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Abstract

Based on the fixed-point theorem in cone, we study the asymptotic behavior of non-

trivial radial k-convex solutions for a class of coupled k-Hessian system.
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1. 0�

�©Ì��Ä�aÍÜ k-Hessian XÚ

Sk(D
2u1) = λ1f1(−u2) in Ω,

Sk(D
2u2) = λ2f2(−u3) in Ω,

...

Sk(D
2un) = λnfn(−u1) in Ω,

u1 = u2 = · · · = un = 0 on ∂Ω,

(1.1)

��5»�k-à)��35ÚìC1�, Ù¥ λi ´�ëê, fi ∈ C([0,+∞), [0,+∞)), Ω = {x ∈
RN : |x| ≤ 1}(N ≥ 2), ui ∈ C2(RN ), D2ui ´��ëY�©¼ê ui � Hessian Ý
, Sk(λ(D2ui))

´1 k �Ð�é¡õ�ª, ´ Hessian Ý
 D2ui �¤k k × k �Ìfª�Ú, i = 1, 2, · · · , n.

��/, ·�½ÂXe� k-Hessian �f:

Sk(λ(D2u)) =
∑

1≤j1<...<jk≤N

λj1λj2 . . . λjk , k = 1, 2, · · · , N.

AO/, � k = 1 �, k-Hessian �fòz� Laplace �f S1(λ(D2u)) =
N∑
i=1

λi = ∆u, �� [1, 2];

� k = N �, k-Hessian �fòz� Monge-Ampère �f SN (λ(D2u)) =
N∏
i=1

= det(λ(D2u)), �

� [3–7].

Cc5, Laplace ¯KÚ Monge-Ampère ¯K®2��A^uêÆ�A^êÆ�Ì�©|.

k' Laplace ¯KÚ Monge-Ampère ¯K)��35! Ø�35! õ)5! ��5ÚìC­

½5��'(J��©z [1–7]. AO/, 3 2021 c, ¾{r [7] ¥$^Iþ�ØÄ:½n��

DOI: 10.12677/aam.2022.117522 4980 A^êÆ?Ð

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/aam.2022.117522


��ÿ


Monge-Ampère XÚ 

det(D2u1) = λ1f1(−u2) in Ω,

det(D2u2) = λ2f2(−u3) in Ω,

...

det(D2un) = λnfn(−u1) in Ω,

u1 = u2 = · · · = un = 0 on ∂Ω,

��5»�à)��35ÚìC1�.

k-Hessian �§´�a��5�� �©�§, 3AÛÆ! 6NåÆÚÙ¦A^Æ�¥kX­

��A^. NõÆöÏLüNS��{! þe)�{! C©�{! ØÄ:½n±9£Ä²¡��

{��
Ãõk' k-Hessian �¯K)��35! Ø�35! õ)5! ��5ÚìC­½5�`

D(J, ��©z [8–12]. ~X, 3 2019 c, ¾{r [8] ¥$^Iþ�ØÄ:½n��
k-Hessian

XÚ 
Sk(D

2u1) = λ1f1(−u2) in Ω,

Sk(D
2u2) = λ2f2(−u1) in Ω,

u1 = u2 = 0 on ∂Ω,

��5»�à)��35ÚìC1�.

É©z [7]Ú [8]�éu, �©òÏLØÄ:½nïÄÍÜ k-Hessian XÚ (1.1) ��5»�k-à

)��359ìC1�. �©�Ì�ó�´é©z [7, 8]�í2.

2. ý��£

�!�Ñ�
7��ÚnÚÌ�óä.

é?¿� k = 1, 2, · · · , N , ½Â8Ü

Γk := {ν ∈ RN : Sk(ν) > 0, 1 ≤ k ≤ N} ⊂ RN .

½Â 1.1. ( [13]) � Ω ´ RN ¥���k.m8, eé?¿� x ∈ Ω, Hessian Ý
�A��þ

ν1, ν2, · · · , νN ÷v^� (ν1, ν2, · · · , νN ) ∈ Γk, K¡ u(x) ∈ C2(Ω) ´ k- à¼ê.

Ún 2.1 ( [14]) � v(r) ∈ C2[0, R) ´��»�é¡¼ê� v
′
(0) = 0, K¼ê u(|x|) = v(r) ∈

C2(BR), r = |x| < R, �

λ(D2u) =

 (v
′′
(r),

v
′
(r)

r
, . . . ,

v
′
(r)

r
, r ∈ (0, R),

(v
′′
(0), v

′′
(0), . . . , v

′′
(0)), r = 0;

Sk(λ(D2u)) =

Ck−1N−1v
′′
(r) +

(v′(r)
r

)k−1
+ CkN−1

(v′(r)
r

)k
, r ∈ (0, R),

CkN (v
′′
(0))k, r = 0,
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Ù¥ r = |x| =

√
N∑
i=1

x2i , BR := {x ∈ RN : |x| < R}, CkN = N !
k!(N−k)! .

ÏLÚn 3.1, ·��±ò k-Hessian XÚ (1.1) =z�Xe�~�©>�¯K

{
rN−k

k

[
u
′

1(r)
]k}′

= λ1(C
k−1
N−1)

−1rN−1f1(−u2(r)), 0 < r < 1,{
rN−k

k

[
u
′

2(r)
]k}′

= λ2(C
k−1
N−1)

−1rN−1f2(−u3(r)), 0 < r < 1,

...{
rN−k

k

[
u
′

n(r)
]k}′

= λn(Ck−1N−1)
−1rN−1fn(−u1(r)), 0 < r < 1,

u
′

i(0) = ui(0) = 0, i = 1, 2, · · · , n.

(2.1)

�C� vi = −ui(i = 1, 2, · · · , n), K�ò~�©XÚ (2.1) =z�Xe�~�©XÚ

{
rN−k

k

[
− v

′

1(r)
]k}′

= λ1(C
k−1
N−1)

−1rN−1f1(v2(r)), 0 < r < 1,{
rN−k

k

[
− v

′

2(r)
]k}′

= λ2(C
k−1
N−1)

−1rN−1f2(v3(r)), 0 < r < 1,

...{
rN−k

k

[
− v

′

n(r)
]k}′

= λn(Ck−1N−1)
−1rN−1fn(v1(r)), 0 < r < 1,

v
′

i(0) = vi(0) = 0, i = 1, 2, · · · , n.

(2.2)

K (u1, u2) = (−v1,−v2) ´ k-HesianXÚ (1.1) �»�)��=� (v1, v2) ´È©XÚ

v1(r) = λ
1
k
1

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f1(v2(s))ds

) 1
k

dτ,

v2(r) = λ
1
k
2

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f2(v3(s))ds

) 1
k

dτ,

...

vn(r) = λ
1
k
n

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1fn(v1(s))ds

) 1
k

dτ.

(2.3)

���).

½Â¼ê�m E = C[0, 1], KU�ê ‖x‖ = max
0≤t≤1

|x(t)| �¤ Banach �m. ½Â

P :=
{
x ∈ E : x(t) ≥ 0, t ∈ [0, 1], x(t) ≥ θ‖x‖, t ∈ [θ, 1− θ]

}
⊂ E

´ E þ���I, Ù¥ θ ∈ (0, 1
2
). w,, P ´ E þ����5I.
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é?¿� v ∈ P , ·�½Â�f Ti : P → E(i = 1, 2, · · · , n) �

(T1v)(t) = λ
1
k
1

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f1(v(s))ds

) 1
k

dτ,

(T2v)(t) = λ
1
k
2

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f2(v(s))ds

) 1
k

dτ,

...

(Tnv)(t) = λ
1
k
n

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1fn(v(s))ds

) 1
k

dτ.

(2.4)

½Â��EÜ�f T̃1 = T1T2 · · ·Tn.

Ún 2.2 ( [6]) �f Ti(i = 1, 2, , n) ´�Kà¼ê, Ïdd Arzelà ½n�� Ti : P → E(i =

1, 2, · · · , n) ´�ëY�f. ?�Ú/, d T �½Â�� T �´���ëY�f.

d©z [5] ��, � λ1 = λ1 = · · · = λn �, (v1, v2, · · · , vn) ∈ C1[0, 1]× C1[0, 1]× · · · × C1[0, 1]︸ ︷︷ ︸
n

´È©XÚ (2.3) �)��=� (v1, v2, · · · , vn) ∈ P \ {0} × P \ {0} × · · · × P \ {0}︸ ︷︷ ︸
n

¿�÷v

v1 = T1v2, v2 = T2v3, · · · , vn = Tnv1. ùL²e v1 ∈ P \ {0} ´ T̃1 ���ØÄ:, @o�·�½Â

v2 = T2v3, · · · , vn = Tnv1 �, (v1, v2, · · · , vn) ∈ C1[0, 1]× C1[0, 1]× · · · × C1[0, 1]︸ ︷︷ ︸
n

´È©XÚ (2.3)

���). ,��¡, e (v1, v2, · · · , vn) ∈ C1[0, 1]× C1[0, 1]× · · · × C1[0, 1]︸ ︷︷ ︸
n

´È©XÚ (2.3) ��

�), K v1 ´�ëY�f T̃1 ����"ØÄ:.

Ïd, �yÈ©XÚ (2.3) k��), ·��Iy�ëY�f T̃1 k���"ØÄ:=�.

aq�, ·��±½ÂÙ¦�EÜ�f, Xe:

T̃2 = T2T3 · · ·TnT1,

T̃3 = T3 · · ·TnT1T2,

...

T̃n = Tn · · ·T1T2T3.

e¡�Ñ�©�Ì�ïÄóä.

Ún 2.3 ( [15]) - Ω1 Ú Ω2 ´ Banach �m E þ�ü�k.m8, � 0 ∈ Ω, Ω̄1 ⊂ Ω2, -

P : P ∩ (Ω̄2 \ Ω1)→ P ´���ëY�f, Ù¥ P ´ E þ���I. e

(i) ‖Tx‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω1, � ‖Tx‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω2;

½

(ii) ‖Tx‖ ≥ ‖x‖, ∀x ∈ P ∩ ∂Ω1, � ‖Tx‖ ≤ ‖x‖, ∀x ∈ P ∩ ∂Ω2.

K T 3 P ∩ (Ω̄2 \ Ω1) ¥��k��ØÄ:.
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3. Ì�(J

Äk, é i = 1, 2, · · · , n, ·��ÑXePÒ:

f0
i = lim

x→0

f(x)

xk
, f∞i = lim

x→∞

f(x)

xk
.

½n 3.1 b� fi ∈ C([0,+∞), [0,+∞)), � f0
i = 0, f∞i = ∞, Ké λi > 0, k-Hessian XÚ (1.1)

�3����5»�à) u = (uλ1
, uλ2

, · · · , uλn
) ÷v lim

λi→0+
‖uλi
‖ =∞, Ù¥ i = 1, 2, · · · , n.

y²: éi = 1, 2, · · · , n,·��Iy²éλi > 0,È©XÚ(2.3)�3��)v = (vλ1
, vλ2

, · · · , vλn
)

÷v lim
λi→0+

‖vλi
‖ =∞ =�. Ï� f0

i = 0, K�3��~ê r1 > 0 ¦�é?¿� ε > 0, k

f1(v2) ≤ εvk2 , ∀ 0 ≤ v2 ≤ r1,

f2(v3) ≤ εvk3 , ∀ 0 ≤ v3 ≤ r1,
...

fn(v1) ≤ εvk1 , ∀ 0 ≤ v1 ≤ r1,

Ù¥ ε ÷v

(λ1λ2 · · ·λn)
1
k ε

n
k ≤ 1. (3.1)

Ïd, é vi ∈ P ∩ ∂Ωr1 , i = 1, 2, · · · , n, Ωr1 = {x ∈ RN : ‖x‖ ≤ r1}, k

(T1v2)(t) = λ
1
k
1

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f1(v2(s))ds

) 1
k

dτ

≤ λ
1
k
1

∫ 1

0

(∫ 1

0

kτk−NsN−1(Ck−1N−1)
−1f1(v2(s))ds

) 1
k

dτ

≤ λ
1
k
1

∫ 1

0

(∫ 1

0

kτk−NsN−1(Ck−1N−1)
−1εvk2 (s)ds

) 1
k

dτ

≤ λ
1
k
1 ε

1
k

( k

Ck−1N−1

) 1
k

‖v2‖
∫ 1

0

(∫ 1

0

τk−NsN−1ds

) 1
k

dτ

≤ λ
1
k
1 ε

1
k ‖v2‖, t ∈ [0, 1],

Ón��,

(T2v3)(t) = λ
1
k
2

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f2(v3(s))ds

) 1
k

dτ

≤ λ
1
k
2 ε

1
k ‖v3‖, t ∈ [0, 1],

...

(Tnv1)(t) = λ
1
k
n

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1fn(v1(s))ds

) 1
k

dτ

≤ λ
1
k
n ε

1
k ‖v1‖, t ∈ [0, 1].
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�
d T̃1 �½ÂÚ (3.1) ��,

‖T̃1v1‖ = ‖T1T2 · · ·Tnv1‖

≤ λ
1
k
1 ε

1
k ‖T2 · · ·Tnv1‖

≤ (λ1λ2)
1
k ε

2
k ‖T3 · · ·Tnv1‖

...

≤ (λ1λ2 · · ·λn)
1
k ε

n
k ‖v1‖

≤ ‖v1‖, v1 ∈ P ∩ ∂Ωr1 .

(3.2)

Ï� f∞i =∞, K�3��~ê R0(0 < r1 < R0) ¦�é?¿�~ê η > 0, k

f1(v2) ≥ ηvk2 , ∀v2 ≥ R0,

f2(v3) ≥ ηvk3 , ∀v3 ≥ R0,

...

fn(v1) ≥ ηvk1 , ∀v1 ≥ R0,

Ù¥ η ÷v

(λ1λ2 · · ·λn)
1
k

( ηk

Ck−1N−1

)n
k

(1− θ)
n(k−N)

k θ
n(2k+N−1)

k ≥ 1. (3.3)

- R1 > max{R0,
R0

θ
}, Ké vi ∈ P ∩ ∂ΩR1

, i = 1, 2, · · · , n, ΩR1
= {x ∈ RN : ‖x‖ ≤ R1}, k

vi(t) ≥ θ‖vi‖ = θR1 ≥ R0, t ∈ [θ, 1− θ].

Ïd, é vi ∈ P ∩ ∂ΩR1
, k

(T1v2)(t) = λ
1
k
1

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f1(v2(s))ds

) 1
k

dτ

≥ λ
1
k
1

∫ 1

1−θ

(∫ 1−θ

θ

kτk−NsN−1(Ck−1N−1)
−1f1(v2(s))ds

) 1
k

dτ

≥ λ
1
k
1

∫ 1

1−θ

(∫ 1−θ

θ

kτk−NsN−1(Ck−1N−1)
−1ηvk2 (s)ds

) 1
k

dτ

≥ λ
1
k
1

∫ 1

1−θ

(∫ 1−θ

θ

k(1− θ)k−NθN−1(Ck−1N−1)
−1η(θ‖v2‖)kds

) 1
k

dτ

=
( λ1ηk

Ck−1N−1

) 1
k

(1− θ)
k−N

k θ
2k+N−1

k ‖v2‖, t ∈ [0, 1],
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Ón��,

(T2v3)(t) = λ
1
k
2

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1f2(v3(s))ds

) 1
k

dτ

≥
( λ2ηk

Ck−1N−1

) 1
k

(1− θ)
k−N

k θ
2k+N−1

k ‖v3‖, t ∈ [0, 1],

...

(Tnv1)(t) = λ
1
k
n

∫ 1

t

(∫ τ

0

kτk−NsN−1(Ck−1N−1)
−1fn(v1(s))ds

) 1
k

dτ

≥
( λnηk
Ck−1N−1

) 1
k

(1− θ)
k−N

k θ
2k+N−1

k ‖v1‖, t ∈ [0, 1].

�
d T̃1 �½ÂÚ (3.3) ��,

‖T̃1v1‖ = ‖T1T2 · · ·Tnv1‖

≥
( λ1ηk

Ck−1N−1

) 1
k

(1− θ)
k−N

k θ
2k+N−1

k ‖T2 · · ·Tnv1‖

≥ (λ1λ2)
1
k

( ηk

Ck−1N−1

) 2
k

(1− θ)
2(k−N)

k θ
2(2k+N−1)

k ‖T3 · · ·Tnv1‖

...

≥ (λ1λ2 · · ·λn)
1
k

( ηk

Ck−1N−1

)n
k

(1− θ)
n(k−N)

k θ
n(2k+N−1)

k ‖v1‖

≥ ‖v1‖, v1 ∈ P ∩ ∂ΩR1
.

(3.4)

(ÜÚn 2.3 ��, �f T̃1 k��ØÄ: v1 ∈ P ∩ (Ω̄R1
\Ωr1). ½Â T2v3 = v2, · · · , Tnv1 = vn, K

(v1, v2, · · · , vn) ´ ~�©XÚ (2.2) �����5»�]).

Ón, ·���±�Ñ�f T̃2 k��ØÄ: v2 ∈ P ∩ (Ω̄R1
\Ωr1), · · · , �f T̃n k��ØÄ:

vn ∈ P ∩ (Ω̄R1
\Ωr1).

�e5, ·�y²� λi → 0+ �, ‖vλi
‖ → +∞, i = 1, 2, · · · , n. b��3~ê βi > 0 ÚS�

λim → 0+ ¦�

‖vλim
‖ ≤ βi (m = 1, 2, · · · ).

KS� {‖vλim
‖} �3��Âñu~ê αi(0 ≤ αi ≤ βi) �fS�, �{Bå�, ·�b� {‖vλim

‖}
Âñu αi.

(i) e αi > 0, Kéu¿©�� m(m > k), k {‖viλim
‖} > αi

2
. -

F1 = max{f1(v2), r1 ≤ ‖v2‖ ≤ R1},

F1 = max{f2(v3), r1 ≤ ‖v3‖ ≤ R1},
...

F1 = max{fn(v1), r1 ≤ ‖v1‖ ≤ R1}.
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d T1v2 = v1, T2v3 = v2, · · · , Tnv1 = v1 ��

1

λ
1
k
1m

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1f1(v2(s))ds
) 1

k dτ‖
‖v1λ1m

‖

≤
‖
∫ 1

0

(∫ 1

0
kτk−NsN−1(Ck−1N−1)

−1F1ds
) 1

k

‖

‖v1λ1m
‖

≤
F

1
k
1 | k

2k−N |
‖v1λ1m

‖

≤ 2kF
1
k
1

|2k −N |α1

,

1

λ
1
k
2m

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1f2(v3(s))ds
) 1

k dτ‖
‖v2λ2m

‖
≤ 2kF

1
k
2

|2k −N |α2

,

...

1

λ
1
k
nm

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1fn(v1(s))ds
) 1

k dτ‖
‖vnλnm

‖
≤ 2kF

1
k
n

|2k −N |αn
.

(3.5)

(3.5) L² λim → +∞(m→ +∞), ù� λim → 0+ gñ, i = 1, 2, · · · , n.

(ii) e αi = 0, Kéu¿©�� m(m > k), k {‖viλim
‖} → 0. d f0

i = 0 ��, é?¿� δ > 0,

�3��~ê r0 > 0, ¦�

f1(v2λ2m
) ≤ δvk2λ2m

, ∀ 0 ≤ v2λ2m
≤ r0,

f2(v3λ3m
) ≤ δvk3λ3m

, ∀ 0 ≤ v3λ3m
≤ r0,

...

fn(v1λ1m
) ≤ δvk1λ1m

, ∀ 0 ≤ v1λ1m
≤ r0.

Ïd, é viλim
∈ P ∩ ∂Ωr0 , ‖viλim

‖ = r0, k

1

λ
1
k
1m

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1f1(v2(s))ds
) 1

k dτ‖
‖v1λ1m

‖

≤
‖
∫ 1

0

(∫ 1

0
kτk−NsN−1(Ck−1N−1)

−1δvk2λ2m
ds
) 1

k

‖

‖v1λ1m
‖

≤ kδ
1
k ‖v2‖

|2k −N |r0
,

1

λ
1
k
2m

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1f2(v3(s))ds
) 1

k dτ‖
‖v2λ2m

‖
≤ kδ

1
k ‖v3‖

|2k −N |r0
,

...

(3.6)
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1

λ
1
k
nm

=
‖
∫ 1

t

(∫ τ
0
kτk−NsN−1(Ck−1N−1)

−1fn(v1(s))ds
) 1

k dτ‖
‖vnλnm

‖
≤ kδ

1
k ‖v1‖

|2k −N |r0
.

(3.6) L² λim → +∞(m→ +∞), ù� λim → 0+ gñ, i = 1, 2, · · · , n.

nþ��, � λi → 0+ �, ‖vλi
‖ → +∞, i = 1, 2, · · · , n.

aqu½n 3.1 �y², ·�kXe½n.

½n 3.2 b� fi ∈ C([0,+∞), [0,+∞)), � f0
i = ∞, f∞i = 0, Ké¤k� λi > 0, k-

Hessian �§ (1.1) �3����5»�à) u = (uλ1
, uλ2

, · · · , uλn
) ÷v lim

λi→0+
‖uλi
‖ = 0, Ù¥

i = 1, 2, · · · , n.
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