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Abstract

This paper studies a kind of random SIQS infectious disease model with nonlinear

infection rate. First, it is proved that the random SIQS infectious disease model has

a unique global positive solution to the initial conditions of the positive. Then, by

constructing an appropriate Lyapunov Function and combined with the application

of Ito’s formula, the gradual behavior of the solution of the random SIQS infectious

disease model near the disease-free balance point and the endemic disease balance

point is analyzed and discussed.
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1. Úó

3)ÔêÆ�ïÄ+�¥, éD/¾ÄåÆ�.�ïÄªÙ�­�©|, cÙ´2020c#.)

G¾Ó3�¥lç, ��¥�5
î­/J, �ÏdD/¾�.�5�2��ÚåIS	¯õ)Ô

êÆÆöéÙ'5 [1] [2] [3] [4] [5]. �©3©z [6]¥�D/¾�.�Ä:þ�Ä
±e���k

��5a/Ç�D/¾�.:

dS(t)

dt
= Λ− βS(t)I(t)

1 + αI(t)
− µS(t) + rI(t) + εQ(t),

dI(t)

dt
=
βS(t)I(t)

1 + αI(t)
− (r + δ + µ)I(t),

dQ(t)

dt
= δI(t)− (µ+ ε)Q(t),

(1)

Ù¥S(t), I(t), Q(t)©OL«3t��´aö!/¾öÚ�lö�êþ. Λ L«<��Ñ\Ç,��

~ê; µ �´aö!/¾öÚ�lö�g,k�Ç; r!ε!δ þL«G�=£Ç; βS(t)I(t)
1+αI(t)

�a/Ç¼
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ê; Λ, µ, r, ε, δ, þ��ê.

´�XÚ(1)�Ä�2)ê´R0 = βΛ
µ(γ+δ+µ)

, §'XX;¾�u)�Ä. �R0 ≤ 1 �, XÚ(1)�

3�ÛìC­½�Ã¾²ï:E0 = (S0, 0, 0) = (Λ
µ
, 0, 0); �R0 > 1 �, XÚ(2) �3���ÛìC

­½�/�¾²ï:E∗ = (S∗, I∗, Q∗) [6].

d	, du
)�D/¾�uÐ¬É��¸Ï��K�. Ù¥�¸D(XxD(éD/¾�u

Ð¬ÚåØ��Ñ�K�. Ïd, ïÄ�¸D((XxD()Ä¾´N�5K�D/¾ÄåÆXÚ�

±¦·��ïÄ(J�äky¢¿Â. �éD/¾�.�ÄåÆ1��ïÄ, Ú\�ÅÅÄ´Nõ

)ÔêÆÆö~^��{�� [7] [8] [9]. 3�©¥, ·�æ^��Å6Ä�{aquö [10], Ú\�

�Å6Ä�'uS(t), I(t), Q(t). Ïd, d�A�(½�.(1)�±��e¡��Å6Ä�.:

dS(t)

dt
= Λ− βS(t)I(t)

1 + αI(t)
− µS(t) + rI(t) + εQ(t) + σ1S(t)dB1(t),

dI(t)

dt
=
βS(t)I(t)

1 + αI(t)
− (r + δ + µ)I(t) + σ2I(t)dB1(t),

dQ(t)

dt
= δI(t)− (µ+ ε)Q(t) + σ3Q(t)dB1(t),

(2)

Ù¥(B1(t), B2(t), B3(t) ´½Â3��VÇ�m(Ω,F , {Ft}t>0, P ) þ�n�IO�Brownian $Ä,

σ2
i , i = 1, 2, 3 L«xD(�rÝ.

�
�BïÄ�., ØAÏ`²	, ·�b�(Ω,F , {Ft}t>0, P ) ´��äkÈf{Ft}t>0 ��

VÇ�m, Ù¥Èf{Ft}t>0 ÷vÏ~^�( 3�����VÇ�mp, XJ��ÈfFt ÷vFt =⋂
s>t

Fs(t ≥ 0) �F0 �¹¤k�P "8).R3
+ = {(S(t), I(t), Q(t))|S(t) > 0, I(t) > 0, Q(t) > 0}.

�l)ÔÆ��Ýw, D/¾�.�k�K)�âäk¢S¿Â. Ïd�©312Ü©y²3�

½�Ð©^�e, XÚ�3����Û�); 313Ü©, y²
XÚ(3)3Ã¾²ï:�ìC1�;

14Ü©y²
XÚ(3)3/�¾²ï:�ìC1�; ���Ñ�©�(Ø.

2. �Û�)��3��5

3©ÛD/¾�.�ÄåÆ1��,·�ÄkI�ïÄTXÚ´Ä�3�Û�).Ïd,3��

!,·��ÑXÚ(2)�3�Û�)�y².

½n 1 é?¿�½�Ð�(S(0), I(0), Q(0)) ∈ R3
+, 3t ≥ 0 þ, XÚ(2)�3����

)(S(t), I(t), Q(t)), �d)�VÇ1Ê33R3
+ ¥, �=(S(t), I(t), Q(t)) ∈ R3

+ é¤k�t ≥ 0

A�7,¤á.

y² ´�XÚ(2)�Xê÷vÛÜLipschitz ^�, @oé?¿�½�Ð�(S(0), I(0), Q(0)) ∈
R3

+, 3t ∈ [0, τe) þ, XÚ(2) Ñ�3���ÛÜ)(S(t), I(t), Q(t)), Ù¥τe ´�»�m [11]. �


y²ù�ÛÜ)´�Û�, ·��Iy²τe = ∞ A�7,¤á=�. �d, �m0 > 0 ¿©�, ¦

�S(0), E(0) ÚQ(0) á3«m
[

1
m0
,m0

]
. ?�Ú, éz��êm ≥ m0, ½ÂÊ�

τm = inf

{
t ∈ [0, τe) : S(t) 6∈

(
1

m
,m

)
½ I(t) 6∈

(
1

m
,m

)
½ Q(t) 6∈

(
1

m
,m

)}
,
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w,, �m→∞�, τm üN4O. -τ∞ = lim
m→∞

τm, ´�, τ∞ ≤ τe. eUy²τ∞ =∞, Kkτe =∞
¤á,ù�¯K=��±y².

eyτ∞ =∞ a.s., æ^�y{. XeØ,, =b�τ∞ 6=∞, K�3~êT > 0 Úε ∈ (0, 1), k

P (τ∞ ≤ t) > ε,

Ïd, �3�êm1 ≥ m0, ¦�é?¿m1 ≥ m0, Ñk

P (τm ≤ t) ≥ ε.

½Â��n�¼êV : R3
+ → R+, Xe:

V (S, I,Q) =
(
S − a− a ln

S

a

)
+ (I − 1− ln I) + (Q− 1− lnQ),

Ù¥a ��~ê,
�u ≥ 0�,w,÷v u− 1− lnu ≥ 0, dd��T¼ê´�K�.

é?¿�m ≥ m0 ÚT > 0. A^�Búª [12], k

dV (S, I,Q) = LV (S, I,Q)dt + σ1(S − a)dB1(t) + σ2(I − 1)dB2(t) + σ3(Q− 1)dB3(t).

Ù¥

LV (S, I,Q) =(1− a

S
)(Λ− βSI

1 + αI
− µS + rI + εQ) + (1− 1

I
)(

βSI

1 + αI
− (r + δ + µ)I)

+ (1− 1

Q
)(δI − (µ+ ε)Q) +

1

2
aσ2

1 +
1

2
σ2

2 +
1

2
σ2

3

≤(Λ + aµ+ r + δ + 2µ+ ε+
1

2
aσ2

1 +
1

2
σ2

2 +
1

2
σ2

3) + aβI − µI

≤Λ + aµ+ r + δ + 2µ+ ε+
1

2
aσ2

1 +
1

2
σ2

2 +
1

2
σ2

3

= K.

Ù¥a = µ
β

,KkaβI − µI = 0.

Ïd

dV (S, I,Q) ≤Kdt + σ1(S − a)dB1(t) + σ2(I − 1)dB2 + bσ3(Q− 1)dB3(t), (2.1)

é(2.1)ªüàl0 �τm ∧ T È©¿�Ï"

EV (S(τm ∧ T ), I(τm ∧ T ), Q(τm ∧ T )) ≤ V (S(0), I(0), Q(0)) +KE(τm ∧ T ),

�

EV (S(τm ∧ T ), I(τm ∧ T ), Q(τm ∧ T )) ≤ V (S(0), I(0), Q(0)) +KT, (2.2)

�m > m1 �, -Ωm = {τm ≤ T}, KkP (Ωm) ≥ ε. éz� w ∈ Ωm, dÊ��½Â�

�S(τm, w), I(τm, w), Q(τm, w) ¥��k���um ½ 1
m

, ¤±
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V (S(τm, w), E(τm, w), I(τm, w)) ≥ (m− 1− lnm) ½( 1
m
− 1− ln 1

m
),

d(2.2)�

V (S(0), E(0), I(0)) +KT ≥ E[1Ωk
V ((S(τm, w), I(τm, w), Q(τm, w))]

≥ ε(m− 1− lnm) ∧
( 1

m
− 1− ln

1

m

)
,

Ù¥, 1Ωk
�Ωk �«5¼ê, -m→∞, k

∞ > V (S(0), E(0), I(0)) +KT =∞.

gñ. u´kτe =∞.

(Ø�y.

3. ÷Ã¾²ï:�ìC1�

½n 2 b�R0 = βΛ
µ(γ+δ+µ)

≤ 1,�÷v^�σ2
1 < µ, σ2

2 < 2µ, σ2
3 < µ,Ké?¿�½�Ð©

�(S(0), I(0), Q(0)) ∈ R3
+,�.(2)�)(S(t), I(t), Q(t)) ∈ R3

+kXe5�:

lim sup
t→∞

1

t
E

∫ t

0

{(S − Λ

µ
)2 + I2 +Q2}dr ≤ K1

M1

,

Ù¥

c1 =
2µε+ 2µ(δ + 2µ)

βε
, c2 =

2µ

ε

A1 = (1 + c3)(µ− σ2
1), A2 = (1 + c2)(µ− σ2

2

2
) + δc2, A3 = µ− σ2

3

,

M1 = min{B1, B2, B3}, K1 = (1 + c2)σ2
1

Λ2

µ2

.

y² Äk�CþO�u = S − Λ
µ
, v = I, w = Q,KXÚ(2)�C��:



du

dt
= −µu−

β(u+ Λ
µ

)v

1 + αv
+ rv + εw + σ1(u+

Λ

µ
)dB1(t),

dv

dt
=
β(u+ Λ

µ
)v

1 + αv
− (r + δ + ε)v + σ2vdB2(t),

dw

dt
= δv − (µ+ ε)w + σ3wdB1(t),

(3)

½Â¼ê:

V1 =
1

2
(u+ v + w)2, V2 = c1v, V3 =

c2

2
(u+ v)2,
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Ù¥c1, c2�?¿�~ê,A^�Búª [12], ·���Xe(Ø:

LV1 =(u+ v + w)[−µ(u+ v + w)] +
1

2
σ2

1(u+
Λ

µ
)2 +

1

2
σ2

2v
2 +

1

2
σ2

3w
2

=− µu2 − µv2 − µw2 − 2µuv − 2µuw − 2µvw +
1

2
σ2

1(u+
Λ

µ
)2

+
1

2
σ2

2v
2 +

1

2
σ2

3w
2,

(3.1)

LV2 =c1[
β(u+ Λ

µ
)v

1 + αv
− (r + δ + µ)v]

≤c1βuv + c1[β
Λ

µ
− (r + δ + µ)]v,

(3.2)

LV3 =c2(u+ v)[−µu− (δ + µ)v + εw] +
1

2
c2σ

2
1(u+

Λ

µ
)2 +

1

2
c2σ

2
2v

2

=− c2µu
2 − c2(δ + µ)v2 − c2(δ + 2µ)uv + c2εuw + c2εvw

+
1

2
c2σ

2
1(u+

Λ

µ
)2 +

1

2
c2σ

2
2v

2.

(3.3)

�¼êV = V1 + V2 + V3,=ò(3.1), (3.2), (3.3)ª�\,�

LV =− (µ+ c2µ)u2 − [µ+ c2(δ + µ)v2]− µw2 + [c1β − 2µ− c2(2µ+ δ)uv]

+ (c2ε− 2µ)uw + (c2ε− 2µ)vw + c1(r + δ + µ)(R0 − 1)v

+
1

2
σ2

1(u+
Λ

µ
)2 +

1

2
σ2

2v
2 +

1

2
σ2

3w
2 +

1

2
c2σ

2
1(u+

Λ

µ
)2 +

1

2
c2σ

2
2v

2

≤− (1 + c2)(µ− σ2
1)u2 − [(1 + c2)(µ− σ2

2

2
) + δc2]v2 − (µ− σ2

3)w2

(1 + c2)σ2
1

Λ2

µ2
,

(3.4)

Ù¥c1 = 2µε+2µ(δ+2µ)
βε

, c2 = 2µ
ε

,

Kkc2ε− 2µ = 0, c1β − 2µ− c2(2µ+ δ),�÷vR0 ≤ 1.

-A1 = (1 + c3)(µ− σ2
1), A2 = (1 + c2)(µ− σ2

2

2
) + δc2, A3 = µ− σ2

1, K1 = (1 + c2)σ2
1

Λ2

µ2 ,

qd½n2�^���:

dV = ≤ (−A1u
2 −A2v

2 −A3w
2 +K1)dt + σ1(u+

Λ

µ
)[u+ v + w + c2(u+ v)]dB1(t)

+ σ2v[c1 + u+ v + w + c2(u+ v)]dB2(t) + σ3w(u+ v + w)dB3(t)

(3.5)

DOI: 10.12677/aam.2021.107247 2364 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.107247


4�J

é(3.5)ªüàl0�tÈ©�2¦Ï",k

0 ≤ E[V (S(t), I(t), Q(t))] ≤ E[V (S(0), I(0), Q(0))] + E

∫ t

0

(−A1u
2 −A2v

2 −A3w
2 +K1)dr,

l
íÑ

E

∫ t

0

(−A1u
2 −A2v

2 −A3w
2)dr ≤ E[V (S(0), I(0), Q(0))] +K1) +K1t,

þªüàÓ�Ø±t,2-t→∞,��

lim sup
t→∞

1

t
E

∫ t

0

(−A1u
2 −A2v

2 −A3w
2)dr ≤ K1,

�M1 = min{A1, A2, A3},´�:

lim sup
t→∞

1

t
E

∫ t

0

{(S − Λ

µ
)2 + I2 +Q2}dr ≤ K1

M1

.

(Ø�y.

4. ÷/�¾²ï:�ìC1�

½n 3 b�R0 = βΛ
µ(γ+δ+µ)

> 1,�÷v^�σ2
1 < µ, σ2

2 < µ, σ2
3 < µ,Ké?¿�½�Ð©

�(S(0), I(0), Q(0)) ∈ R3
+,�.(2)�)(S(t), I(t), Q(t)) ∈ R3

+kXe5�:

lim sup
t→∞

1

t
E

∫ t

0

{(S − S∗)2 + (I − I∗)2 + (Q−Q∗)2}dr ≤ K2

M2

,

Ù¥

c1 =
2µε+ 2µ(δ + 2µ)

βε
, c2 =

2µ

ε

B1 = (1 + c3)(µ− σ2
1), B2 = (1 + c2)(µ− σ2

1) + δc2, B3 = µ− σ2
3,

M2 = min{A1, A2, A3}, K2 = 2σ2
1(S∗)2 + 2σ2

2(I∗)2 + σ2
3(Q∗)2 +

c2

2
I∗σ2

2.

y² ½Â¼ê:

V1 =
1

2
(S − S∗ + I − I∗ +Q−Q∗)2, V2 = c1(I − I∗ − I∗ ln

I

I∗
),
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V3 =
c2

2
(S − S∗ + I − I∗)2, V = V1 + V2 + V3,

Ù¥c1, c2�?¿�~ê,A^�Búª [12], ·���Xe(Ø:

LV1 =(S − S∗ + I − I∗ +Q−Q∗)[−µ(S − S∗)− µ(I − I∗)− µ(Q−Q∗)]

+
1

2
σ2

1S
2 +

1

2
σ2

2I
2 +

1

2
σ2

3Q
2

≤ −(µ− σ2
1)(S − S∗)2 − (µ− σ2

2)(I − I∗)2 − (µ− σ2
3)(Q−Q∗)2

− 2µ(S − S∗)(I − I∗)− 2µ(S − S∗)(Q−Q∗)− 2µ(I − I∗)(Q−Q∗)

+ σ2
1(S∗)2 + σ2

2(I∗)2 + σ2
3(Q∗)2,

(4.1)

LV2 =c1(I − I∗)( βSI

1 + αI
− βS∗

1 + αI∗
) +

1

2
c1σ

2
2I
∗

=c1(I − I∗)[βS(
1

1 + αI
)− 1

1 + αI∗
+

β

1 + αI∗
(S − S∗)] +

1

2
c1σ

2
2I
∗

≤c1β(S − S∗)(I − I∗) +
1

2
c1σ

2
2I
∗,

(4.2)

LV3 =c2(S − S∗ + I − I∗)[−µ(S − S∗)− (µ+ δ)(I − I∗) + ε(Q−Q∗)]

+
1

2
c2σ

2
1S

2 +
1

2
c2σ

2
2I

2

=− c2µ(S − S∗)2 − c2(µ+ δ)(I − I∗)2 − c2(δ + 2µ)(S − S∗)(I − I∗)

+ c2ε(S − S∗)(Q−Q∗) + c2ε(I − I∗)(Q−Q∗) +
1

2
c2σ

2
1S

2 +
1

2
c2σ

2
2I

2

≤ −c2(µ− σ2
1)(S − S∗)2 − c2(µ+ δ − σ2

2)(I − I∗)2

− c2(δ + 2µ)(S − S∗)(I − I∗) + c2ε(I − I∗)(Q−Q∗) + σ2
1(S∗)2 + σ2

2(I∗)2,

(4.3)

qdV = V1 + V2 + V3,��:

LV ≤ −(1 + c2)(µ− σ2
1)(S − S∗)2 − [(1 + c2)(µ− σ2

2) + c2δ](I − I∗)2

− (µ− σ2
3)(Q−Q∗)2 − [c1β − 2µ− c2(δ + 2µ)](S − S∗)(I − I∗)

+ (c2ε− 2µ)(S − S∗)(Q−Q∗) + (c2ε− 2µ)(I − I∗)(Q−Q∗)

+ 2σ2
1(S∗)2 + 2σ2

2(I∗)2 + σ2
3(Q∗)2 +

c1

2
I∗σ2

2,

(4.4)

d½n3�^��n��:

LV ≤−B1(S − S∗)2 −B2(I − I∗)2 −B3(Q−Q∗)2 +K2, (4.5)

Ù¥B1 = (1 + c3)(µ− σ2
1), B2 = (1 + c2)(µ− σ2

1) + δc2, B3 = µ− σ2
3,
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K2 = 2σ2
1(S∗)2 + 2σ2

2(I∗)2 + σ2
3(Q∗)2 + c2

2
I∗σ2

2.

Ïdk

dV =LV dt + (S − S∗ + I − I∗ +Q−Q∗)[σ1SdB1(t) + σ2IdB2(t) + σ3QdB3(t)]

+ c1σ2(I − I∗)dB2(t) + c2(S − S∗ + I − I∗)[σ1SdB1(t) + σ2IdB2(t)],
(4.6)

�e5,·��y²�{�½n2�y²L§�q, ��Ñ.

(Ø�y.

5. (Ø

�©¤?Ø��ÅD/¾�.´3®�Ñ���5a/Ç�D/¾�.�Ä:þ, �Ä
�Å

ÅÄ
ïá�. ÄuT�ÅD/¾�., ·�éÙÄåÆ1�?1
ïÄ: Äk©Û
TXÚ3�½

�Ð�^�e, �3����Û�), ÙgÏL�E·��Lapunov ¼ê, y²
TXÚ�)3Ã¾

²ï:�/�¾²ï:�ìC1�, ù
(Øé�k��5a/Ç�D/¾�.�ïÄ�äky¢

¿Â.

ë�©z

[1] ±�, ½B�. äk<D<���9D/¾�.�ÄåÆ©Û[J]. ­�nó�ÆÆ�: g,�Æ

�, 2021, 35(2): 258-267.

[2] Liu, Q. and Jiang, D. (2016) The Threshold of a Stochastic Delayed SIR Epidemic Model with

Vaccination. Physica A: Statistical Mechanics and Its Applications, 461, 140-147.

https://doi.org/10.1016/j.physa.2016.05.036

[3] Liu, Q., Jiang, D., Hayat, T., et al. (2018) Analysis of a Delayed Vaccinated SIR Epidemic
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