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Abstract

We considered the fixed point problem of nonexpansive mapping in Hilbert space. We

proposed an inertial generalized Mann-Halpern algorithm. Giving certain conditions,
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we proved the strong convergence of the algorithm. Then we applied the algorithm

to solve the Fermat-Weber location problem, and gave a numerical experiment. Com-

pared with algorithms had been proposed before, our algorithm has the flexibility on

choosing parameters.
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1. Úó

�©Ì�ïÄ�*ÜN� T �ØÄ:¯K.H�L Hilbert�m, 〈 ·, · 〉, ‖ · ‖©O�LHþ�S
È9Ùp��ê. � C ⊂ H´��4à8, T : C → C ´�*ÜN�.

Mann3©z [1]¥JÑ
²;�Mann�{, éu x0 ∈ C , α ∈ (0, 1) , ÙS�/ª�:

xn+1 = αxn + (1− α)Txn, n = 0, 1, 2, · · · . (1)

Reich3©z [2]¥JÑ
��/ª�Mann�{, éu x0 ∈ C , {αn} ⊂ (0, 1) , ÙS�/ª�:

xn+1 = αnxn + (1− αn)Txn, n = 0, 1, 2, · · · . (2)

3�½^�ey²
 {xn}fÂñ� T �ØÄ:. ��©z [2].

Halpern3©z [3]¥JÑ
 Halpern�{, éu x0, u ∈ C, {αn} ⊂ (0, 1) , ÙS�/ª�:

xn+1 = αnu+ (1− αn)Txn, n = 0, 1, 2, · · · . (3)

y²
 {xn}rÂñ� T �ØÄ:�7�^�´: lim
n→∞

αn = 0,
∞∑
n=0

αn =∞.

Wittmann 3©z [4]¥y²
�{(3)¥S� {xn} rÂñ� T �ØÄ:�¿©^�´:

lim
n→∞

αn = 0,
∞∑
n=0

αn =∞, �
∞∑
n=0

|αn+1 − αn| <∞.
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,��¡, .5�{�@´d Polyak3©z [5]¥JÑ�, T�{3\¯Âñ�Ç�¡åX

��^. e�ÚS�dcüÚS���, =

xn+1 = xn + θn(xn − xn−1), n = 0, 1, 2, · · · . (4)

Ù¥ x0, x1 ∈ C, {θn} ⊂ [0, 1). Cc5, é.5�{kX�þïÄ, ~X, .5c�©��{ [6], .

5ÝK�{ [7], .5Mann�{ [8–12]�.

Mainge3©z [8]¥JÑ
.5Mann�{, éu x0, x1 ∈ C, {αn} ⊂ (0, 1), ÙS�/ª�:wn = xn + θn(xn − xn−1),

xn+1 = αnwn + (1− αn)Twn, n = 0, 1, 2, · · · .
(5)

3�½^�e, y²
�{(5)�fÂñ5. ��©z [8].

Tan�<3©z [12]¥JÑ
?��.5Mann-Halpern�{,éu x0, x1, u ∈ C, {αn}, {βn} ⊂
(0, 1), ÙS�/ª�: 

wn = xn + θn(xn − xn−1),

yn = βnwn + (1− βn)Twn,

xn+1 = αnu+ (1− αn)yn, n = 0, 1, 2, · · · .

(6)

3�½^�e, y²
�{(6)äkrÂñ5. ��©z [12].

�©3©z [12]�Ä:þ, JÑ.52ÂMann-Halpern�{, S�/ª�:
wn = xn + θn(xn − xn−1),

yn = snwn + tnTwn,

xn+1 = αnu+ (1− αn)yn, n = 0, 1, 2, · · · .

(7)

Ù¥ x0, x1, u ∈ C, {θn} ⊂ [0, 1), {sn}, {tn}, {αn} ⊂ (0, 1). �{(7) 3ëê�À�þ�\(¹: �

sn + tn ≡ 1�, T�{òz¤�{(6). 3�½^�e, ·�òy²�{�rÂñ5.

2. ý��£

�!Ì��Ñ�
½ny²¥I�^��ÚnÚÄ�Vg.

½Â1. N� T : C → C, XJé?¿ x, y ∈ C, Ñk

‖Tx− Ty‖ ≤ ‖x− y‖,

K¡ T ´ C þ��*ÜN�. XJ�3 x ∈ C, ¦� x = Tx, K¡ x´ T �ØÄ:, P T �¤k

ØÄ:�¤�8Ü� Fix(T ).

51. �©¥, XÃAÏ`², þb� T ´�*ÜN�, ¿� Fix(T ) 6= ∅.
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½Â2. H��Ý�m H∗ := {g : H → R
∣∣ g� Hþ�ëY�5�¼}. � x ∈ H, S�{xn} ⊂ H,

XJé?¿ g ∈ H∗ Ñk lim
n→∞

g(xn) = g(x), K¡ {xn}fÂñu x, P¤ xn ⇀ x, (n→∞); XJ

lim
n→∞
‖xn − x‖ = 0,

K¡ {xn}rÂñu x, P¤ xn → x, (n→∞).

Ún1. (©z [13]íØ4.15) � C ⊂ H´��4à8, T : C → C ´�*ÜN�, K Fix(T )´4à

8.

Ún2. (©z [13]Ún2.37) � {xn}´H¥�k.S�, K {xn}�3fÂñ�f�.

Ún3. (©z [14]Ún2.1) é?¿ x, y ∈ H, ±e¯¢¤á:

(1) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉;

(2) ‖ax+ by‖2 = a(a+ b)‖x‖2 + b(a+ b)‖y‖2 − ab‖x− y‖2, ∀a, b ∈ R.
Ún4. (©z [15]Ún8) � {bn}, {ηn}´�K¢ê�, {δn}, {ξn}´¢ê�, {γn} ⊂ (0, 1), ¿�

bn+1 ≤ (1− γn)bn + γnδn, 9 bn+1 ≤ bn − ηn + ξn, n = 0, 1, 2, · · · .

e

(1)
∞∑
n=0

γn =∞, (2) lim
n→∞

ξn = 0,

(3) {ηn}�?¿÷v lim
k→∞

ηnk
= 0�f� {ηnk

}%¹ lim sup
k→∞

δnk
≤ 0,

K lim
n→∞

bn = 0.

Ún5. (©z [13]íØ4.18) � C ⊂ H´��4à8, T : C → C ´�*ÜN�, {xn} ⊂ C, x ∈ H.

XJ� n→∞ �, kxn ⇀ x, � (xn − Txn)→ 0, K (I − T )x = 0.

Ún6. (©z [16]·K1.78) � C ⊂ H´��4à8, x̄ ∈ H, ȳ ∈ C, K ȳ ´ x̄3 C þ�ÝK��

=�

〈x̄− ȳ, y − ȳ〉 ≤ 0, ∀y ∈ C.

3. Ì�(J

�{1. b� {θn} ⊂ [0, 1), {sn}, {tn}, {αn} ⊂ (0, 1), ÷v sn + tn ≤ 1. éu x0, x1, u ∈ C, �{S�
/ª�: 

wn = xn + θn(xn − xn−1),

yn = snwn + tnTwn,

xn+1 = αnu+ (1− αn)yn, n = 0, 1, 2, · · · .

(8)

½n1. � C ⊂ H´��4à8, T : C → C ´�*ÜN�, �Fix(T ) 6= ∅. éux0, x1, u ∈ C, S�
{xn}d�{1S��), ¿�±e^�¤á

(1) lim
n→∞

αn = 0,
∞∑
n=0

αn =∞,
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(2) lim
n→∞

θn‖xn−xn−1‖
αn

= 0,

(3)
∞∑
n=0

(1− sn − tn) <∞,

(4) lim
n→∞

1−sn−tn
αn

= 0.

K {xn}rÂñ� T �ØÄ: p, ¿� p = PFix(T )u.

yyy²²². 1�Ú:ky² {xn}k.. � p ∈ Fix(T ), K

‖xn+1 − p‖ = ‖αnu+ (1− αn)yn − p‖

= ‖αn(u− p) + (1− αn)(yn − p)‖

≤ αn‖u− p‖+ (1− αn)‖yn − p‖. (9)

þª¥

‖yn − p‖ = ‖snwn + tnTwn − p‖

= ‖sn(wn − p) + tn(Twn − p) + (sn + tn − 1)p‖

≤ sn‖wn − p‖+ tn‖Twn − p‖+ (1− sn − tn)‖p‖

≤ sn‖wn − p‖+ tn‖wn − p‖+ (1− sn − tn)‖p‖

= (sn + tn)‖wn − p‖+ (1− sn − tn)‖p‖

≤ ‖wn − p‖+ (1− sn − tn)‖p‖. (10)

ò(10)ª�\(9)ª¥, ��

‖xn+1 − p‖ ≤ (1− αn)‖wn − p‖+ αn‖u− p‖+ (1− αn)(1− sn − tn)‖p‖. (11)

þª¥

‖wn − p‖ = ‖xn + θn(xn − xn−1)− p‖ ≤ ‖xn − p‖+ θn‖xn − xn−1‖. (12)

ò(12)ª�\(11)ª¥, ��

‖xn+1 − p‖

≤ (1− αn)‖xn − p‖+ αn‖u− p‖+ (1− αn)θn‖xn − xn−1‖+ (1− αn)(1− sn − tn)‖p‖

= (1− αn)‖xn − p‖+ αn

[
‖u− p‖+ (1− αn) θn‖xn−xn−1‖

αn

]
+ (1− αn)(1− sn − tn)‖p‖.
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3þª¥, - M = 2 max
{
‖u − p‖, sup

n≥0
(1 − αn) θn‖xn−xn−1‖

αn

}
, d (1 − αn) < 1 Ú^�(2) ��

M <∞, K

αn

[
‖u− p‖+ (1− αn) θn‖xn−xn−1‖

αn

]
≤ αnM.

¤±

‖xn+1 − p‖ ≤ (1− αn)‖xn − p‖+ αnM + (1− αn)(1− sn − tn)‖p‖.

dà|Ü5���

‖xn+1 − p‖ ≤ max
{
‖xn − p‖, M

}
+ (1− αn)(1− sn − tn)‖p‖.

2d (1− αn) < 1, ��

‖xn+1 − p‖ ≤ max
{
‖xn − p‖, M

}
+ (1− sn − tn)‖p‖.

òþª'u n?18B, ��

‖xn+1 − p‖ ≤ max
{
‖x0 − p‖, M

}
+

n∑
j=0

(1− sj − tj)‖p‖. (13)

(Ü^�(3)��
n∑
j=0

(1− sj − tj)‖p‖ ≤
∞∑
n=0

(1− sn − tn)‖p‖ <∞,

�d(13)ª��
{
‖xn+1 − p‖

}
k., l {xn}k..

?�Ú,Ï� ‖wn‖ ≤ ‖xn‖+θn‖xn−xn−1‖,¤± {wn}k.,d T ´�*ÜN�� ‖Twn−p‖ ≤
‖wn − p‖, l {Twn}k..

d {yn}½ÂÚ sn + tn ≤ 1� ‖yn‖ ≤ sn‖wn‖+ tn‖Twn‖ ≤ max
{
‖wn‖, ‖Twn‖

}
, l {yn}k

., 2d T ´�*ÜN�� {Tyn}k..

1�Ú:2y² {xn}rÂñ� p = PFix(T )u. Ï�

‖xn+1 − p‖2 = ‖αnu+ (1− αn)yn − p‖2

= ‖(1− αn)(yn − p) + αn(u− p)‖2

≤ (1− αn)2‖yn − p‖2 + 2〈αn(u− p), xn+1 − p〉

≤ (1− αn)‖yn − p‖2 + 2αn〈u− p, xn+1 − p〉. (14)
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(14)ª¥1��Ø�ªdÚn3¯¢(1)��, �

‖yn − p‖2 = ‖snwn + tnTwn − p‖2

= ‖sn(wn − p) + tn(Twn − p) + (sn + tn − 1)p‖2

≤ ‖sn(wn − p) + tn(Twn − p)‖2 + 2〈(sn + tn − 1)p, yn − p〉

= sn(sn + tn)‖wn − p‖2 + tn(sn + tn)‖Twn − p‖2 − sntn‖wn − Twn‖2

+ 2〈(sn + tn − 1)p, yn − p〉

≤ sn‖wn − p‖2 + tn‖Twn − p‖2 − sntn‖wn − Twn‖2 + 2(sn + tn − 1)〈p, yn − p〉

≤ sn‖wn − p‖2 + tn‖wn − p‖2 − sntn‖wn − Twn‖2 + 2(sn + tn − 1)〈p, yn − p〉

= (sn + tn)‖wn − p‖2 − sntn‖wn − Twn‖2 + 2(sn + tn − 1)〈p, yn − p〉

≤ ‖wn − p‖2 − sntn‖wn − Twn‖2 + 2(sn + tn − 1)〈p, yn − p〉. (15)

(15)ª¥1��Ø�ªdÚn3¯¢(1)��, 1n��ªdÚn3¯¢(2)��.

ò(15)ª�\(14)ª¥, ��

‖xn+1 − p‖2 ≤ (1− αn)‖wn − p‖2 − (1− αn)sntn‖wn − Twn‖2

+ 2(1− αn)(sn + tn − 1)〈p, yn − p〉+ 2αn〈u− p, xn+1 − p〉. (16)

þª¥

‖wn − p‖2 = ‖xn + θn(xn − xn−1)− p‖2 = ‖xn − p+ θn(xn − xn−1)‖2

= ‖xn − p‖2 + θ2n‖xn − xn−1‖2 + 2θn〈xn − p, xn − xn−1〉. (17)

ò(17)ª�\(16)ª¥, ��

‖xn+1 − p‖2 ≤ (1− αn)‖xn − p‖2 + (1− αn)θ2n‖xn − xn−1‖2 + 2(1− αn)θn〈xn − p, xn − xn−1〉

− (1− αn)sntn‖wn − Twn‖2 + 2(1− αn)(sn + tn − 1)〈p, yn − p〉+ 2αn〈u− p, xn+1 − p〉.
(18)

3(18)ª¥- bn = ‖xn − p‖2, ηn = (1− αn)sntn‖wn − Twn‖2, γn = αn,

δn = (1−αn)
αn

θ2n‖xn−xn−1‖2+
2(1−αn)
αn

θn〈xn−p, xn−xn−1〉+ 2(1−αn)
αn

(sn+tn−1)〈p, yn−p〉+2〈u−p, xn+1−p〉.

- ξn = αnδn, K

ξn = (1− αn)θ2n‖xn − xn−1‖2 + 2(1− αn)θn〈xn − p, xn − xn−1〉

+ 2(1− αn)(sn + tn − 1)〈p, yn − p〉+ 2αn〈u− p, xn+1 − p〉.
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l(18)ª�U�¤

bn+1 ≤ (1− γn)bn + γnδn, 9 bn+1 ≤ bn − ηn + ξn, n = 0, 1, 2, · · · .

d
∞∑
n=0

αn =∞�
∞∑
n=0

γn =∞.

3 ξn¥, Ï� lim
n→∞

αn = 0Ú1�Ú(Ø {xn}k., ¤±

lim
n→∞

2αn〈u− p, xn+1 − p〉 = 0.

d^�(2)� lim
n→∞

θn‖xn − xn−1‖ = 0, ¤±

lim
n→∞

θ2n‖xn − xn−1‖2 = 0, lim
n→∞

2(1− αn)θn〈xn − p, xn − xn−1〉 = 0.

d^�(3)� lim
n→∞

(1− sn − tn) = 0, ¤± lim
n→∞

(sn + tn − 1) = 0, (Ü1�Ú(Ø {yn}k., l

lim
n→∞

2(1− αn)(sn + tn − 1)〈p, yn − p〉 = 0.

nÜ��

lim
n→∞

ξn = 0.

(ÜÚn4, �dTÚn�^�(1),(2)®÷v, �e5¦y^�(3)÷v=�.

¯¢þ, ?� {ηn}�f� {ηnk
}, ¦� lim

k→∞
ηnk

= 0. d {αn}, {sn}, {tn} ⊂ (0, 1)Ú ηn ½Â, �

�

lim
k→∞
‖wnk

− Twnk
‖ = 0. (19)

d lim
n→∞

θn‖xn − xn−1‖ = 0, ��

‖wnk
− xnk

‖ = ‖xnk
+ θnk

(xnk
− xnk−1

)− xnk
‖ = θnk

‖xnk
− xnk−1

‖ → 0, (k →∞). (20)

Ï� {xn}k., ¤± {xnk
}k., ¤±dÚn2��3 {xnk

}�f� {xnkj
}÷v

xnkj
⇀ x̄, (j →∞)9 lim sup

k→∞
〈u− p, xnk

− p〉 = lim
j→∞
〈u− p, xnkj

− p〉.

d(20)ª��, wnkj
⇀ x̄, (j →∞), ¤±d(19)ªÚÚn5� x̄ = T x̄, = x̄ ∈ Fix(T ).

Ï� p = PFix(T )u, ¤±(ÜÚn1ÚÚn6�� 〈u− p, x̄− p〉 ≤ 0. ¤±

lim sup
k→∞

〈u− p, xnk
− p〉 = lim

j→∞
〈u− p, xnkj

− p〉 = 〈u− p, x̄− p〉 ≤ 0.
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�e5, y² lim sup
k→∞

〈u− p, xnk+1
− p〉 ≤ 0. Ï�

‖ynk
− wnk

‖ = ‖snk
wnk

+ tnk
Twnk

− wnk
‖ = ‖tnk

(Twnk
− wnk

) + (snk
+ tnk

− 1)wnk
‖

≤ tnk
‖Twnk

− wnk
‖+ (1− snk

− tnk
)‖wnk

‖.

¤±d(19)ª, tnk
⊂ (0, 1) , lim

n→∞
(1− sn − tn) = 0±9 {wnk

}k.��

lim
k→∞
‖ynk

− wnk
‖ = 0. (21)

Ï� ‖ynk
− xnk

‖ ≤ ‖ynk
− wnk

‖+ ‖wnk
− xnk

‖, ¤±d(20)ªÚ(21)ª��

lim
k→∞
‖ynk

− xnk
‖ = 0. (22)

qÏ�

‖xnk+1
− xnk

‖ = ‖αnk
u+ (1− αnk

)ynk
− xnk

‖ ≤ αnk
‖u− xnk

‖+ (1− αnk
)‖ynk

− xnk
‖.

¤±d lim
n→∞

αn = 0, {xnk
}k.Ú(22)ª��

lim
k→∞
‖xnk+1

− xnk
‖ = 0.

¤±

lim sup
k→∞

〈u− p, xnk+1
− p〉 ≤ 0.

2(Ü½n^�(2), ^�(4)Ú δn½Â

��

lim sup
k→∞

δnk
≤ 0.

�dy�Ún4�^�(3)÷v.

nþ, dÚn4��, lim
n→∞

bn = 0, =

lim
n→∞

xn = p.

�d, �¤y².

52. e¡�Ñ÷v½n^��ëê��«~:

� αn = 1
n
, sn = tn = 1

2
− 1

n2 , 0 ≤ θn ≤ θ̄n, Ù¥

θ̄n =


n−1
n+2

, xn = xn−1;

min
{
n−1
n+2

, 10
(n+1)2‖xn−xn−1‖

}
, xn 6= xn−1.
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4. �{3 Fermat-Weber½ ¯K¥�A^

�!Ì��ÄH¥Xe Fermat-Weber½ ¯K: =Ïé x ∈ Rd, ¦)

min
x

{
f(x) =

m∑
i=1

ωi‖x− ai‖
}
, (FW)

Ù¥, ωi > 0, i = 1, 2, · · · ,m´�, ai ∈ Rd´�½�e:.

¦)¯K(FW)~^��{´Weiszfeld�{, T�{�@dWeiszfeld3©z [17]¥JÑ, 3`

zÚ½ +�kX�þ�ïÄ, �8E3?ØÚ¦^, äN�ë�©z [17, 18]. 3©z [18]¥, �ö

�E
ØÄ:S��{¿?1
Âñ5©Û, 'u�*ÜN� T �äN�{Xe:
T (·) =

m∑
i=1

ωiai
‖· − ai‖

/ m∑
i=1

ai
‖· − ai‖

,

xn+1 = Txn, n = 0, 1, 2, · · · .

(23)

��A~, ·��Ä R3�m¥, m = 8��/, -A = {a1, a2, · · · , a8},�

A =


0 10 0 10 0 10 0 10

0 0 10 10 0 0 10 10

0 0 0 0 10 10 10 10

 ,

�� ωi ≡ 1, i = 1, 2, · · · , 8. d�¯K(FW)£ã�´ R3 �m¥, ¦���N8�º:ålÚ

���:��I, dáNAÛ�£´�, �`)´ x∗ = (5, 5, 5)T .

�e5, |^�{1(P�A1)¦)T¯K. sn, tn, αn, θ̄n, θn �ëê��Ó52, �*ÜN� T

Ó(23)ª, Ð©� x0, x1 dMatlab¼ê 10 ∗ rand(3, 1)�Å�), � u = 0.5(x0 + x1), ��S�g

ê� 1000g, Ø��½OK� ‖xn+1 − xn‖ ≤ 10−3. 3 Matlab R2020b�¸e, A1�©z [12]�

{(P�A2)�ê�é'(J�ã1§ã2.

Ù¥, A2ëêÀ��, βn = 1
100(n+1)2

, αn = 1
n+1

, u = 0.9x0, 0 ≤ θn ≤ θ̄n,

θ̄n =


n−1
n+3

, xn = xn−1,

min
{
n−1
n+3

, 10
(n+1)2‖xn−xn−1‖

}
, xn 6= xn−1,

Ù{ÓA1.

3Ð©:�Ó, Ø��½OK�Ó�cJe, lã1�±wÑ, A1, A2ÑÂñu�`) x∗ =

(5, 5, 5)T . lã2�±wÑ, A1�S�gê'A2�, ùNy
A1�'��c��{äk�½�`³.
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Figure 1. Iteration process

ã 1. S�L§ã

Figure 2. Error comparison

ã 2. Ø�é'ã

5. o(�Ð"

�©JÑ
 Hilbert�m¥�.52Â Mann-Halpern�{, 3�½^�ey²
T�{�r

Âñ5. ò�{A^u¦)äN¯K, |^ê�¢�?1
`², ¿�©z [12]¥��{?1
ê�

é', Ny
T�{äk�½�`³, l3¢SA^¥äk�r�(¹5. 3�5�ïÄ¥, ·�

�òïÄT�{�Âñ�Ç.
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