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Abstract

Hölder inequality plays an extremely important role in analysis and elementary in-

equality theory. As an important aspect of related research, the study of its equiva-
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lence relationship with other inequalities has also received increasing attention. This

paper proves the Hölder inequality and the AM-GM inequality in measure space, and

its equivalence relationship with the power mean inequality. These results generalize

the discrete inequality equivalence relationship recently established by Li etal.
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1. Úó
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Ø�½"�Ø�ª�´Cauchy-Bunyakovsky-Schwarz Ø�ª [3]�í2"HölderØ�ª^uy
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þ(�¡�2Â²þ), M(a) �½Â�Mm
r (a) = m1a

r
1 +m2a

r
2 + · · ·+mna

r
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r , ù´��8Ü�¼ê

x, 3©ÛØ�ª¥åX�'���^ [2–6]"

Cc5§NõïÄ<
éïÄ�
Í¶�©ÛØ�ª�m�êÆ�d5a,�, XCauchyõ

SchwarzØ�ª, BernoulliØ�ª, Wielandt Ø�ªÚMinkowski Ø�ª, �� [7–13]"d	, ù


ïÄ5¿�\��â²þ-AÛ²þØ�ª, HölderØ�ªÚ\��²þØ�ª�m�'XE,Ø�

�Ù, ¦+��Ø�ªÏ~kÏuy²,��Ø�ª [1, 12], 3þãïÄ�-ye, �[y²
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�Í¶Ø�ª�m�êÆ�d5; [15]¥Ú\�(J���
í2"

½nA -0 ≤ ai, bi ∈ R(i = 1, · · · , n), p, q ∈ R, � 1
p

+ 1
q

= 1. XJ0 ≤ ci ∈ R(i = 1, · · · , n) ¿

�0 ≤ λi ∈ R(i = 1, · · · , n), k
∑n

k=1 λi = 1, K±eØ�ª�p�d

lllÑÑÑHölderØØØ���ªªªµµµ

n∑
k=1

akbk ≤

(
n∑
k=1

apk

) 1
p
(

n∑
k=1

bqk

) 1
q

. (1)
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lllÑÑÑ\\\���AM-GMØØØ���ªªªµµµ

n∏
k=1

cλk

k ≤
n∑
k=1

λkck. (2)

lllÑÑÑ\\\������²²²þþþØØØ���ªªªµµµe0 ≤ r ≤ s, K

(
n∑
k=1

λkc
r
k

) 1
r
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(
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λkc
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k

) 1
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½nAL²lÑ/ª�HölderØ�ª�\��â²þ-AÛ²þØ�ª, ±9\��²þØ�ª

´�d�"��g,�¯K´éëY/ª�HölderØ�ª, Ù�d/ªLy�N��Ø�ª, §�
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�Qã·��(J, IÚ?e�PÒ: �(Ω, µ)��ÿÝ�m, f, g �(Ω, µ)þ�È¼ê"Pÿ

Ýµ3Ωþ�o�þ�|µ|"ép ≥ 1, ·�½Âf�Lp �ê||f ||pXe:

||f ||p =

(∫
Ω

|f(x)|pdµ(x)

) 1
p

, x ∈ Ω.

·��Ì�(J´µ

½n 1.1 -p, q > 1,� 1
p

+ 1
q

= 1,�f, g�ÿÝ�mΩþ��È¼ê, µ�Ωþ���ÿÝ, 0 < r < s,

K±eØ�ª�p�d"

(i)HölderÈÈÈ©©©ØØØ���ªªªµµµ ∫
Ω

|f(x)g(x)|dµ(x) ≤ ‖f‖p‖g‖q. (4)

(ii)AM-GMØØØ���ªªªµµµ

exp

(
1

|µ|

∫
Ω

ln |f(x)|dµ(x)

)
≤ 1

|µ|

∫
Ω

|f(x)|dµ(x). (5)

(iii)���²²²þþþØØØ���ªªªµµµ

(
1

|µ|

∫
Ω

|f(x)|rdµ(x)

) 1
r

≤
(

1

|µ|

∫
Ω

|f(x)|sdµ(x)

) 1
s

. (6)

w,, 3Ø�ª(4)-(6)¥, eΩ = [a, b]�f, g�3xi ∈ [a, b], i ∈ 1, 2, · · · , nþ��0 �, KN´

y²(4)-(6)éA(1)-(3)"Äud*	, ·�ò(5)Ú(6)¡�ëY/ª�AM-GMØ�ªÚ�²þØ�

ª"
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2. ëY/ª�HölderØ�ª��â²þ-AÛ²þØ�ª��d5

½n 2.1 ëY/ª�HölderØ�ª(4)�ëYAM-GMØ�ª(5)�d"

y²µ

3HölderØ�ª(4)¥, -

f =
1

|µ|
1
p

|f̃(x)|
1
p , g =

(
1

|µ|

) 1
q

.

K��

1

|µ|

∫
Ω

|f̃(x)|dµ(x) ≥
(

1

|µ|

∫
Ω

|f̃(x)|
1
p dµ(x)

)p
. (7)

3(7)¥, -| ˜̃f(x)| = |f̃(x)|
1
p , K��

1

|µ|

∫
Ω

|f̃(x)|dµ(x) =
1

|µ|

∫
Ω

| ˜̃f(x)|dµ(x). (8)

é(8)ªm>A^Ø�ª(7), ·�k

1

|µ|

∫
Ω

| ˜̃f(x)|
1
p dµ(x) ≥

(
1

|µ|

∫
Ω

| ˜̃f(x)|
1
p2 dµ(x)

)p
. (9)

Ü¿(7), (8), (9)�k

1

|µ|

∫
Ω

|f̃(x)|dµ(x) ≥
(

1

|µ|

∫
Ω

|f̃(x)|
1
p dµ(x)

)p
≥
(

1

|µ|

∫
Ω

|f̃(x)|
1
p2 dµ(x)

)p2
.

UYù�L§, ·�k±eØ�ªó

1

|µ|

∫
Ω

|f |dx ≥
(

1

|µ|

∫
Ω

|f |1/pdx
)p
≥
(

1

|µ|

∫
Ω

|f |
1
p2 dx

)p2
≥ · · · ≥

(
1

|µ|

∫
Ω

|f |
1

pn dx

)pn
≥ · · · .

AO/, �nªuÃ¡, ·�k

1

|µ|

∫
Ω

|f̃(x)|dµ(x) ≥ lim
n→∞

(
1

|µ|

∫
Ω

|f̃(x)|
1

pn dµ(x)

)pn
. (10)

�e5, é(10)ª¦4�"·�-

A =

(
1

|µ|

∫
Ω

|f̃(x)|
1

pn dµ(x)

)pn
.

DOI: 10.12677/aam.2023.123108 1071 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.123108


!�� �

�ÄlnA3n→∞��4�, =¦

lim
n→∞

lnA = lim
n→∞

pn ln

(
1

|µ|

∫
Ω

|f̃(x)|
1

pn dµ(x)

)
. (11)

·�òy²

lim
n→∞

pn ln

(
1

|µ|

∫
Ω

|f̃(x)|
1

pn dµ(x)

)
=

1

|µ|

∫
Ω

ln|f̃(x)|dµ. (12)

w,§e- 1
pn

= y, Kpn = 1
y
, þª�>C�

lim
y→0

ln
(

1
|µ|

∫
Ω
|f̃(x)|ydµ(x)

)
y

.

A^â7�{K��

lim
n→∞

lnA = lim
y→0

1
|µ|

∫
Ω

ln |f̃(x)||f̃(x)|ydµ(x)

1
|µ|

∫
Ω
|f̃(x)|ydµ(x)

.

=
1

|µ|

∫
Ω

ln |f̃(x)|dµ(x).

ù�Òy²
(12)"

�L5§b�(5)¤á§·�òy²(4)7,¤á"

éuλ1, λ2 ∈ [0, 1], c1, c2 > 0, ��(5)ª���lÑ�/, ·�k±e\�Ä�Ø�ª

λ1c1 + λ2c2 ≥ cλ1
1 c

λ2
2 . (13)

3(13)¥-λ1 = 1
p
, λ2 = 1

q
, ±9

c1 = |f(x)|p
∫

Ω

|g(x)|qdµ(x);

c2 = |g(x)|q
∫

Ω

|f(x)|pdµ(x),

��

1

p
|f(x)|p

∫
Ω

|g(x)|qdµ(x) +
1

q
|g(x)|q

∫
Ω

|f(x)|pdµ(x)

≥ |f(x)||g(x)|
(∫

Ω

|f(x)|pdµ(x)

) 1
q
(∫

Ω

|g(x)|qdµ(x)

) 1
p

.

(14)

DOI: 10.12677/aam.2023.123108 1072 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.123108


!�� �

é(14)ü>'udµÈ©��

1

p

∫
Ω

|f(x)|pdµ(x)

∫
Ω

|g(x)|qdµ(x) +
1

q

∫
Ω

|g(x)|qdµ(x)

∫
Ω

|f(x)|pdµ(x)

≥
(∫

Ω

|g(x)|qdµ(x)

) 1
p
(∫

Ω

|f(x)|pdµ(x)

) 1
q
∫

Ω

|f(x)g(x)|dµ(x).

d= ∫
Ω

|f(x)g(x)|dµ(x) ≤ ‖f‖p‖g‖q.

y." �

3. ÿÝ�mþ�â²þ-AÛ²þØ�ªÚ�²þØ�ª�m��d5

½n 3.1 ëY�AM-GMØ�ª(5)�ëY�²þØ�ª(6)�d"

y²µ3(6)ª¥-s = 1, r�g� 1
2
, 1

3
, · · · , 1

n
, · · · , K��

1

|µ|

∫
Ω

|f(x)|dµ(x) ≥
(

1

|µ|

∫
Ω

|f(x)| 12 dµ(x)

)2

≥
(

1

|µ|

∫
Ω

|f(x)| 13 dµ(x)

)3

≥ · · ·

≥
(

1

|µ|

∫
Ω

|f(x)| 1n dµ(x)

)n
≥ · · · .

(15)

3þãØ�ªó¥-t = 1
n

, K�nªuÃ¡�, tªu0, ¿�k

lim
n→∞

(
1

|µ|

∫
Ω

|f(x)| 1n dµ(x)

)n
= lim

t→0

(
1

|µ|

∫
Ω

|f(x)|tdµ(x)

) 1
t

.

ém>¦4�(2gA^â7�{K), ��

lim
t→0

(
1

|µ|

∫
Ω

|f(x)|tdµ(x)

) 1
t

= exp

(
1

|µ|

∫
Ω

ln |f(x)|dµ(x)

)
. (16)

Ü¿(15)�(16), ·�k

1

|µ|

∫
Ω

|f(x)|dµ(x) ≥ exp

(
1

|µ|

∫
Ω

ln |f(x)|dµ(x)

)
.

ù�Ò��
(5)"
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�L5, b�(5)¤á, ·�òy²(6)7,¤á"

·�ò==I�(5)ª±e�AÏ�/µ

λ1c1 + λ2c2 ≥ cλ1
1 c

λ2
2 . (17)

Ù¥λ1, λ2 ∈ [0, 1], c1, c2 > 0.

3(18)ª¥-λ1 = r
s
, λ2 = 1− r

s
, ¿�-

us(f) =
1

|µ|

∫
Ω

|f(x)|sdµ(x). (18)

±9

c1 =
1

|µ|
|f(x)|sus(f)−1; c2 =

1

|µ|
.

Kk

r

s

1

|µ|
|f(x)|sus(f)−1 +

(
1− r

s

) 1

|µ|
≥
(

1

|µ|
|f(x)|sus(f)−1

) r
s
(

1

|µ|

)1− r
s

. (19)

é(19)ªü>'udµÈ©, d(18)ª��

1

|µ|

∫
Ω

|f(x)|rdµ(x)us(f)−
r
s ≤ r

s

∫
Ω

1

|µ|
|f(x)|sus(f)−1dµ(x) +

(
1− r

s

)∫
Ω

1

|µ|
dµ(x)

=
r

s
+
(

1− r

s

)
= 1.

d=
1

|µ|

∫
Ω

|f(x)|rdµ(x)

(
1

|µ|

∫
Ω

|f(x)|sdµ(x)

)− r
s

≤ 1.

dd�� (
1

|µ|

∫
Ω

|f(x)|rdµ(x)

) 1
r

≤
(

1

|µ|

∫
Ω

|f(x)|sdµ(x)

) 1
s

.
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HölderØ�ª��â²þ-AÛ²þØ�ª!�²þØ�ª��Ø�ª�m��d5ÿ

Ð�ëYÿÝ�m��15"·��(J4�/í2
QklÑ�/���'�d5, 3�'A^��

·�5þ�ò¬�2�!(¹"�Y·�òUYïÄà5�'4�¯K, å¦y²\r/ª�\�AÛ²

þ-�â²þØ�ª, ¿ïáëY���\r�²þØ�ª9Ù�d/ª, íÄà5�'Ø�ª9ÙA^�

ïÄ"

Ä7�8

��8¼ô���Æ)M#M�Ôö�8]Ï, �8?Òµ202210333019Z"

ë�©z
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