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Abstract

The concept of DP-coloring was initially used to prove that a planar graph without

cycle of length from 4 to 8 is 3-list-coloring, and this conclusion solves the partial

problems of the Steinberg conjecture of the weakened list coloring version proposed

by Erdös . As a generalization of list coloring, DP -coloring has received more and more

attention in the study of coloring. The research on list coloring has lasted for decades,

and the 3-choosable and 4-choosable problems of planar graphs belong to NP -difficult

problems. Based on this, in recent years, we have begun to study whether planar

graphs satisfying some configurations are DP -3-colorable or DP -4-colorable; moreover,

whether they are DP -3-colorable or DP -4-colorable. In this thesis, we prove that all

planar graphs without cycles of length 4, 5, 7, 10 are DP-3-colorable, which extends

the range of graphs that satisfy DP-3-colorable.
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1. 0�

�©¤�Ä�ã´k��¿�{ü�. XJ��ã�±i\�îAp�²¡¥, @o¡§��

�²¡ã. ²¡ã�n/Ú¯K´ã�/ÚnØ¥�����K. ²;� Grötzsch½n [1]�Ñ:

Ãn�/�²¡ã´3Ú�/. Í¶�Steinbergß��µØ¹k��� 4½ 5�²¡ã´ 3Ú�/

�. Tß���áÚX²¡ãn/Ú¯K�2�ïÄ. -<¿	�´, Steinbergß� [2]C
c�y

²Ø¤á.

ã� DP -/Ú�½Â (�¡�éA/Ú)´d DvořákÚ PostleJÑ� [3], ¦�^§5y²z

�Ø¹��Ýl 4� 8�²¡ã´ 3-�L-�/� (= 3-�À). 8c§ã� DP -/Ú����Õá

�/Ú�KÉ��5�õ�ïÄ'5.

ã�DP -k-�/5ruã��L k-�/5, Ïdég,/�Ä�
²;��L 3-/Ú½n£�
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?�Ú§n/Ú½n¤UÄ\r� DP -3-�/. Erdös'u Steinbergß��fz¯K�DP/Ú�

�QãXe:

¯K 1.1 ¦�����ê k (k ≥ 5), ¦�·K/¤kØ¹�Ý� 4 � k ���²¡ãÑ´

DP -3-�/�0¤á?

©z [4]Ú [5]�(JÑL²þã� k�3¿� k ≤ 9. ´Ä k ≤ 8, =/¤kØ¹�Ý� 4�

k���²¡ãÑ´ DP -3-�/�0´Ä¤á§EÎ´��m�5¯K.

/Ú¯Kþ®²��
é²¡ã\þ�
3á�þ���� DP -3-/Ú�Ü©¤J. ~X,

Ø¹���n�/�Ø¹�� {4, 5, 6, 7} [6]���²¡ã´ DP -3-�/�; Ø¹���n�/�

Ø¹�� {5, 6, 9}����²¡ã´ DP -3-�/�; Ø¹�� {3, 5, 6} [5] ½ö {3, 6, 7, 8} [5]½ö

{4, 5, 6, 9} [5]½ö {4, 5, 7, 9} [5]½ö {4, 6, 8, 9} [4]½ö {4, 7, 8, 9} [4]����²¡ã´ DP -3-�/

�.

3�©¥, ·�ïÄ�aØ¹o«�Ý���²¡ã� DP -3-/Ú¯K. þã(Jy²
�


Ø¹ {4, i, j, 9}����²¡ã´ DP -3-�/�, Ù¥ 4 < i < j < 9. �©�ÄXeaq¯K:

¯K 1.2 éu=
�êé (i, j), Ù¥ 4 < i < j < 10, Ø¹k��áu {4, i, j, 10}���²¡ãÑ
´ DP -3-�/�?

�8c��, 'uù�¯K�vk®��(J. e¡�½n´�©�Ì�(J, §y¢
¯K

1.2����¹.

½n 1.3 ¤kØ¹�� 4, 5, 7½ 10���²¡ãÑ´DP-3-�/�.

2. S-/Ú�Ä�Vg

½Â 2.1 b� G ´��ã, S ´�
��ê�ü��¤�8Ü. e D ´ G �����§N

� σ : E(D) → S ©�� D �z^k�> e �� S p�ü� σe, KkSé (D,σ) ¡� G ��

� S-IP, σ ¡�G���ÎÒ��, σe ¡� e �ÎÒ. (D,σ) �¡��� S-IPã. �N�

f : V (G) → [k] = {1, 2...k}. eéu D �z^k�> e = (x, y), kσe(f(x)) 6= f(y), K¡ f �

(D,σ)��� k-/Ú. XJã G�z�� S-IPãÑ´ k-�/�, @o¡ G´S-k-�/�. ã G

� S-Úê´�÷v G´ S-k-�/� k����.

Jin!WongÚZhu [7]JÑ
ã�S-k-/Ú�Vg. §´Nõ�/ÚVg�í2, �)k- /Ú!

ÎÒk-/Ú!ÎÒZk-/Ú!DP -k-/Ú!+/ÚÚOÃã�/Ú. AO/§XJ�S ��¤k�ê

ü��8Ü§@oS-k-/Ú�duã�DP -k-/Ú.

-SkL«8Ü[k] = 1, 2, ..., kþ�¤kü��8Ü, -S3 = {id, (12), (13), (23), (123), (132)}§
Ù¥id�ð�ü�. éu��ã�S-k-/Ú, duôÚ8´[k], ¤±8ÜS�±���3[k]þ�Ü©

ü�. Ïd§DP -k-/Ú��uSk-k-/Ú. Ïd, ½n1.3�±#LãXe.

½n 2.1 ¤kØ¹��4, 5, 7 Ú10���²¡ã´S3-3-�/�.
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�½��Sk-IPã(D,σ). ^��ÎÒs ∈ Sk=���:u½Â
,��IÒσ
′Xe:

σ′e =


s ◦ σe, ee = (u, v);

σe ◦ s−1, ee = (v, u);

σe, ÄK.

XJ��Sk-IPã�±l,��Sk-IPãÏL�X�=���§K¡ùü�IPã´�d=

��. w,, ü�=��d�Sk-IPãäk�Ó�Sk-Úê. XJ�^>�ÎÒ�id, K¡§��>,

ÄK¡�K>. XJ����¤k>Ñ´��, @o¡§����. XJ����±�d=���

���, @o¡ù�����; ÄK¡�K�.

2.1. ÎÒ9Ù½Â

·�PG�Ø¹��4, 5, 7, 10���ëÏ²¡ã£�½²¡i\¤�8Ü.

½Â 2.2 -C�ãG ∈ G¥����. XJCSÜ���º:vkn��:v1, v2, v33Cþ, @

oG[{vv1, vv2, vv3}]¡�C���9.. XJ��14−-�vk9., @o¡§���Ð�¶ÄK¡§

�����.

���C�§�9.¤y©¤�z����¡�¿. �ci���¿��Ý. ·�?�Ú¡�

�(c1, c2, c3)-9.. Xã 1:

Figure 1. (c1, c2, c3)-claw

ã 1. (c1, c2, c3)-9.

�â���½Â, ·��±éN´/�Ñ±eÚn.

Ún 2.2 XJC´G¥ã�����, @o|C| = 13§¿�Ck��(3, 8, 8)-9..

�!�Ù{Ü©´½n2.1�y²¤I�Ù¦ÎÒ.

3��²¡ãGþ, XJ��º: uÃ.½�¡�>.þ, K·�¡§�	Ü�; ÄK§´S

Ü�. éu���C, - int(C)Ú ext(C)©OL« C �SÜÚ	Ü�º:8Ü. XJ��¡�¤k

:Ñ´SÜ� (	Ü�), @où�·�¡ù�¡´SÜ� (	Ü�). ��� C XJ÷v int(C)Ú

ext(C)Ñ��, K·�¡ù���©l�.

DOI: 10.12677/aam.2023.123093 910 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.123093


ë¨]

XJü�¡k�Ó�>, K·�¡§�´���. ´»P½�C��Ý, ·�^|P |½|C|L«, §

�©O�P�C�>ê. ·�^d(f)L«��²¡ã�¡f���. �k�����ê. k-º: (©O

/, k+-º:Úk−-º:) L«�´��÷vd(v) = k�º:(©O/k, d(v) ≥ kÚd(v) ≤ k). �aq

�Vg�A^u´»,�Ú¡, Ù¥d(v)©O�|P |, |C| Úd(f)��. XJv�P���"àº:��,

K·�¡´»P Ú��º:v ∈ V (P )��. k-G´�^�¹k�2 Ý:�´», ¿�§�2Ý:Ø�

�. �d1, d2, d3´n��ê, §�÷v3 ≤ d1 ≤ d2 ≤ d3. ��(d1, d2, d3)-¡´���¹º:v1, v2, v3

�3-¡, Ù¥éuz��i ∈ {1, 2, 3}, vi´��SÜ�, Ý�di�:.

�p = u1u2u3u4�²¡ã��^´. XJp�¤k:Ñ´Ý�3�S:§¿�÷v±e^�Ù¥

��^, @o¡p´�^Ð´:

1. ´»pØáu,�¡�>.§�> u1u2Ú u3u4þ'é����n�/ [u2u1v]Ú [u3u4w].

2. ´»páu,�¡�>.§�>u1u2'é����n�/.

��A-:´��3-S:, ¿�§áu��SÜ�3-¡; ��B-:´��4-S:, ¿�§Úü

�3-¡�'; ��C-:´��S:, ¿�§QØ´A-:, �Ø´B-:; ��D-:´��	:, XJ§

Ú��n�/ T �', ·�òù�:P�D1-:, AO/, XJn�/ T k�^>3�.½�¡�>

.þ¿�§k��3-S:, @o·�¡n�/T�AÏn�/.

3. ½n2.1�y²

½n 3.1 -(D,σ)´��ãG ∈ G�S3-IPã. XJG�Ã.½¡f0�>.´�Ð�,@o(D[V (f0)],

σ) �?¿3-/Ú�±òÿ�(D,σ)§=�±*Ð�(D,σ) ���3-/Ú.

l½n3.1�±í�Ñ½n2.1. b��3�S3-3-�/�ãG ∈ G"�Gk�3-�/�S3-IÒ

ã(D,σ). ·��������5�²¡ã´DP -3-�/�, ÏdDk3-�C. ?�C���3-/Úφ.

dÚn2.2, ·���C´Ð�. @o, d½n3.1, ·��±òφòÿ�(ext(C), σ)Ú(int(C), σ).

·�ò^�y{5y²½n3.1. -G´½n3.1���4��~, §÷vσ(G) = |V (G)| +
|E(G)|����. ·��±b�f0�>.U´��Ð�, φ0´(D[V (f0), σ])���3-/Ú, �´T/

ÚØUòÿ���(D,σ).

3.1. (�5�

Ún 3.2 GØ¹©l�Ð�.

y²: XJC´G�©lÐ�, @od(D,σ)�4�5, ·��±òφ0òÿ�(D − int(C), σ),

,�òC�/Úòÿ�(int(C), σ). ù�φ0 Òòÿ���(D,σ)þ, ù�·��b�gñ.

Ún 3.3 G´�ëÏ�.

y²: ÄK, ·��±b�Dk��¬BÚ���:v ∈ V (B). ÏL(D,σ)�4�5, ·��

±òφ0òÿ�(D−V (B−v), σ). -f�B��¹:v���¡,¿�d(f)�����.XJd(f) ≤ 12,

@odÚn2.2, ·��±íäÑf�>.´��Ð�. Ïd, d(D,σ)�4�5§v�/Ú�òÿ
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�(f, σ), ¿?�Úòÿ�(B, σ). d	, XJd(f) ≥ 13, @ov3f>.þ�ü��:�m�\�

^fSÜ�k�>e, ����3-¡T . w,§B + e ∈ G. aq�, d(D,σ)�4�5, ·��±

òÿv�/Ú�(T, σ)¿�?�Úòÿ�(B + e, σ)þ. 3þãü«�¹e, (D,σ)��ª/ÚÑ´

dφ0òÿ��, ù�·�½n�b�gñ.

Ún 3.4 G�S:�Ý���3.

y²: XJG¥�3��Ý�p�2�S:v, @o·��±ÏL(D,σ)�4�5òφ0òÿ

�(D − v, σ), ¿�éw,�±?�Úòÿ�(D,σ).

�5 3.5 XJ(D,σ′)´��S3-IPã, ¿�§=��du(D,σ), @o(D,σ′)�´½n3.1���

4��~.

Ún 3.6 (D,σ)Ø¹K�(3, 3, 3)-¡.

y²: b�TÚnØ¤á, v1v2v3 ´��3 G ¥�K� (3, 3, 3)-¡, ¿�éu i ∈ [3],

ui ∈ N(vi)¿� ui 6= vi. d�5 3.5§·��±b�u1v1v2u2 Úv1v3u3 �>þ���. dK¿, v2v3

�K>. du (D,σ)�4�5, (D − {v1, v2, v3}, σ)k�� 3-/Ú φ, @o·��±ÏL±e�ªò

/Ú φ0òÿ� G.

e ∃i ∈ {2, 3}, φ0(u1) 6= φ0(ui), Ø���5, � i = 2, @o·�^ôÚ φ0(u1)�/ v2, �X·

�2Uì v3 → v1 �^Sò�e�:/Ð, K��ã GÒ/Ð
. ¤±, φ0(u1), φ0(u2), φ0(u3)7/

Ó�ôÚ, Ø���ôÚ 1. Ï� v2v3 �K>, ¤±Ùüà:ôÚÓ�/¤ 2½öÓ�/¤ 3, 7k

�«�¹�T>ÎÒØÀâ. ��, v1�k���^ôÚ.

Ún 3.7 éu?¿�½÷v3 ≤ k ≤ 14��êkÚ÷vt ≥ bk−1
2
c��êt, ãG�?¿k-¡(f0Ø

	)�>.ÑØ�¹t-G.

y²: �y{. b�Gk��¡f , §�>.C�¹
��t-GL. -D′ = D − V (L)¿

�U ′ = U ∪ C − V (L). ·�Äkòφ0òÿ�U ∪ C. ·�5¿�U ′´D′ pÃ.½¡�>., ¿

�|D′| = |D| − |V (L)|+ (|C| − 2− |V (L)|) ≤ |D|+ k − 2− 2bk−1
2
c ≤ |D|. Ïd, U ′���/Ú�±

òÿ�(D′, σ). ù�·��b�φ0ØUòÿ�(D,σ)gñ.

Ún 3.8 (D,σ)Ø�¹ü����(3, 3, 4)-¡.

y²: ÄK, ·��[uvw]Ú[wxy]´��u:w?�ü�(3, 3, 4)-¡. duG Ø¹k4�, ¤±

ùü�3-¡Ø��, Ïd, w7½´Ý�4�:. �u′, v′, x′, y′©O´u, v, x, y��e@��:(=Ø

3ùü�3-¡þ��:). ÏL�53.5, ·��±ÀJ(D,σ)§¦u′uwvv′Úx′xwyy′þ�>Ñ��

�. ·�Ø�b�u′, x′Ø�¹3Ó��¡þ. ÏLl(D,σ)¥íØ:u, v, w, x, y¿�ò:u′�:x′?

1��Ê:�ö�, ·�����#ã(D′, σ′). PD′�.ã�G′. ·�òy²/Úφ0�±òÿ

�(D′, σ′)þ, =÷v½n�8B^�.

Äk§I��yþããö�Ø¬�)#�k-�(k ≤ 10)§�G′ ∈ G. XJ�)��#�k-�, @

où�k-�éA�´ãGp��^u′Úx′�m�k-´», §�´»u′uwxx′|Ü/¤��(k + 4)- �,

·�Pù���C. �âã�²¡5, :vÚ:yÙ¥�� uCS, ,�� uC	. Ïd, C´��

©l�Ð�, ù�Ún3.2�gñ.
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Ùg§I��y/Úφ03D
′¥E�~. éuþããö�, �IüØü«�¹µ1¤:u′Úx′þ

´G�	:; 2¤u′Úx′Ù¥���	:§�,���S:�k���:�	:. éu�¹1§

U�u′, x′y©¤
ü^´»P1ÚP2. du|V (f0)| ≤ 14§@oP1½öP2¥��^´�´»u
′uwxx′�

(Ü´��11−-�. w,§T�´Ð��©l
:vÚ:y, ù�Ún3.2�gñ. éu�¹2§Ø�b

�u′´G���S:. Pu′′´u′���3Uþ��:. 5¿�u′′, x′ ∈ V (U), ÏLaqu�¹1�?Ø

��gñ"

·��I��y�´U´G′���Ð�. b�����/, U´G′�����, �Ò´`, U�

¹
��9., P�H. Ï�G′ ∈ G, dÚn2.2§H�U�(3, 8, 8)-9. Pt�ÊÜu′Úx′���:"

Ï�u′ Úx′ØÓ��	:, �t3Hþ, @o�t'é�H �ü�¿þ�#�)"w,, ùü�¿��

k�����8, =þããö�#�)��8-�, gñ"

d(D,σ)�4�5, φ0�òÿ�(D′, σ′)¿�Xeö�é�{:/Ú,�?�Ú/òÿ�(D,σ)þ:

ò:w/þÚ:u′Ó��ôÚ, @o·��±ò:vÚu�g/Ð,:yÚx���g/Ð.

·��Ñ(Øφ0�±òÿ���(D,σ), ù�·��b�gñ.

Ún 3.9 GØ�¹Ð´.

y²: �y. b�Gk�^Ð´p = u1u2u3u4.

�¹ 1: >u1u2Úu3u4©O��¹u��n�/[u2u1v]�[u3u4w] ¥.

-u0Úu5©O�u1Úu4�u(�	��:. ÏL=�, ·��±ÀJ�:u1, u2, u3½u4�'é

�>þ��>. �X, ·�í�pþ¤k�:¿�3u0Úu5�mV\�^�>. ù�l(D,σ)���

�#�S3-IÒ²¡ã§P�(D′, σ′). ·�òy²/Úφ0�±òÿ�(D′, σ′)þ, =÷v½n�8B

^�.

Äk§�yþããö�Ø¬�)#�k-�(k ≤ 10), �D′ ∈ G. ÄK, òTk-�þ�>u0u5^´

»u0u1..u5O��±����(k + 4)-�§P�C. ùp�5¿�´:v, wØ�U´�Cþ�:. ÄK

�{, Ø�b�v ∈ V (C), @o�C�ü�uvu1Úvu2ò�Cy©¤
��3-�Ú��11+-�±9�

�8+-�, ù�¯¢|C| ≤ 14gñ. Ïd§éu:vÚw§�� u�C�SÜ, ,	�� u�C�	

Ü. �C´��©lÐ�, gñ.

Ùg§�y/Úφ03D
′¥E�~. éuþããö�, �I�y:u0Úu5Øþ´G�	:. ÄK§

u0Úu5òUy©¤ü^´»P1ÚP2. o�3Ù¥�^´»Ú#>u0u5 |¤��8−-�§T�´#�

)�§gñ.

��§�yU3D′¥�´Ð�. �y, -H´D′¥�U���9.. duDvk9., N´í

Ñu0, u5Ú9.k'. Ïd·�Ø�b�u0´��S:¿�u0kn�3Uþ��:, Ù¥�)u5.

Pu′, u′′�,	ü��:. du|V (U)| ≤ 14, @ou′, u′′, u5òV (U)©¤
n^´», Ù¥��k�^

±u5�à:�´»Ù�Ý�õ�8. þããö�ò�)��#�9−- �, gñ.

duG�4�5, /Úφ0�±òÿ�(G′, σ′), ¿ÏLXe/Ú?�Úòÿ�(G, σ): Pφ�G′�

��/Ú. XJφ(u0) 6= φ(v)¿�φ(u5) 6= φ(w), @o·�òu0�ôÚ/�u2§u5�ôÚ/�u3. @

o�e5u1Úu4�w,�±/Ð. XJφ(u0) = φ(v), @ow,�±Uu4, u3, u2, u1�^Sò/Úò
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ÿ�Gþ. XJφ(u5) = φ(w), @ow,�±Uu1, u2, u3, u4�^Sò/Úòÿ�Gþ.

�¹ 2: ´»p3��¡�>.þ, ¿�>u1u2'é��n�/[u2u1v].

-u0Úw©OL«u1Úu3�u(�	��Ø.ÏL=�,·��±ÀJãG,¦�ãG�>u3w±

9�:u1, u2�'é�>Ñ���. �X·�lG¥íØ´»p�¤kº:¿�ò:u0 Ú:w?1Ê

:. ù�l(D,σ)����#�S3-IÒ²¡ã, P�(D′, σ′).

Äk, �yþãã�ö�Ø¬�)#��k-� (k ≤ 10), � D′ ∈ G. ÄK, k-�éA�ãD¥´

�^k-´», ¿�§�´» u0u1u2u3w�å|¤
�� (k+ 4)-�, ·�-ù���C, Ú�¹1��

yL§��, C ´��Ð�©l�, ù´gñ�. Ó�Ú�¹ 1�q/, ·��±í�Ñ u0 Ú wØ

UÓ�Ñ�ãG�	:, ¿�·��ö�Ø¬��ü�	:���. ù`²/Ú φ03D′¥E�~.

�X, �yU3D′¥�´Ð�. �y, -H´D′¥�U���9.. duDvk9., N´í

Ñu0, wÚ9.k'. @od9.�½Â, Ù¥��:, Ø�-T:�u0, u0 kü��:{u′, u′′}
3V (U)þ, :wKk���:w′, w′ ∈ V (U). du|V (U)| ≤ 14, @ou′, u′′, w′òV (U)©¤
n^

´», Ù¥lu0��k�^±w
′�à:�´»Ù�Ý�õ�8. þããö�ò�)��#�9−-�, g

ñ. Ïd·��±b� w ∈ V (U) u0 /∈ V (U), @o: u0 �UÒk���:u
′, ¿�u′kü��

:{ux, uy}3V (U)þ. Óþ, ·��±é���#�9−�, gñ.

du G�4�5, /Ú φ0 �±òÿ� (G′, σ′), ¿ÏLXe/Ú?�Úòÿ� (G, σ): P φ�

G′ ���/Ú. ·��� u3 Ø�±/ôÚ φ(u0), e φ(v) 6= φ(u0), @o·��±ò u0 �ôÚ/

� u2, �e5 u1��±/Ð. e φ(v) = φ(u0), @o·��±U^Sò u3, u2, u1�^Sò/Úòÿ

�Gþ.

4. ãG��=£

·�ò(3, 3, 3)-¡L«��n�/; 3-¡TÐ�¹ü�3-S:, ·�ò§P�gn�/; 3-¡�k

��3-S:, ·�ò§P�ÊÏn�/. Ù¦�3-¡P�Ð�n�/"

e¡, ·�-V,EÚF©O�G�º:,>Ú¡�8Ü. éuz�x ∈ V ∪ F , x�Ð©��ch(x)½

ÂXe:

ch(x) =


2d(x)− 6, ex ∈ V ;

d(x)− 6, ex ∈ F \ {f0};

d(x) + 6, ex = f0.

(1)

|^�ª
∑

v∈V (G)

d(v) = 2|E(G)| =
∑

f∈F (G)

d(f)±9î.úª |V (G)| − |E(G)|+ |F (G)| = 2, ·

��±�� ∑
x∈V (G)∪F (G)

ch(x) = 0.

�X, ·�òé¤k x ∈ V (G) ∪ F (G)����½·���=£5K?1�=£5�����ª�

� ch∗(x)¿�·�k ch∗(x) > 0. du3�=£�L§¥o���´Ø¬UC�, ù�=��(J
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�·�o�Ð©��´gñ�.

�â±e5K3 V ∪ F ����m?1=�:

R1. f0=Ñ
10
7
���z� f0þ�: v.

R2. éu6+-¡f , Ù¥f 6= f0, f=Ñ
d(f)−6
d(f)

���z�¡þ�:.

R3. -L�14−-¡f�>.þ���G, Ù¥f 6= f0. XJ:u´����L�:, @ou=

Ñ 42−3d(f)
14d(f)

���z�L�:þ.

R4. -u���n�/þ���º:, v�u3n�/	����:, v=Ñ 1
2
���u.

R5. (1) B-:=Ñ 35
22
���z��'�gn�/þ, ÄK=Ñ 29

22
���z�Ù¦a�n�/þ.

(2) D-,C-:=Ñ2���z��'�gn�/þ. ½ö=Ñ 35
22
���z�ÊÏn�/þ, ÄK

=Ñ1���z�Ù¦a�n�/þ(þãn�/Ø�)AÏn�/).

(3) D1-:=Ñ
57
44
���z��AÏn�/þ, Ù¥TAÏn�/k�������n�/�n

ÝS:, ÄK=Ñ 19
14
���z�AÏn�/þ.

3�=£��,·�o´rS 3-:�¤k��=����'é�n�/þ. éuz�x ∈ V ∪F ,

·�P ch∗(x)�Ù²L=����ª��.

5� 4.1 é¤kSÜ� 3-¡ f , ch∗(f) ≥ 0.

y²: Äk, ·�b�[uvw]´����n�/. XJ[uvw]�Ù¦3-¡Ø��, @o[uvw]�U

Ú�8-¡��,ÄK, [uvw]�UÚ11+-¡��. dR4ÚR2,·�kch∗(f) ≥ ch(x)+3 · 1
2

+3 ·2 · 1
4

= 0.

XJ[uvw]´��gn�/¿�d(w) ≥ 4, @oÏLÚn3.9, ·���{u, v}Ø��n�/��
�. ·��Äw�U´��B-:��¹, @oduãGØ¹k10-¡, ¤±[uvw]���ü�11+-¡�

'. ÏLR2ÚR5(1), ·�kch∗(f) ≥ ch(f) + 2 · ( 5
11

+ 1
4
) + 35

22
= −3 + 31

22
+ 35

22
= 0. XJw´�

�C-:½öD-:, @odR5(2), ·�kch∗(f) ≥ ch(f) + 2 · 2 · 1
4

+ 2 = 0.

XJ [uvw] ´��ÊÏn�/, @o�Ò´`, ·��±b� d(u) ≥ 4, d(w) ≥ 4. ·��

� v �U��n�/���, XJ u½ö w ´ B-:, @o v Ú 11+-¡´�'�. XJ u,w Ñ´

B-:, @od R2, R4Ú R5(1), ·�k ch∗(f) ≥ ch(f) − 1
2

+ 2 5
11

+ 2 29
22

= −3 − 1
2

+ 39
11

= 1
22

. X

Ju´C-:, w´�� B-:, ¿� v �����n�/, ·��±íäÑv�ü�11+-¡�', @

och∗(f) ≥ ch(f)− 1
2

+ 2 5
11

+ 29
22

+ 35
22

= −3− 1
2

+ 10
11

+ 64
22
> 0. XJvØ��n�/���, d�v�

U�Ú��11+-¡k', @o·�kch∗(f) ≥ ch(f) + ( 1
4

+ 5
11

) + 29
22

+ 35
22
> 0. Ïd, ·��±b�

u,wÑ´ C-:, XJ v��n�/���, @o·�k ch∗(f) ≥ ch(f) + 2 5
11

+ 35
22

+ 35
22
− 1

2
> 0. X

J vØ��n�/���, @o·�k ch∗(f) ≥ ch(f) + 2 1
4

+ 35
22

+ 35
22
> 0.

XJ [uvw]´��Ð�n�/, @od R4, R5(2), ·�k ch∗(f) ≥ ch(f) + 3 · 1 = 0.

5� 4.2 ¤k�B-, C-:v, ch∗(v) ≥ 0.

y²: �v´��B-:, @odÚn3.8, v�õ���gn�/�', ÏddR2ÚR5(1),

ch∗(v) ≥ ch(v) + 2 5
11
− 35

22
− 29

22
= 0.
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�X·�-v´��C-:. XJd(v) = 3, @o�â½Â, vØ�¹3SÜ�n�/¥. Ï

d, v�UÚn�6+-¡�'. �âÚn3.9, v�õ������n�/. XJv���n�/��

�, dãG ∈ G, @o·��±íäÑv �U�ü�8+-¡±9��6+-¡�', ÏddR2ÚR4, ·

�kch∗(v) ≥ ch(v) + 2 1
4

+ 0 − 1
2

= 0. XJvØ��n�/���, @ov�U�n�6+-¡�

', Ïd, ch∗(v) ≥ ch(v) + 3 · 0 = 0. XJv�¹u��AÏn�/¥, K�âR2, R5(2), ·�

kch∗(v) ≥ ch(v) + 2 · 1
4
> 0½öch∗(v) ≥ ch(v) + 2 · 5

11
− 1

2
> 0.

XJd(v) ≥ 4, @o·�-x��¹
:v�n�/ê8, y�Úv������n�/ê8. ·�

��x ≤ bd(v)
2
c¿�y ≤ d(v)− 2x. XJv����n�/���, @ov��Úü�8+-¡�', ÄK

�UÚü�6+-¡�'. Ïd, ·�Ø��Äx��'�n�/Ñ´gn�/��¹, d�n�/¤I

����Ò´�õ�. dR2ÚR5(2), ·�kch∗(v) ≥ ch(v)− x · 2− y · 1
2
≥ 3

2
· d(v)− 6− bd(v)

2
c. X

Jd(v) ≥ 6, @oÏLO�·�kch∗(v) > 0.

·�E,I���y4 ≤ d(v) ≤ 5�����¹. XJd(v) = 4, duv´C-:, @o�âC-:

�½Â, v�õÚ��n�/�'. �x = 1, y = 2�, @ov�n�11+-¡�'; �x = 1, y = 1

�, @ov���11+-¡±9ü�8+- ¡�'; �x = 1, y = 0�, @o�ü�8+-¡±9��6+-¡�

'; d	, ·��I��Ä�x = 0, y ≤ 4��¹. Xþã¤k�¹, ·�kch∗(x) ≥ { 4
11
, 5
11
, 1
2
, 0}.

�d(v) = 5, ÚÝ�o�:��äaq, §éN´y²ch∗(v) ≥ 0, ·��Ñ
ùÜ©�y².

5� 4.3 -v�>.f0þ���:. @och∗(v) ≥ 0.

y²: XJd(v) = 2, @odR1, R2ÚR3, ch∗(v) ≥ ch(v) + 10
7

+ d(f)−6
d(f)

+ 2 · 42−3d(f)
14d(f)

= 0.

·�b�d(v) = 3¿���:v�'�¡f , Ù¥f 6= f0. XJd(f) = 6, @odÚn3.6, ·��

�f�õ�k���Ý:, KdR2ÚR3, v= 42−3d(f)
14d(f)

= 2
7
���f��Ý:þ. XJv ´��D- :

¿�d(f) = 8, @ov=�� 9
28
− 1

4
= 1

14
���f��Ý:þ. XJv´��D-:¿�d(f) = 11, @

ov���� 5
11
− 4 · 42−3·11

154
= 17

77
��.

�¹1: �:v���6-¡�'.

duãGvk7-, 10-�, ÏdvØ�¹un�/p, �Ø�n�/���, �, v�õ�áu�

�6-�. ÏLþ¡�©Û, ·�kch∗(v) ≥ ch(v) + 10
7
− 1

14
− 2

7
= 15

14
.

�¹2: �v´��D1-:.

Ï�v´n�/���:, ¤±v��UÚ8+-��'. dR1, R5(3)±9þ¡�©Û, ·�

kch∗(v) ≥ ch(v) + 10
7
− 1

14
− 19

14
= 0½öch∗(v) ≥ ch(v) + 10

7
+ 17

77
− 57

44
> 0.

XJd(v) ≥ 4, @o·��±b�v�x�n�/�'¿���y���n�/. ·��±í

äÑx ≤ bd(v)
2
c¿�y ≤ d(v) − 2x. dR1, R2ÚR5, �d(v) ≥ 5, x �n�/�gn�/�, ·�

kch∗(v) ≥ 2d(v)− 6− x · 2− y · 1
2

+ 10
7
> 0. XJd(v) = 4, @o�â�=£5K, ·���v�gn

�/�'����õ���. Ïd, ch∗(v) ≥ ch(v)− 2 + 10
7
− 2 · 1

14
> 0.

5� 4.4 éu¤k��f0�'é�n�/, ch∗(f) ≥ 0.

y²: -[uvw]���AÏn�/.

XJ[uvw]�:u´��nÝS:, ¿�uØ�n�/���. @odR2, R5, ·�kch∗(f) ≥
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ch(f) + 2 · 19
14

+ 2 · 1
4

= −3 + 19
7

+ 1
2

= 3
14
> 0.

·��±b�u������n�/. @odR2, R4ÚR5(3), ·���
ch∗(f) ≥ ch(f) + 2 ·
57
44

+ 2 · 5
11
− 1

2
= −3 + 57

22
+ 10

11
− 1

2
= 0.

- [uvw]����¹k(���	:�n�/.

XJ [uvw]´��gn�/, @odÚn 3.9·��� [uvw]�S:Ø�U���n�/, Ä

K·��±3 G ¥é��^Ð´, ¤±d R2, R5(2) ·�k ch∗(f) ≥ ch(f) + 2 + 4 · 1
4

= 0. X

J [uvw] ´ÊÏn�/, @od½Â·��� [uvw] kü� 4+-:. e [uvw] ������n�

/, d R2, R4, R5·�k ch∗(f) ≥ ch(f) + 2 · 35
22
− 1

2
+ 2 · 5

11
> 0. e [uvw]Ø������n�

/, d R2, R5·�k ch∗(f) ≥ ch(f) + 2 · 35
22

+ 2 1
4
> 0. e [uvw]´��Ðn�/, d R5·�k

ch∗(f) ≥ ch(f) + 1 + 1 + 1 = 0.

5� 4.5 éu¤k� 4+-¡ f , ch∗(f) ≥ 0.

y²: éuf 6= f0, Ï�GØ¹k 4−, 5−, 7−, 10−�, ¤± f ��� 6+-¡, d R2, ´�

ch∗(f) ≥ 0. � f = f0�, dR1��ch∗(f) ≥ ch(f)− 10
7
· d(f) ≥ 0.

nþ¤ã, ·�5�ych∗(x) > 0. ·���ãG�>.þ��k��3+-:v, ¿�d5�4.3�

y²L§¥�±�Ñv7L´��D1-:¿�v3��8-�þ. ·�-�vk'�n�/�[uvw], Ù

¥u´G ���S:. (5¿[uvw] ¥7k��S:, ÄKãG¬ku�3, ù�Ún3.7´gñ�.) d

un�/���8-���, ¤±uØ�U´B-:. =´`u´��C-:. qd5�4.2�y²L§¥,

·���d(u) = 4½öd(u) = 5. éuùü«�¹Ó�dun�/��
��8-����, ·��±

�Ñch∗(u) > 0. ù�·�(Ü±þ5�¤�(Ø
∑

x∈V ∪F ch
∗(x) ≥ 0�±�Ñã G�ª���Ú

�u", y..

·�é�L/Ú��
®k(Ø?1²¡ã� DP -/Úþ�í2. H. Zhang [8]3 2012c�y

²
Ø¹k {4, 5, 7, 10}����²¡ã´ 3-�À�, ù�©Ù¥|^
4��~�5�±9AO

/Ú\
9.�Vg��8B^�íäÑ
ã��
(�, ¿�|^
�=£��{éã?1©Û

Øy, y²
Ø¹k {4, 5, 7, 10}����²¡ã´ DP-3-�/�. d	, éu�L/Ú�ã�ïÄ,

Y. Wang, H. Lu ÚM. Chen [9]u 2010cy²
Ø¹k {4, 5, 8, 9}����²¡ã´ 3-�À�, ´

Äù�(JUí2 DP -3-�/�, ù�¯KX8�v�Y, ·��UI��Ä�
#�8B^��

�y.
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