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Abstract

In this paper, we study the two phase Hele-Shaw flow, which consists of the Cahn
Hilliard eqution and the Darcy equation. In this model, an extra phase induced force
term in the Darcy equation is coupled with a fluid induced transport term in the
Cahn-Hilliard equation. As the non-linear term satisfies the more general condition,

we show the existence of the weak solution, energy estimate, and the uniqueness.
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FEE G B /IS AT R 43 F B W HRP AR TR), — Bl 22 okl 1 A4 72 PR~ AT AR 2 [Ali2 3)),  Hele-
Shaw It 2l W) 2 LA LE P9 -8 (8] ) G2 12 m Bl 5 P 1B 1) B A4 T B v SR I 46 0 A, T Bh A e,
R 5 BT PAROT M R 8O E, B DA BT M i i (g im s =& T e, PR mT BAAT SR
LIPS 1 L ) TE e A Bl 8 X 3 B R W Hele-Shaw 40l [1-3], & #)HiHele-Shaw 311
T —4E 3.  Hele-Shawim 2l 7] L KA AU 7T & Bl 44 /1% 8] @8, Pt X) Hele-Shawiit 3]
(R 9T B A E A LS X

TR R B A B AT IO TS i 8 )5 (4] 3R S .

HI T FEIR PE 8 A P R Y T A TR BT 24938 R, Bk Heele-Shaw It 42 1 7 72 5 To RS #4000 A 428
7 FEAAL RIS I 2 FLA BRI R TR — B, AR, m AN B BtHele-Shawifit FITE 35 0A

w= 5 (Vp — pE). (0.0) € O\T, (1)
divu =0, (z,t) € Qp\I';. (2)
[p] =K, (‘Tv t) € Ft‘ (3)
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[u-n]=0,(z,t) €Ty (4)

HhQ Cc RPENMF AKX, Qr =Qx (0,7),1, Rt B 2R RIS . u RZRmAEEE;
p FoRTARIIE DT [p] Fonp BIEFET, ML, nfRERIEME; 2% E7ED, PIWL AT RE
ANERIEE: g REAREMG J1; pRRARRREZE, & RFE AT LLLE S 9 8 B[R (19 1E 5.
TR RIETE R [5,6]; HFEQ)FRRIMMA TR J7FE(3) F(4) 0 BMRER T R ETTK 77~ Fl i
BOPHECE R, B RRTAR RIS (3) N B RRAE & B - W 2% A, Hoy 2
TEMAMRR K S RZE, s RFET, K5,

fEF b, RIEAAAK ), I BAEEAEES, WA RmA e K ER, K, B
A E FHIBA. AT XL R A, AT B8R B (7], R R g
¥ Bl FE I 0] R 5y — A7, S T 3R d T 2 AR Dy B R AT ABL R - A A AR B O VT
KRB, fEiZHEIR T, A 0REE R Z 0 R, EA SR, XA R A
) #Poisson,Gibbs,RayleighflKorteweg® N (8] 1% 7 v H — AN 4B & 2, E#FR N R
$9,10], FFHRIER “MAL”, EAEGE B S X A4 AR A7 o BUSAS [F] 1. ST A & v] DL AR
AR KRR DR IE. —BOR UG, BEE S IE A BT, § 5O ESE R U SIS — LA R Y
Bl TR

FEARTCH, AT FC i Hele-Shaw4 #U R TR AL U R iR

U= —Vp— eV, (2,) € Qr. (5)
divu = 0, (z.1) € Q. (6)
ootV — eAp =0, (2,1) € Q. ™)
b= —ehp+ 2f(¢)(a,1) € Or. 0

X FRR(5) — (8) 0 bl S oA AR 2% 1«
%ﬁ:%:g{:o,(m,weam. )
¢(-,0) = wo(-),x € Q. (10)

HFQr =Qx (0,T); 0Qr = 0Q x (0,T),0UREQHIL T
XTAELEMETI f () MBI 2 T B2 A
£(0) =0, f(s) > coleo > 0),

f(8)s > c1F(s) — ca(cr > 0,¢0 > 0),
F(s) > —cs(cs > 0).

HBP(s) = [* f(s)ds. BIF(s) = 5 assi(ampes > OV I FIRPERR. S5, f(s) = & + st
=1
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e ik %A,

HEE: /£ A M Hele-Shaw W@, Q &2 — 4l E AR cH, RATHEQ C Rid =
2,3), Hg — A FXE, FoA=4EnEBRAErRE L JFRAEEY AN, mEu(et) €
RMREHEL, Wrip(z,t) € RIRELE K (z, ) BIRAIREMHIE T, Z&Eu(z,t), p(z,t) € RICEAM
B 4T (5) IR RRHE, 27T [11), 47 (D F (8
WA TR - Velt, J7FEt Ay Cahn-Hilliard 77 18 [12].

J7#2(5)—(10)/2 HLee,Lowengrub,and Goodman# tH I BHSCH AL ¥R 5. A ATTUERH T BHSCH
R4¢ [13] 1S T Hele-Shaw #E8(1) — (4) k. FATEZERI(5) H 0 E#p SBHSCH BERH T
JEsEp A AN F I EE. v T IR ELEI 7y, T8 p=p + vop, P LA BB AE RS b 5] N F
E X ETJ. BAVEFTFEA(5) — (10) #NDCH(Darcy-Cahn-Hilliard) & %i.

5€ X 1 F Cahn-Hilliard § 5 7 f2
S 2 1
10) = [ |5196l" + ()| da. )
Q

SVFZ AR RESEL [14], DCHARSRMERARSE, Bl T iR RO

dJ-(p)
dt

2 1 2
+ellVali. + 5 [al[Z> = 0. (12)

EIRI RE BT REAE D CH ARSI A 20 A ke 31 22 5 5 2 1F

ASCRAE [15)3AM AR B — AR B e BAPRESHE AIILAE 18 #L(5)- (10) 55 R A7 2 HFE— 1%
SR — Lk 5

b 2 TR LP (), HO () BIVE L o0 H||-\| os I-Nl e s 27403 Banach %5 [0 2 1) B X 4 4
[Ble £F5(, MUREELY(Q) LR, 7F5(,) AARERAYQ) MAEH Q) MR HE, =
[ L2(Q)REAELA(Q) F=5E, HHEDR FRERNE. KX, RCRESp, p, o, ufle LR
RIEH KL R EENA R, BAHC = Cle)kFor, HH0<e <L

2. PDE# 4R

WATEREp, p, o, BT FEHAB AT R:
div(Vp +voVu) =0, (z,t) € Qr. (13)

¢ —eAp — div(p [Vp +v9Vu]) = 0, (2,t) € Qr. (14)

FTCh, A SCHE T B i o3 75 R I 2t /& T 2 (13), (14) FI T FR(8):p = —eAg + L f () LA KA AAE
2A14(9), (10):
div(Vp +v¢Vp) =0, (z,t) € Qr,

pr — eAp — div(p [Vp +7oVi]) = 0, (z,t) € Qr,
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1
p=—eAp+ gf(@)(xat) € Qr,

Op _Op _Op _
on On On
©(,0) = o(-), r € Q.

O, (x,t) € GQT,

AT L A 990 [15]:

EMX 2.1 Bikpy € H(Q), e R =F R A (p, u, p) it LT 7| 4t

p € LET((0,T); H'(Q) N L3(Q). (15)
pe L*((0,7); H (). (16)

Vp + ¢V e L2((0,T); L*(Q)). (17)
@€ L>((0,T); H'()). (18)

o € LT((0,7); (H'(Q))"). (19)

3 BT 6t € (0,T), A F 4R A 2 :

(Vp 479V, Vg) =0 Vg € HY(Q). (20)
(@i, v) +e(Vu, Vo) + (¢ [Vp +v9Vu] , Vo) =0 Vv e H'(Q). (21)
(1,) — £(Vip, Vi) — ~(f(),0) =0 Vo € H'(Q). (22)

€
AL E A p(0) = oo W =F R (p, pu, )W AR A 77 A2 (13), (14) A Z F £2(8)(9), (10) 89 — 453
ﬁ%’"o

N IR AR AN
EI 2.1 ZE(t) = J. (o), EWAEHHLEQ0) < Colit, MHAZHLR L2.1F 6955,

U BRI L g3 AL 9, RO AT BR4ESE 3 e PR 4, AT, p, pi 3 BT LR, FATTHE 1
FH (Q) ) — A BRYE ) IE 58 F ) & {w, } » IR EGIE 7] 5 P 5K 2 R BATTE AW, e AT
HE D, oms i [0, T] = W,

i=1l...m

m
szg . DimWi
=1

m
Pm = E im1 i mWi

Hm = Z¢=1 Hi,m Wi -
BT AFRAT45 2]«
(VP + YomVim,Vq) =0 Vg e H(Q). (23)
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d
<dt(pm’ v> + &(Vtm, VU) + (0 [VDm + Y0mViim] , V) =0 Yo € H(Q). (24)

(1) — (Vg V) = < (flon) 9) =0 Vb € H'(9). (25)

ER(23) 1 2q = wiyi = 1, 2..mIFFIR IR LLEL SRR SRM: FET7RE(24) H 40 = wii =
1,2..m I IR e Lhpy, R SRAN: FEFE(25) T 40 = wii = 1,2...m, [FNFLLLy, ., TR,
REH=ARTEIFER

d 1 1
4 [ IVl + - (Flom) 1)] + el + 2 [Vom + 20Vl =0. (20
FAE _E i FE WA R B ARy, A5 3
t 2 t 1 2
Ei(t) + / e Vil + / = IVpn+ 10V} = Fa(0). (27)

HAE(t) = fo [51V0ml* + LF (o) da

5138 2.1 BIXE(t) = J.(¢), E1(t) = J(¢m),, HFmEARE, AW, 2H(Q)F —8AH R4 E
TEGEKARSEE, FE0) < Co 8,0 E(0) < Coe

g4I 2.1, A REDUEE|Vel2: < Co, o [Vimlie < Cofy i < Co, Fiit
KAVp, = —wy — Yo Vi, BN Td = 2,3 R #ESobolev #x A E H: H'(Q)—L°(Q),H
I Young N5 201 ERGEH AR [ V|2 s < O HRAETTF(25),40 = Ap,,,, BATAI1FH]

L2 —

9 1 2 Co 2
| Al < ||Vum||L2 3 IVemllze = = IVemllz.,

=2
BE— AR 3

2 1 2
el[Apmlz. < HVMmHLz 3 [Vomllze < Co. (28)

=2
H Gagliardo-Nirenberg A&, AN TH o o < CHA(pmH ||<pm||L ( =2,3) H

2d
IVpmllE2" < Clnll & + Clloml 2 19l T < Clunl2 + C lloml2e +C Va2

iR

2d—1 4d—1

lomllZe < ClAGml L2 lemlzs " < CllAPmIZ: + Collpmlly -

FHB sup [|Vepmll7. < Co 380 [) [oml7. < Cr i Cr— A STH KM H AL
te(0,7)

BATHE X ERATF RS CRBUY, FFH BRI ) ||me||2d+1 < Cy,C,5C,, Cd, T 5
Ko FHELITIE(24) AMER R0 € HY Q)15

(dipm; 0) = =&(Viim, V) + (Pmtm, VU) < [el|Vimll L2 + oml oo ltm | 2] [Vl 2
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TE?EXHWI%?I\EHT@@E@TEX, %DHdttpmH(}p(Q))* S 0375"{% \/5E]°£]Jf0 |dt§0m|| (H1(Q))
e

L < 03,03%94\?%

WA R A I, TR R A4 B 4 AP PR, p s (R € L°((0,T); HY(R)), flifp €
LA ((0,T); HY(Q)) N L2(Q), 13 € L2((0,T); HY(Q) MR L Hu = Vp + vV, %

Hue L?((0,T);L2(Q)) A:
Pm = P

Pm =P
[hm —

u,, — u.

Ry rErE, TATE:
(Vp+~v¢Vu,Vq) =0,

A ER 5 DUR 3 S Sl BR AT T
(e, v) +e(Vu, Vo) + (¢ [Vp +voVpu], Vv) =

(1) — (Y, V) — 2 (F(),) = 0.
R TR

EHE 2.2 Bikey € HYQ),f(o) € L2((0,T); HY(Q)),Q C Rid = 2,3)2& — A LipschitzE %,
B J(po) < Co, % (p,p, p) & 7 H2(20) — (22)89 — 28 35/%, *F Tu = —(Vp + y9oVu) ¥ P A &t €

(0,T), 51— TARI F by % $C = C(E0) >0 &

/go(x,t)dx:/cpo(x)dx. (29)
Q Q
t 2 ]- 2
B0 + [ [eIn)}: + = s |ds = E0) < o (30)
200 203
ma o) < =22+ =2 o). (31)
[ s < S+ S ol (32)
¢ 1 363
[ lnts) = e o 3ads < 500+ 52 1021, (33)
t
| llerts) + us) - V(o) - ds < VC=. (34)
2(C —|— Q
[ M gnoyeds < 0+ g+ Y2 R s )
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EKEE(t) = J(pt), 5P J.() REBFHA(11) k2 LY.

HE .5 P (29) & 7E 7 FR(21)H v = 1RIAT 45, 8 T 159 2 75 F2(30) FA1T 45 > W5 175 150 5K fi -
B FRRIRIE DL, Fipe € L2((0,7); HY(Q)) I, AT RE(20)H g = 2277 R (21) B
FEv = p, EITTE(22)PWEY = —op FHE=FAMILA 2

d 1 1
i IVel7. + E(F(w), )| +e|Vull7. + 5 IVp +~¢Vul7s = 0.

(ETTTE AR IUX [71(0, £) 1 B4 3 AT A BT F(30).

ST e, € LAT((0,T); (H(Q))*), MR M AT A0 = —o 1%, 76 7F2(22) itk
BT, HmERATER B H B Steklov SFENEER [16]. XF Tt € (0,T),%6 > 02 AE=/MEL,

& X pHISteklov-F-p0 :
1 t+6
P =S =5 [ elds Ve ©T),
X RIS,

. _ (P('vt+5) _(p('at)
@L(t) = (@ (1) = ; .

BRI, XTRE—At e (0,7 —6),Hel (-, t) € HY(Q), RITFHEEM LR A

S (e) = (S%.(9))e = ). (36)

AT TIAERG S R BT HE(20) — (22) 0%, I s 2t FATA -

(VD" +7(eVp)’,Vg) =0  Vge H'(Q). (37)
(92, 0) +e(Vp’, Vo) + (¢ [Vp+v9Vpu])°, Vv) =0 Vv e H'(Q). (38)
(10, ) — e(Ve®, Vip) — %((f(w))‘svw) =0 V¢ € H(Q). (39)

TETTFE(39) 12 p = —oo JETTFE(38) 1 v = pd FETTFE(3T)H &g = %,3‘#4%5/\77‘%%*&311, 521

G + 2[00 4 2 [V8 + 29, = B0 (40)
o
R(t) = 2(f(¢°) = (f(9))° = (VP* +7(¢ V), Vi’ — (V1))

+( [VD* + (Vi) | = (9 [Vp + 79V a))?, Vi),
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FETT 2 (40) P34 RN XF AR 73, AT -
T () + J3 EV @2 + 2 [ Vo) + eV )|
= J(%(0)) + [ RO(t)dt Vs € (0,T).

EER, SN —AEERe > 0, T f(e) € L2((0,T); HX(Q))IF Hf() RAES R, b
A f(p) € L*((0,T); H(Q)), 26 — 0F FF45 & Steklov PR, HA1A

lim [ R°(t)dt =0,

§—0% Jo

L)+ [ IV + i IV0(t) + A (V)| )dt = T (0(0).

PRI, 7530(30), A (30) HH N E (¢) /2 9% T I 1) 56 4 1 25 1) bR 4L

I (30), FHFATHIE
F(s) > —cz,c3 > 0. (41)

TATVE [, F(s)dz > —c3 |Q(cs > 0), WAT4F 3] J7F£(31). 77 F2£(32) 7] H1 7 F2(30) HL #5453 Bl 77
F2(33) 1T £ 7 #2(22),77 #£(31), (32) LA K Holder /A 55 s AR K 26 1 £ (s) > cofF Bl HH 25 [H] % &
HY(Q) C L2(Q) = L2(Q) C (HY(Q))*FJ7FE(21) I 15

(e +u(s) - Vo(s),v) = —e(Vpu, Vv),

HRPEHolder A 25 2 :

(o +uls) - V(s), v)| = e |(Vi, Vo)| < e[Vl 2 [ Vol 12

B e FRAR P G VU A DA R Y a S B FE(34). N T 3217 F2(35), FIH 52 (21) FSobolev
MNEH: d=23FH(Q) — L5Q),%FveWwh3(Q),
(pr,v) = —(Vu, Vv) + (pu, Vo)
<el|[Vaull=IVoll 2 + el gsllall 2 Vol s

C NVl + Nl o] 19211
< C |2Vl + 22

€

$5 5 A S TS BORI AR TE B R 115 B 45 R [17)
BN ORA GG LA ARSI ) IE S

DOI: 10.12677/aam.2021.107255 2436 I FH# e


https://doi.org/10.12677/aam.2021.107255

HFHT, S

5138 2.2 Bikpy € HY(Q),f(p) € L*((0,T); H'(Q)) MAAERKEO C RY(d = 2,3) & —/LipschitzIX
B, = E M (p, o, u) AR X210 — 2855/ My € L2((0,T); H*(Q)).

UERH FRATTH 72 (22) B 5 Rl
(V. Vo) = (n = 2 f(o)t) Vo € H'(@). (42)

1% B o= N TF Poisson 77 12, 3 B A FF Ik Neumannil Ft 24 ) — AN 55 f#,  HAT IR ENg = 1 —
1f(p), BT f(p) € L*((0,T); H'()) Frblfiiied ¥y € L*((0,T); H'(Q)), € L*((0,T); H*()-

NI AT 58—

EIE 2.3 Hikpy € HY(Q)H=J (p0) < Co, HF Co MR T, 3+ BLQ C RY(d = 2,3) & —/LipschitzIX
B, VAR f(p) € L2((0,T); HY()),% — 35/ (p, p, @) 2 EM ZHVptyoVu € Li-1((0,T); L*(R)),
pe Ls=a((0,T); H(Q)), o, € L2((0,T); (H (Q)*)) M, HPpR—/AHIRE, W)X 4055 i & o —
89,

iIEEU?.fFiﬁ(pi,ui,<pi),i = 1,22 MAFME, E X, = —Vp, — vo;Viu,i = 1,2, Lp=p —pyu=

Wy — U, L= fi — fi2, 9 = ©1 — P, (D1, 1, 01),(D2, 2, 02 )T AT BTRE(20) — (22), K —HEiGE

¥, BAMFRIT:

(u,Vg) =0 Vg € H*(Q). (43)
(01,0) +e(Vu, Vv) — (pru+ @uy, Vo) =0 Yo € HY(Q). (44)
(1,0) = £(Vip, V) = 2 (Fl1) = flea). ) =0 Vo € H'(@). (45)

H T2 (29), AT R [, o(, t)de =0,Vt € (0,T), A 25 A7 5815 3 b 45 5.

TR, Lo = o ETTR(5)HT, 4 = p B A, FHEE T (s, V(e?) = 0 =
(u, V(io10)) B 151

1
2dt ||90||Lz +lull7: = —(u- Vr,0) + g(g(sol,@z)w,u)- (46)

Hofig (01, 2) AT £ (1) — f (102) I E TR KT AR, Blg(ior, o) = L)L le2)
I FSchwarz AN 56 XA Gagliardo-Nirenberg AN 55 3 [18], A

d 4-d
el < CllARIE llellz (d=2,3).

1E T FE(46)H A

Llellze + 20l < 2lull Vel el + 2lg(en, o)l ol 2 el
< £ ullZ: + SUIVell2: | Al ||so||2?d + 2lgCpr, )l oo llipl o el 2
< £ [ullZ + £ 1A0]2. + C@) IVl 57 1ol + llull
+ L llg(en, 02) 2 N0l 2z -
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9(p1, 02) || oo, B HEXF T

FLrpont A v 0 — 30

2p+1
9(p1,02) = D (PF  + b Poa 4+ 0105+ ).
k=1

S A NEER
2p+1

k-1 k—2 1
lgpr, e2) e < Y- lenllze + el ezl g + oo
k=1

k—1
+ l[e2llz~ -

Hpog—1

H ¥ € L0, T H'(Q)), Bty € L=(0,T; L(Q), Mo o < Sup el L~ < C,

WHL AT g(@1, 02)] oo < CpdXHLC, R — 5 pA I H L

it (30)73 2

d 2 2 € 2 € 2 2

- 2 2 < — 2 A 2 5 2 .

o el + lpllze < o [ullz: + 16 Allz. + Cle,p) el (47)

HFC(e,p) = i’;z >0
TEHFE(39)F 2y = Ap, /533
ellApll7. = — (1, Ap) + L(g(1, p2) 0, Ap)
< e llApls + L ullz + S (ol -
RIG1S ,
€ 1
T 1A@]7: < B I1ell32 + Cle,p) ol 3s - (48)
HHC(e,p) >0
AR
u=u —uy =—-Vp—y(e1Vur — Vo) = =Vp — o1 Vi — Vs,
RGBT Lq=0p
Lullz: = —2(w, Vp) — (0, 01Vp) — (w0, 9 Vo) (49)
= —(p1u, V) — (pu, Vis).
(ETT(38) 1 4w = pu, T 73
(o, 1) + € [[Vull72 = (pru+ pus, Vi), (50)
BT RN 7 R (39) B FH B R RSP S5 5HkS, A
1
(1, ) — e(V®, Vip) — ~(fler) - fle2)’, ) =0 vy € H'(Q).
7 F O
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Lip = —pf, LT REAT 1

() + SV L (o) — S ) = 0.

XFOMUR RS — 0F FIFIHRe BHS R P T IE, A

g + S IV + 2 1, Flo) = Flipa)) =0, (51)

2dt
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