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Abstract

This paper considers the compressible Navier-Stokes equation with maximum density constraint,
where the maximum density constraint is imposed by a singular pressure term. Approximate so-
lutions of the Navier-Stokes equation are constructed using the Brenner model with a parameter K.

To deal with the singularity of pressure, an approximate pressure p’° is introduced, where 8,5
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are the approximate parameters. When K,8,6 -0, we show that the approximate solutions
converge to the dissipative measure-valued solution of the Navier-Stokes equation.
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TEARSCH, FEHFFEE AL (0,T)xQ,T >0 LA & L K 98 5 W] i Navier-Stokes 75 7%
op+div, (pu)=0,
0, (pu)+div, (pu®u)+V,[ p(p)]-div(S(V,u))=0, )
(p'(pu))“:o =(Po’pouo)-
XH, Q&R KA AIFF4E(d =2 8 3), I il WA/ TDAEME. p>0Mu=(u,-,u,) 55
FET AR E LR . 34k, L Ui 2 5 KA 5 B T R oA
Ugg =0. )

A TROR 1 5K B 2R
div(S(qu)) = ,u[qu +Viu —%divxu]lj +ndiv,ull, Hrg>0,,7>0.

PATERF LA A RNME oo, KB GIN—AF AR R BSLIL[] [2] [3] [4]

p(p):Ly, y>1. 3)
(p=p)
s B A w S ECREA R #ET p.
0<p(tx)<p., ae (t,x)e(0,T)xQ 4

BEHIERAA py, U, T /2
0<py<p. aeinQ, p(p,)el(Q),

oty €(L2(Q)) potigl,,, o =0 ain ©, ©)
Po |u0|2 1;p0>0} € Ll(Q)'
1
Mo =y [ Pty < p. (6)
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a[.[QBpMz n P(p)}dxﬂ‘Q[S(qu):qu]dxdt <0, (7
K, P(p) WK
P(p)=pl! pz(zz)dz. ®)

Diperna 1 /G 7E[S]H /48 T 3 & ST IE AR S 23 75 R R BEAEL AR o FETCRG PR IR A B 70 2 403k, [6] [7]
[8145 Hh A AR BN FEZ AR Ak i) A7 EE . Neustupa 7E[8]HHFFE 1 (D) I EEAE M, (HRIFRAW KigE. N T
PRAMZ — 5, Feireisl ZE[9]5] A —ANFEBCNE{E (DMV, dissipative measure-valued)f#fIRE, 45 7 —A
WF9T Naiver-Stokes HFEHAESE . A T-H WAIS5MFE, DMV ETTE 2 0 y (EAAAE[9]. 1 H— R FiE
IR ANHAE A% T 4 B B SL T DMV i, ELFE G 52 F A A2 55 i — M 9] . 55 i — 1k 5
H 2 LB MUE, DMV RS B HIFYME N S MR — 8 X — T A R gh4E - Bt
S 7 FEAE [LOPRI[L1] R 45 e T HIE B

FAT, 5006 T8 SR FE IR (1.3) A 4t - Wit s i 7 AR 110 SCb o A8 SCHR[L] rhond 28 e i A5 7Y
BEAT T IXFERR ], b ESRITUN p (p)=ep(p) » pifE(3), € WIERISHY, SCh FEF AR e > 0.
SCRRIBIAMHT T A BR BB p () = ep(p) 10 1 BREA A B 2 WU . 733 7 5 STk e 4044 W AL (1
H /A 28 BRI T B € — O FS BRI PR o ARHE[12] PR BIROARTE,  FRIZAR BRAE R g fi 4] 28 452 7 (hard
congestion model), FH/HE, FRe> 0 I N F A ZE R (soft congestion model). [3]#F5E T — AN H A%
WA € — 0 B —4ERL 2 n] /. [2] [4]50 D0 R b 2R Ge il B A ZRAAR Bl ) SR HEAT T B ZE A Y 1)
BB LS . [13]H 3R T KT 2 Yegh 4 - 70 5w 357 77 R (1 1 ) 28 B R BRI ZEASE Y 1) P s 45 TR, R T AKHIE
BT e > OMPR. 7E[14]H, 43Hr T 984k - Wit oe 077 AR M 3 ZE B i i A% 2. [15]WF 7 T 7E exterior
domain L B AR ZE RN YE - Wit i i, FRUE T SSMERIAATEVE . [12]8F 98 T —4ERK B 7 72
PRI ZERY, VRGN T AP R MR (R 52, SR I 1 e A8 1) 3 A R R T 47 2 1 B
Fi 7 RR o AE[16]H, TERH T R ZERR R R 40— 4ERL S ) U 25V SR A AR — 1, FEhwIdAE S [18]— 5.

AT H 2RI Brenner A5 8444 & T AR SL R 9h 4 - WS 7 AR (1) (2) POAERCIN FE B AR . AHLE
T[13] [L4] A S5 AA, ) FH AR OO FE AL A mT 45t — N SE ) B (R IE B

BT SRR AT, RATFRESIA—MEWZH 5 (0,1) MAKIIE T g’ , Horbr J 2 288 K IE
K, BARMELER SRS . iU p?f L

pLp

= O<p<p. -9,
P (p)=p° +{ (=) ©)
y+1
Cap =Co(0). p>p-d,
ot pl s plt .
Hr Co(cs){w—y}(pﬁa)% T EE R IR p> po - S, 5;1 P’ —Co(8)20 o IXFhMNT I R K

SREL3] [14]+ BAHZERINYE - Wit iy B i R k. K (8)h p Bk p??, ATBAZE H 5
J B ) B A PO IR o HeuERf I 2Rk s A SR T4 .

NTHRRAGQ) MMM, RATHEE Brenner 78 SCHR[17]7#2 H kG P T R S ARAE R oF [ 52 1)
0,6 >0,K >0, Brenner #5% BA N

0,0° +div, (p(su(s) =KAp?’, (10)
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0, (p‘su‘5)+divX (p‘yu‘F ®u5)+VX [ p?? (p)] = div(S(VXu5))+ Kdiv, (u‘5 ®pr5),
H AR RAL T oA

u§| =0'pr5 .n|a§2 -

20
UBAh,  J7FR(L0) BT I AL 56 4 1) e B -1l
0, IQ[%,D& |u‘5|2 + P(pa)} dx + _[Q[S(qug) VUl + KP”(p"
BATE RZUEHNEERI K >0, 2160,6 >0, %77 EAE—HIGH p U - FIEK >0, H55M#F
{px Uy} TS A A PR 5% p IN4E - Bt od 0 R R G AR O FEAE A -
%iﬁ 1.1, BB QU2 R? B R® BRI A 5 DX, 25 X WIAR1E { oy, u ﬁj =Py |u0| +P(py)dx 5+,
W75 R A2 AL AR B0 B2 A A
W, el ((o,T)xQ;P([o,oo)x R )><Vtr> =p.(W,:v)
PRI SURSE XL 2.2, FLI AT Yy, =8, e
2. B K5I
FELETT A A IR I 755 5 1 A S L S e B P 7 14 5] B
2.1 FESMEX

EX 2.1 (59, W18 E X 2.1) X (1) (2), H FalFEk:
AMAER se[0,T].peC([0,T]xQ)H

1, pgodXI:Z = [} ][0+ pu-V,p]dxdt; (12)

ML se[0,T],peC ([0T]x R )

) pr6|2]dx -0 (11)

u,

ngu-(odxts =Isj [pu~6tgo+p(u®u):vx¢+ p(p)divxgo]dxdt
—J'j [S(V,u):V g |dxdt.

2.1 XFTIEAUE R p” () A AU E L
KT REEAEN, MERse[0T],peC([0.T]xQ), 9206

DQGPIUIZ + F’(p)}ﬂdXI:

<[, K Pl +P( )jawﬂ(%/ﬂulz+P(p)ju'quo+ p(p)UVX(p}dth (14)
— [P 1[S(V,u): V¢ dxdt.

SEX 2.2, (FEROMBEALAR, IL[9]+hsE 3 2.1) FAiIfr {1
HE

(13)

oo FTECORIFERCIE AR, 05 BS

D ioryeen € Lonne (T x4 P([0,20)xRY ). (,i7) = £, (R,iv) =
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WIEFAE N, € P(F) . FAEFERUBRIF( dissipative defect )DeL™(0,T), D=0, Hh P RN
AR, AEAFZI L 2
o YR AFHEMIEC e L([0TM(Q)) el (0,T) MAX JLFHA (s e (0,T) FIfEA
¢)eC1([O,T]x§_2)ﬁ

(r€ (5):v,0)| < 2(5) DSl
ol
Uﬂ(l{x ; f)(odx]: = j:jg[(l{x;r>6t¢> +(V,rv)- Vx(p]dxdt + j(:(rc ;Vx(p>dt. (15)

o BRI EEUBLU=(1,:v)e (0, TW? (QRY)) AELEME M e L[0T M(Q)) Fige L (0T)
W%Xa‘ftﬁﬁﬁﬁﬁﬁ’\he(o:)%n/|\¢>ecl([o,T]sz-RN) o, =0H

(r (5):V.0)| <£(5)D(5) el
il
[, (e} pox]
= ol L(i7v) -0+ (Vi (VO V)):V,0+(1,: p())div,p |dxdt (16)
L [S(V,u): v, ]dxdt + [(r; v, @) dxt.

o BERA%R ATHHse(0T)H

DQ<VH( v +P(r j>dx}_ +I;IQ[S(VXU):qu]dxdt+D(s)s0. (17)
e Poincaré’s inequality &az: % JLFHE M se(0,T)H
I;IQ<1{X;|V—U|2>dthSCPD(S).

I 2.2 060 TIEAUE SR p”° (p) A ARML 5T o
X 2.3 (W) HF L EHII{f}, HHEe>0, FFE o> 0 (UK e )il |E| < e MEAFH BT
if
[ |5 ()|dx<e

ﬁBZ%ﬁ@ﬁﬁU{fj}%%ﬂﬁ%E@o
SEX 24, (L[13]) % QR R LIE AR RIX I, WAL T B, =(B5.83,8) ) i i T 41
MR -

B, L% (Q) > (WP (Q)) 1< p<oo;
div(B,(f))=f aeinQ fel?(Q);
[VBa ()5 0y <P Q) Fip(q) 1< P<0i
# f =div(g), XHgel’(Q).div(g)el(Q).l<q<n, ||BQ(f)||Lq(Q) <c(0.Q)]gf g FHF
L (Q) )={f el*(Q):], T (y)dy=0}, JFEFkB J Bogovskii 5T
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2.2. 5|#
Bl 2.1. XTImO p?° FH

P O<p<p. -6,
(7,_1)(1_1)
Pw(p):\]e_lpj—‘_ o P (18)
Pt p—(p.—96)
————p"-C,(0)p-C,(0)| —— = |, . — 0,
s -Gon-c (o) 2
Horp
et prt|(p-0)"
C1(5)_|:57+1 - 571} y-1 '
B p"(p) KT p —MiESM,
L 0<p<p.-5,
1 1Y
dp® B 2| = _ &
(I;)p (p)ZHJpJI—i- » (p p,,) (19)
7+l
W ot P> p.—0.

5;/+1

V2.3, L#R(9), (18)FIAN, TE p BHHE p. MIXIH, H P [—BAAREIFE] p? —F R, X2
K5 FEE IR 1) >R R A
FIEE 2.2, (WL[ON)XF T-J7#2(20), it RE P47 (11) ¢TI A t B0 45 3 R F e it

sup [ P (02 )(s. dXSC:sz[L(J)E]IQpi log (o3 )(s,-)dx<c,

SE[O,T]

sup jﬂp,‘f|u‘;|2(s,‘)dx3c, (20)

SE[O,T]

j(JT IQS(VXui ) 'V uldx<c= J: J'Q

(P (o2))

2 T s |2
5 )
VXuK| dxsc:jo jﬂ|uK| dx<c,

K, | |V, poi] dx<c. (1)
Pk
VE 2.4, XEHRMAE K—>0,050,0 >0 & Bk,
A7, #HT
s nO.O
, o0 P77 (2) 0 [ 5\
RO (") ="y ——dz= 5 (P") (22)

A p° 75 L ((0,T)x Q) EXF K, 6 —Hef 5, (0 6 A% 5.
WATBEFTFE ST Young W FE I 4% 51 2.
FIE 23 (L[19)%E QeRY ZAME, z;:Q— R"Z eI A2

St;pfgg(|zj|)dx < o0,

S 2[0,00) = [0,00] FEHEHEARMLER HOF L lim (t) =0 , A4 17— FHUCR AkihR2) L& — ek
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v ={v,} o (HXMZEE) AT Carathéodory B¥y (x,4). FBHA {y(x2;(x))} 75514
L' (Q) g, g5 PR >y ek 4
7(x)=] v (x4)dv, ().

E 25 HEBy(xA):QxR" >R KT x &AM EE, KT 2 2ELRE, WKy(xA)HN
Carathéodory B&#(JL[19]).

E2.6. 5123 g (t)=t", p>1, W L°(Q) A A S s B HAFAE RENS 7= AL S B ) 191
{ES T L (Q) TP — B0l FR B A — € Ge /3 B g5l sirt. e p® Al p”(u" ®u") o NIELTHE T
CIELIR

518 2.4 (W[9]) s S B Es{z,})" . Z,:Q>R" £ Young MEv,yeQ, Hrh
QcRY AF A Xk, 4

G:R" —>[0,:)

NSRRI EAE
G(Z,)
I HA FRESN A FRY > R[F(Z)<6(2), MIAMzer" T
F.=F-(v,,F(2))dy.G, =G~ (v,,G(Z))dy

<

Q)

b F e M(Q),GeM(Q) I {F(Z,)}  {G(Z,)} £ M(Q) Hifs55  tPR,
|F.|<G..
3. EEIERA

JNAE B (L0)IfiRAE K — 0,6 — 0 I U8 F Navies-Stokes 5 F& (I FEE fifE, FAT1 75 BE BE T iR e T
24 5,K,0 F)—8uflith. 5138 2.2 CE/BREMG T EAET[9], ERANHEERSGIT, e P K
CAGTH R3] p° M LAl BRI BA[13]3ATT 5 SOk R %

o(tX)=w ()B(p" - "), w(t)eC; ((0T)), w20,
Hrp ;:ﬁjﬂ p’dy, B & Bogovskii 5.

X} gl AR e LA bk i ek 2 15 3
[w pe";(p‘s)(p‘s —?)dxdt
=—[0 [ p°u’ -opdxdt~[ [ p"(u” ®u’): Vedxdt+ [ [ S(V,u): Veddt (23)
=X 0
FETRUER], M (20) 43 B SE IR Al v m] sl Rk A . FHL b, X T — I LS 1E
Ilz—j;j wp’u’ . B(p —p )dth—J.OTJ'Ql//pJU‘S'B[B(pg—?)dxdt.

>3, Hi(22)%1 Bogovskii 51T, 45 BT FE R LS 2
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|I1|SCJ.0T ||p5 () "u{S L5(Q) VB('DJ _?) %5(@)
" »? © ||u‘y @) (div(p‘su“)) @ )dt
e’ i(a) "ua Q) "u )dt

<C.
RHECHNEHL N TL TR, BATRAX CHAT X, (HENFRICRR AR L.
AR, X658 T

|2:'[0TJ‘QWP5(U§®U ) VB(p -p )dxdt

[l it
|I2| SC.[()TIQp5|u5 ’ VB(pﬁ —?) dxdt
2 2
’ @ ||u5 @) dt<cC.
AR A
15 < "L(Q)dtsc.

A XL T DUIE I (23) 0 2300 6, K & —EeA FHi . BUE, $45(23)s Ui by s ik P4~ i 2y

[ o (o) o7 o

:L)Tfﬂl//pa’é(p‘s)(/?‘s—?)l{ et }dxdt (24)
2
+j;jgl//|00'5(p§)( ){p ,Mmo}dxdt_
EHE— MR, 9'5(,05)3?73?%)?\ o BT, ATCUZA R A R XT38 I A

[ Lo ()=
. — M ;
z(%) IOT Lll//pp"g( pa) {pa MZMO}dxdt

(25)

L4 (B)F1 p™ (p” ) i XA
J1 [, (o)t <C

It H 5 — TR 43 i 2 1 45 2]
H,ﬁ p”’ (" )dxdt<C

MR p% 1 LA F. R R UE P 2512 2.3 shfs—Eea 5t o p” i LB K, 8 —
BUH S, (HAX 6 —F AT
F—J7, HalH 23143

[P (p")dx<C,
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Zad i st A
CZIQPH'ﬁ(pg)dX>I oo aP”(p )dx
Pl p=(p.—9)
ijézpwsmpy ‘C1(5)P—Co(5){? dx
L —8) " it
2%meas{p p*—5},

X meas{-} I H B VIKIEE. FTLL, 2 p° 2 po -5, BEE S >0, ZESHIEZWSE] 0.

—1Ns"t
meas{pﬁzp,,—§}s(7—)fl1C—>0 as 50.
(p=0) pI”

i, 2460 —-0,6>0m, 154 p°<p. aein Q. i p’ £ L LXT K, 5,0 Z—30H 7.

THE 2 0,8, K — 0 B, 7572 (10) (i A i e 7 72 (1) M RE A0 B2 B A . 7 2 (10)305 2 B T 55 7%
e

POEE=ail) Se[O,T],qJeCl([O,T]xﬁ)ﬁ

[ pcodx] =[] [Pcd0+ Pl -V 0~ KV, o -V o] dxcl,
Q -0 JolJa
MHERMse[0,T],peC ([0, T]xGRY ) A

UQPKUK -¢7de: :j;jg[pKuK 0,9+ (U ®uy ):V,0+ p(py )div,p |dxdt

5 (26)
—IOIQ[S(VXUK Vo+K(u ®V,p): X¢]dth
AT 5 K AR TR LUE R 41T
s s V.p
KJ.O J.vapK 'ngodth:\/EJ.O J.Q\/? \/p—KK ' pKvxg)dthv
s <P
K[*[ (ue ®V,0): Xmmr:ﬁjﬂjﬁ( D Uy ®\/_\/p_KKJ vV, pdxdt. (27)

Y p BRI, FRFR 20T AR (20) 4% il s XN py » R renormalized solution 7] LA 2196 TV, o,
foftiit, FATTVERT 9], BRIBLMQRU)ENL, (26)H 5 K ARRHITZBEE K — 0 14K,
I SERAN THAISI3E 2.3, JEOUE o, Uy AR =4 Young T Y, e P([0,0)x R" ), X JLF- BT i)
(%) e(0,T)xQ IFHIL F(p,u)(t,x) = (W, F (r,v)) HeH o ~ p,v ~u AL K] dummy variable.
?ﬂ%pK lug [+ P (e ) |V, [+ Aldiv,uy [ 4 BI7E M(Q) BT M ([0,T]< Q) LA 5, BTLAEAET 51
i 2
1 2 o _
[E’OK lue|”+P (o« )}(s)—> E weakly-(*)in L (O,T;M(Q)),
[u|quK "+ 2|div,u, ﬂ — o weakly-(*)in M ([0,T]xQ).
X HFRATE L—AHrI

E,=E —<Vt_x,%r|v|2 + P(r)>dx
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o, =0 —[u|V<VLX,V>|2 + l(tr|V<1{x,v>|)1dxdt
LR E (LY P K >0 8, MLFHHERs<(0T),
I 2ol +P () s )ox+ €. (5)[0)]
+[*f,1v.Tf + Aldiv, T dxdt+ o, [[0,5]x Q] (28)
gkg%pﬁ+mm}m£4mﬁq

th {pc} 7F LlogL b-—80f 5143 {p } 7 Co ([0.T] L (Q)) RS BUL, HK—>0, HIER
peCH([0,T]xQ), (26)TIMELIFEHT NS A

1, ,Egodx]: = [2[ [P+ pu -V, duct, (29)

ZEr¢=0,7=0.

X (26) BN I AR BURER, EEIHTH peu ®u M p(p, ) IXAE L°°(L1) EAEG, FIIRATHREH
515170 2.4, 157 5 (0] P AR AL TR I3 455 p 26 L LTI, T M EI K 0, AHER @ < ([0.T]RY) ,
Pl =01

UQE-(odx]: = j;jg[ﬁ.am +p(u®U):V,p+ p(p)divx¢]dxdt

—[F[ S(Vu):V,edxdt+ [ {r":V, p)dt,
o JaS(V2) :

(30)

S LPBA s (0T) ., 1 ={r)" L e G (0T M(@)). [f (s)]<E. (). We=c.

% )5, Poincaré’s inequality 37 7] H.[9].
Fk, K->, ELE o U °TLAMS R — 2N A A . 8 BRAEIH 21 th 45
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