σ
N−2

2

j,i,n (1 + σj,i,n|x− xj,i,n|)−(N−2)

+ C
∑
i∈Λ∞

σ
(2∗s−1)(N−2)

2 −2s
j,i,n (1 + σj,i,n|x− xj,i,n|)−(N−2).

(4.80)

dÚn 9��, éu?¿� i ∈ Λ∞, x ∈ A2
n , k

σj,i,n|x− xj,i,n| ≥ σj,i,nσ
− 1

2
n ≥ σ

1
2

j,i,n. (4.81)

l, ·���� (4.80)Ú (4.81)�y².
Ún11. e�Ø�ªð¤á ∫

A3
n

|(−∆)
s
2uj,εn |2dx ≤ Cσ−(N−2)/2

n ,

Ù¥

A3
n = B

(C+3)σ
− 1

2
n

(xn)\B
(C+2)σ

− 1
2

n

(xn).

Ún12. -
Bn = B

(C+2.7)σ
− 1

2
n

(xn) (4.82)

� φ ∈ C∞0 (R)¦�3 R¥, k φ ≥ 0 .e t ≥ (C + 2.7)σ
− 1

2
n , K φ(t) = 0 ;e t ≤ (C + 2.1)σ

− 1
2

n , K
φ(t) = 1 ;e t ≥ 0 , K φ′(t) ≤ 0� |φ′(t)| ≤ 3σ

1
2
n . -

ϕ(x) = φ(|x− xn|), x ∈ Bn. (4.83)

K�3��� nÃ'��~ê C ¦�

λn

∫
A3
n

|∇χεn |u2
j,εn

ϕ ≤ Cσ−
N−3

2
n , (4.84)

�

λn

∫
A3
n

χεnu
2
j,εn

ϕ ≤ Cσ−
N−2

2
n . (4.85)
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y²: Ï� uj,εn ÷v (2.12) , K3�§ (2.12)ü>Ó¦ uj,εn ¿'u A3
n È©��∫

A3
n

((−∆)suj,εn · uj,εn + V (εnx)u2
j,εn

+ λnχεnu
2
j,εn

)dx =

∫
A3
n

fεn(uj,εn)uj,εndx

(ÜÚn 10ÚÚn 11 , ·���

λn

∫
A3
n

χεnu
2
j,εn

dx =

∫
A3
n

fεn(uj,εn)uj,εndx−
∫
A3
n

V (εnx)u2
j,εn

dx−
∫
A3
n

|(−∆)
s
2uj,εn |2dx

≤ Cσ−
N−2

2
n .

Ï�

∇χε(x) =

0, XJ x ∈Mε

ε−γζ ′(dist(x,Mεn))∇dist(x,Mεn), XJ x ∈ RN\Mε.

d (2.14)ÚÚn 10��

λn

∫
A3
n

|∇χεn |u2
j,εn

ϕdx

≤Cσ−
N−3

2
n .

·K3. XJ max{N+2
N−2

, 2} < q < 2∗s , K Λ∞ = ∅.
y²: XJ Λ∞ 6= ∅ , ·��À� xn Ú σn ©O÷v (4.38)Ú (4.37) .Ï�éu?¿� x ∈ A3

n ,
|∇ϕ| ≤ 3σ

1
2
n � |x− xn| ≤ (C + 3)σ

− 1
2

n , KdÚn 10��∫
A3
n

V (εnx)u2
j,εn

ϕ+
εn
2

∫
A3
n

|(x− xn,∇V (εnx))|u2
j,εn

ϕ ≤ Cσ−
N−2

2
n . (4.86)

dÚn 12��

λn

∫
A3
n

χεnu
2
j,εn

ϕ ≤ Cσ−
N−2

2
n , (4.87)

� ∣∣λn
2

∫
A3
n

((x− xn) · ∇χεn)u2
j,εn

ϕ
∣∣

≤Cσ−
1
2

n λn

∫
A3
n

|∇χεn |u2
j,εn

ϕ

≤Cσ−
N−2

2
n .

(4.88)

ÏL��O�, Kd·K 1�(Ø (ii)��
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NFε(ξ)−
N − 2S

2
ξfε(ξ)

=
N

2∗s
|ξ|q|mε(ξ)|2

∗
s−q +

Nµ

q
|ξ|q − N − 2s

2
· q

2∗s
|ξ|q|mε(ξ)|2

∗
s−q

− N − 2s

2
· 2∗s − q

2∗s
|ξ|q|mε(ξ)|2

∗
s−q−2mε(ξ)bε(ξ)ξ −

N − 2s

2
µ|ξ|q

≥C|ξ|q.

(4.89)

(Ü (4.86)− (4.89) , ·���∫
A3
n

(NFεn(uj,εn)− N − 2S

2
uj,εnfεn(uj,εn))ϕ−

∫
A3
n

(V (εnx) + λnχεn)u2
j,εn

ϕ

− εn
2

∫
A3
n

((x− xn) · ∇V (εnx))u2
j,εn

ϕ− λn
2

∫
A3
n

((x− xn) · ∇χεn)u2
j,εn

ϕ

≥ C
∫
A3
n

|uj,εn |qϕdx− Cσ
−N−2

2
n .

(4.90)

P BLσ−1
n

(xn) = {x | |x − xn| ≤ Lσ−1
n }� Gn = BLσ−1

n
(xn)\Brσ−1

n
(xn) , ùp� L´¿©���~

ê�÷v ∫
BL(0)\Br(0)

|Uj,i∞ |2
∗
sdx ≥ C∗

2
, (4.91)

ùp� C∗ 5gÚn 5�(Ø (3) .éu¿©�� n , ·�k

Gn ⊂ B
(C+2)σ

− 1
2

n

(xn)\B
rσ
− 1

2
n

(xn) ⊂ Bn\B
rσ
− 1

2
n

(xn)

¿�éu?¿� x ∈ Gn , ϕ(x) = 1 .Ï�3 Ds,2 ¥, ũn = σ
−N−2

2
n uj,εn(σ−1

n ·+xn) ⇀ Uj,i∞ , Ïd,
éu¿©�� n , ·�k∫

A3
n

|uj,εn |qϕdx ≥
∫
Gn

|uj,εn |qdx = σ
N−2

2 q−N
n

∫
BL(0)\Br(0)

|σ−
N−2

2
n uj,εn(σ−1

n x+ xn)|qdx

∼ σ
N−2

2 q−N
n

∫
BL(0)\Br(0)

|Uj,i∞ |qdx ≥
C∗
4
σ
N−2

2 q−N
n .

(4.92)

d (4.84), (4.85)ÚÚn 10��∫
A3
n

(NFεn(uj,εn)− N − 2S

2
uj,εnfεn(uj,εn))ϕ−

∫
A3
n

(V (εnx) + λnχεn)u2
j,εn

ϕ

− εn
2

∫
A3
n

((x− xn) · ∇V (εnx))u2
j,εn

ϕ− λn
2

∫
A3
n

((x− xn) · ∇χεn)u2
j,εn

ϕ

≤Cσ−
N−2

2
n .

(4.93)
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(Ü (4.93), (4.90)Ú (4.92) , ·���

σ
N−2

2 q−N
n ≤ Cσ−

N−2
2

n . (4.94)

XJ q > N+2
N−2

, K
N − 2

2
q −N > −N − 2

2
,

ùÚ (4.94)�)gñ.

·K 2�y². b�� n → ∞�, k εn → 0 . Kd·K 3Ú (4.2)��éu?¿� η > 0 , �
3� nÃ'��~ê δ¦�é?¿� 1 ≤ j ≤ κ , k

sup
y∈RN

∫
Bδ(y)

|uj,εn |2
∗
sdx < η. (4.95)

Ï�W = |uj,εn |÷v
(−∆)sW ≤W 2∗s−1 + µW q−1 3RN¥,

d (4.95) , Ún 4Úý��§�IO�K5�í�, �3~êMk > 0¦�

sup
x∈RN

|uj,εn(x)| < Mk.

5. ½n 1�y²

d·K 2��, �3 ε
′′′

k > 0¦�é?¿� 0 < ε < ε
′′′

k , k

mε(uj,ε) = uj,ε. (5.1)

d Λ∞ = ∅Ú (5.1)±9¿¡©) (4.2)���3 ε
′′

k > 0¦�éu?¿� 0 < ε < ε
′′

k , k

Qε(uj,ε) = 0. (5.2)

Kd (5.1), (5.2)ÚÚn 3���½n 1�y².
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