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Abstract

A finite projective plane is constructed using parametric coordinates, and a polarity

graph is derived from a polarity mapping and the projective plane. For some n, we can
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construct the extreme graph of set Ramsey numbers for C4 versus stars K1,n according

to the polarity graph. The lower bound of Ms(C4,K1,n) is obtained and some new exact

values are determined.
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1. Úó

�©¤?Ø�ãÑ´{üã.éuã G = (V (G), E(G)), Ù¥ V (G)� E(G)©OL«ã G�

º:8�>8. �A/,ÎÒ |V (G)|� |E(G)|©OL«ã G�º:ê(½¡��ê)Ú>ê. Ó�,

éuã Gþ��: v, ò: v3ã Gþ����Ý©OP� NG(v)� dG(v). e V ′ ´ V ����

�ýf8, K^ G[V ′] L«± V ′ �º:8/¤�ã G�p�fã.

�½{üã G1, G2, ^ Ramseyê R(G1, G2) 5L«�����ê N , ¦�éu��ã KN �

?¿)¤fã H, �o H �¹ G1, �o H �¹ G2, Ù¥ H � H 'u KN �Öã. ¯õÆö3

ïÄ Ramseyê�L§¥, Ú\
 Ramseyê�í2/ª��
CN. Ù¥, Ramseyê��«CN

set Ramseyê�½Âd BurgerÚ Vuuren [1]�Ñ.

��z�©Ük s�º:��� cÜã^ Kc×s L«. �½{üã G1, G2, ^ set Ramseyê

Ms(G1, G2)5L«�������ê c, ¦� Kc×s �?¿)¤fã G, �o G�¹ G1, �o G�

¹ G2, Ù¥ G � G 'u Kc×s �Öã.

Cc5, �
ÆöïÄ
'u C4 � set Ramsey ê��
�¹: G1 � G2 Ñ´ C4 �

Ms(C4, C4) [2]; G1´ C4� G2´(K1,n�Ms(C4,K1,n) [3].

Ó�, GoncalvesÚ Carmelo [3]�(½
 set RamseyêMs(C4,K1,n)���þ..

½n1. ( [3]) éu�ê s ≥ 1, n ≥ 2, - t = n+ s− 1, k

Ms(C4,K1,n) ≤


n+
√
t

s
+ 2, e s | (n+

√
t)⌈

n+
√
t

s

⌉
+ 1, e s - (n+

√
t).

�â½n 1¥��Ñ���þ., ÏL�E��©Üê� c− 1�ã H, ¦�ã H ¥Ø�¹ C4
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Ó�ã H 'u K(c−1)×s �Öã¥Ø�¹ K1,n, dd�±��éA� set RamseyêMs(C4,K1,n)

�e., �U
����þ.. Ï��±eÌ�(J.

½n2. é�ê� q ≥ 3, 1 ≤ k ≤ q − 2� 1 ≤ j ≤ k, K

(1) � q < j + k�, kMk+1(C4,K1,(j−1)k+q) = j + 2;

(2) � q ≥ j + k�, kMk+1(C4,K1,j(k+1)) = j + 2.

íØ1. é�ê� q ≥ 3, 1 ≤ j, k ≤ q − 2 , K

(1) � q < j + k�, kMk+1(C4,K1,(j−1)k+q) ≥ j + 2;

(2) � q ≥ j + k�, kMk+1(C4,K1,j(k+1)) ≥ j + 2.

½n3. é�ê� q ≥ 4, �
⌈
q
4

⌉
+ 1 ≤ k ≤ q − 2, kMk+1(C4,K1,(k+1)q−k+1) = q + 2.

2. ý�½Â�Ún

�â Parsons [4] éu�K²¡ Π = (P,L)�£ã, ���Xe½Â.

½Â1. �½�K²¡ Π = (P,L), Ù¥ P �����8Ü, �¥���¡�:, 8Ü L� P ¥
f8x, ò L¥��¡��, �÷v5�µ

ún1. ?¿ü�ØÓ�: u�^�þ;

ún2. ?¿ü^ØÓ����u���:;

ún3. �3o:, Ø�3�^�, ¦�ùo:¥�Lü:3ù^�þ.

ÏL�K²¡ Π , ·��±d�K²¡��K²¡þ��45N� σ�Ñ��45ã G.

½Â2. �½��d (Π, σ)�Ñ�ã G, º:8� P , >8� {{P,Q} : P 6= Q� P ∈ σ(Q)} , Ù¥
Π��� q��K²¡ Π = (P,L), σ��K²¡ Πþ��45N�(7�V�) σ : P ∪L → P ∪L,
�÷v: (i) σ(P) = L (Ó�k σ(L) = P); (ii) σ2 = ε�ð�N�; (iii)é?¿: P �?¿> lQ,

P ∈ lQ ��=� σ(lQ) ∈ σ(P ). ·�¡ã G�45ã.

GoncalvesÚ Carmelo3 [3]¥, ^ëê�I�EÑ
�«�K²¡Xe.

½Â3. �½��k�� Fq, Ù¥�ê� q ≥ 3. -º:8

P = (Fq × Fq) ∪ ({q} × Fq) ∪ ({q} × {q}), (1)

Ù¥ q /∈ Fq. éuz� (x, y) ∈ Fq × Fq, z ∈ Fq, 5½�8Ü L�:

l(x,y) = {(k, kx− y) : k ∈ Fq}, (2)

l(q,z) = {z} × Fq ∪ {(q, q)}, (3)

l(q,q) = {q} × Fq ∪ {(q, q)}. (4)

dd�EÑ���K²¡ Πq = (P,L).

ÏdÏL�K²¡ Πq, Uì½Â 2, �EÑ��45ã Gq.

½Â4. éuk�� Fq = {0, α, α2, ..., αq−1} (α �Ä��), ÏLk��K²¡ Πq = (P,L)�45
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N�(7�V�) σ : P ∪ L → P ∪L , �±�Ñ45ã Gq, Ù¥ V (Gq\{(q, q)}) = (V0, V1, ..., Vq), �

k

V0 = {0} × Fq, Vi = {αi} × Fq,Ù¥ 1 ≤ i ≤ q − 1, Vq = {q} × Fq.

·�
)�, ÏL (Πq, σ) �Ñ�45ã Gq k q2 + q + 1 �º:, ¿�òº:8 P y©�:

V0, V1, ..., Vq, {(q, q)} , Ó�éu P ¥?¿�: v , k q ≤ dG(v) ≤ q + 1. Ïd, ·��±�� Gq �

��k q + 1�©Üy©�z�©Üy©¥º:ê�Ó�fãXe.

½Â5. ÏLí� Gq ¥�º: (q, q)±9¤k�Ó��º:8 Vj ¥�>, Ù¥ j ∈ {0, 1, ..., q}. ·
�¡���fã�Gq(q+1, q). �� V (Gq(q+1, q)) = V0∪V1∪ ...∪Vq, E(Gq(q+1, q)) = {{P,Q} :

éu 0 ≤ j < l ≤ q, P ∈ lQ, P ∈ Vj � P ∈ Vl}.

Ó� GoncalvesÚ Carmelo3 [3]¥�Ñ
ã Gq(q + 1, q)��
5�Xe.

Ún1. ( [3] ) ã G = Gq(q + 1, q)÷v±e�
5�:

(i) G ⊆ K(q+1)×q � G¥Ø�¹ C4;

(ii)�½ P ∈ Vj,Ù¥ j ∈ {0, 1, ..., q − 1}. é l 6= j, Ù¥ l ∈ {0, 1, ..., q}, P 3 Vj ¥Tk��

�:;

(iii)�½ P = (q, y) ∈ Vq. éu,� j ( 1 ≤ j ≤ q − 1), k y = αj(½ö y = 0 ), K� P ��

� q�:Ñ3 Vj (½ö V0 )¥;

(iv)é¤k P ∈ V (G), k dG(v) = q� dG(v) = q2 − q,Ù¥ G� G'u K(q+1)×q �Öã.

3ùp, ·��Ñ� q = 3�ã Gq �ã Gq(q + 1, q)�~f: - α = 2 ∈ Z3, �±��ã G3�

ã G3(4, 3)�(�(Xã 1). �[0��±ë� [3].

Figure 1. Polarity graph G3 and q-regular graph G3(4, 3)

ã 1. 45ãG3�q-�KãG3(4, 3)

3. ½n 2�½n 3�y²

�â45ã Gq �Ùfã Gq(q + 1, q)�(�, ·��±Ú\±e(�.
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(�1. éu�ê� q ≥ 3, �½ 1 ≤ j, k ≤ q − 2, -ã G = Gq(q + 1, q) , 3 G¥� V (G)�f8

N = N(k) = NG[(0, 0)] ∪NG[(0, α)] ∪ ... ∪NG[(0, αk)],

Ù¥ NG[P ] = NG(P ) ∪ {P}. 2�Ñã G'uº:8 (V0 ∪ V1 ∪ ... ∪ Vj) ∩N �p�fã, ·�¡

��

Gq(j + 1, k + 1) = G[(V0 ∪ V1 ∪ ... ∪ Vj) ∩N ].

Óã 1¥�½,éu q = 3, j = k = 1 ,·��Ñ��(� 1�~f,=ã G3(2, 2) (Xã 2).

Figure 2. Configuration 1 G3(2, 2)

ã 2. (�1 G3(2, 2)

éu(� 1?1©Û, ��±eÚn.

Ún2. - H = Gq(j + 1, k + 1), k H ⊆ K(j+1)×(k+1) � H ¥Ø�¹ C4.

y². du H ⊆ G �Ún 1, �� H ¥Ø�¹ C4. 2dã H �½Â, ��ã H �º:8

(V0 ∪ V1 ∪ ... ∪ Vj) ∩N �©� j + 1�©Üy©. ��·��yã H �z�©Üy©¥k k + 1�

º:, =é?¿ 0 ≤ i ≤ j, k |Vi ∩N | = k + 1.

?¿ÀÑ 1 ≤ i ≤ j, ?� Q ∈ {(0, 0), (0, α), ..., (0, αk)}, �âÚn 1, Vi ¥=k 1 :��

��, =k |Vi ∩ N | ≤ k + 1. 2�?¿ØÓ�ü: Q, Q′ ∈ {(0, 0), (0, α), ..., (0, αk)}, ��
Q, Q′ ∈ V0. duG¥Ø�¹ C4, kNG(Q)∩NG(Q′) = {(q, 0)}, =��NG(Q)∩NG(Q′)∩Vi = ∅,
K |Vi ∩ N | = |Vi ∩ NG[(0, 0)]| +

∑k
t=1 |Vi ∩NG[(0, αt)]| = k + 1. 2d V0 ∩ NG[Q] = {Q}, ��

V0 ∩N = {(0, 0), (0, α), ..., (0, αk)}.

nþ, ·���, éu 0 ≤ i ≤ j ≤ q − 2, 3ã H �z�©Üy© Vi ∩N ¥Tk k + 1�º:,

Kk H ⊆ K(j+1)×(k+1). �

ÏL(� 1, U
�EÑ�A� set RamseyêMs(C4,K1,n)�4�ã. Ïd, ·��ÑXe½

n 2�y².

½n 2.é�ê� q ≥ 3, 1 ≤ k ≤ q − 2� 1 ≤ j ≤ k, K

(1) � q < j + k�, kMk+1(C4,K1,(j−1)k+q) = j + 2;

(2) � q ≥ j + k�, kMk+1(C4,K1,j(k+1)) = j + 2.

y². ·�k�Ñe.�y². �½ã H = Gq(j + 1, k + 1), ã G = Gq(q + 1, q) , ã F =

G[V0 ∪ V1 ∪ ... ∪ Vj ], :8 N = NG[(0, 0)] ∪NG[(0, α)] ∪ ... ∪NG[(0, αk)], M =
⋃q−1

i=k+1NG[(0, αi)].
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�âÚn 1, ��ã G� q-�K�, ã F � j-�K�. duã H �½Â�Ún 2, �� H ⊆ F ⊆ G,

K·�U
ÏLíØã F ¥��
º:��ã H. éu V (H)¥?�: P , ·�ÏL3ã F ¥í

�:8M ∩NG(P )��NH(P ). e P ∈ V (H)∩ V0 = N ∩ V0, dÚn 1, kM ∩NG(P ) = {(q, 0)},
= |M ∩NG(P )| = 1,�� dH(P ) = j. e P ∈ V (H)\V0, ·�ÏLü��{©O�Ñ |M ∩NG(P )|
���.

Äk, duÚn 1,�� G¥Ø�¹ C4, =k F ¥Ø�¹ C4. éuz� k + 1 ≤ i ≤ q − 1, �

õ�3��: Qi ∈ NG((0, αi)) ∩ NG(P ), Kk |M ∩ NG(P )| ≤ q − 1 − (k + 1) + 1 = q − k − 1.

Ùg, du P ∈ V (H)\V0, = V0 ∩ NG(P ) ⊆ N , k V0 ∩M ∩ NG(P ) = ∅.�âÚn 1, º: P 3

?¿©Üy©¥(Ø�: P ¤3�©Üy©)Tk���:, ã F ¥k j + 1 �©Üy©. Kk

|M ∩NG(P )| =
∑j

i=0 |Vi ∩M ∩NG(P )| ≤ j + 1− 2 = j − 1. ·�©�¹?ØXe:

(i) e q − k − 1 < j − 1, = q − k < j, k dH(P ) ≥ j − (q − k − 1) = j − q + k + 1 �

dH(P ) ≤ (j − 1)k + q − 1. dd��, Mk+1(C4,K1,(j−1)k+q) ≥ j + 2.

(ii)e q − k− 1 ≥ j − 1, = q − k ≥ j, k dH(P ) ≥ j − (j − 1) = 1� dH(P ) ≤ j(k+ 1)− 1. d

d��, Mk+1(C4,K1,j(k+1)) ≥ j + 2.

2�Ñþ.�y², Ó��±©¤±eü«�¹y²:

(i)�z�©Üy©º:ê� s = k + 1, �½ n = (j − 1)k + q = (j − 1)(k + 1) + q − j + 1, K

t = n+s−1 = jk+q = j(k+1)+q−j. 2d k ≤ q−2� q < j+k,÷v j2 < t = j(k+1)+q−j <
j(k + 1) + k ≤ k2 + 2k < (k + 1)2, =k s - (n+

√
t). d½n 1, Ón��

Ms(C4,K1,n) ≤
⌈

(j − 1)k + q +
√
t

k + 1

⌉
+1 ≤ j−1+1+

⌈
q − j + 1 +

√
t

k + 1

⌉
≤ j+

⌈
k + 1 +

√
t

k + 1

⌉
= j+2.

dd�y.

(ii)�z�©Üy©º:ê� s = k + 1, �½ n = j(k + 1), K t = n+ s− 1 = j(k + 1) + k. 2

d j ≤ k, ÷v 0 < t ≤ k2 + 2k < (k + 1)2, =k s - (n+
√
t). d½n 1, ��

Ms(C4,K1,n) ≤
⌈
n+
√
t

s

⌉
+ 1 =

⌈
j(k + 1) +

√
t

k + 1

⌉
+ 1 ≤ j + 1 +

⌈ √
t

k + 1

⌉
= j + 2.

dd�y. �

w,dþ¡�y²��íØ 1.

Ó�/, �
y²½n 3, �E�A�4�ã, ·��Ñe¡�(�.

(�2. éu�ê� q ≥ 3, �½ 1 ≤ k ≤ q − 2, -ã G = Gq(q + 1, q) , 3 G¥� V (G)�f8

(N ∪ {(q, αq−1), ..., (q, αq−k−1)})\{(q, 0)},

2�Ñã G'uº:8 (N ∪ {(q, αq−1), ..., (q, αq−k−1)})\{(q, 0)}�p�fã, ·�¡��

Gq(q + 1, k + 1) = G[(N ∪ {(q, αq−1), ..., (q, αq−k−1)})\{(q, 0)}].
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Ó�/, �â�ã 1, ã 2�Ó��½,éu q = 3, k = 1 ,·��Ñ��(� 2�~f,=ã

G3(4, 2) (ã 3).

Figure 3. Configuration 2 G3(4, 2)

ã 3. (�2 G3(4, 2)

éu(� 2?1©Û, ��Ún 3 .

Ún3. - H = Gq(q + 1, k + 1), k H ⊆ K(q+1)×(k+1) � H ¥Ø�¹ C4.

y². du H ⊆ G�Ún 1, �� H ¥Ø�¹ C4. 2dã H �½Â, ��ã H �º:8 V (H)�

©� q + 1�©Üy©. �Ún 2¥Ón, 2d V (H) ∩ Vq = {(q, αq−1), ..., (q, αq−k−1)}, ��ã H

�z�©Üy©¥k k + 1�º:, =é?¿ 0 ≤ i ≤ q, k |Vi ∩N | = k + 1.

dd��, éu 0 ≤ i ≤ q, 3ã H �z�©Üy© Vi ∩ N ¥Tk k + 1 �º:, Kk

H ⊆ K(q+1)×(k+1). �

?�Ú, ÏL(� 2, ·��ÑXe½n 3�y².

½n 3.é�ê� q ≥ 4, �
⌈
q
4

⌉
+ 1 ≤ k ≤ q − 2, kMs(C4,K1,(k+1)q−k+1) = q + 2.

y². ·�k�Ñe.�y². �½ã H = Gq(q + 1, k + 1), ã G = Gq(q + 1, q) , :8

N = NG[(0, 0)] ∪ NG[(0, α)] ∪ ... ∪ NG[(0, αk)], M =
⋃q−1

i=k+1NG[(0, αi)]. �½n 2 �y²Ón,

U
ÏLíØã G ¥��
º:��ã H, �éu V (H) ¥?�: P , �±3ã G ¥í�:8

M ∩NG(P )�� NH(P ). e P ∈ V (H) ∩ V0, ÓnkM ∩NG(P ) = {(q, 0)}, = |M ∩NG(P )| = 1.

Ó�/, e P ∈ V (H)\V0, éuz� k + 1 ≤ i ≤ q − 1, �õ�3��: Qi ∈ NG((0, αi)) ∩NG(P ),

Kk |M ∩ NG(P )| ≤ q − 1 − (k + 1) + 1 = q − k − 1. dd��, é V (H) ¥?�: P , k

|M ∩NG(P )| ≤ q − k − 1.

Ó�, e P ∈
⋃q−k−2

i=1 Vi, k |V (H) ∩ NG(P ) ∩ Vq| = 0, = |(NG(P ) ∩ Vq)\V (H)| = 1. du G

� q-�K�, é V (H)¥?�: P , k dH(P ) = dG(P ) − |M ∩ NG(P )| − |(NG(P ) ∩ Vq)\V (H)| ≥
q − (q − k − 1)− 1 = k� dH(P ) ≤ (k + 1)q − k. ��Mk+1(C4,K1,(k+1)q−k+1) ≥ q + 2.

���Ñþ.�y², �z�©Üy©º:ê� s = k + 1, �½ n = (k + 1)q − k + 1,

K t = n + s − 1 = (k + 1)q + 1. 2d
⌈
q
4

⌉
+ 1 ≤ k ≤ q − 2, �� k + 2 ≤ q ≤ 4(k − 1), =
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(k + 1)2 < (k + 1)(k + 2) + 1 ≤ t ≤ 4k2 − 3 < (2k)2, Ïd s - (n+
√
t). �â½n 1, ��

Ms(C4,K1,n) ≤
⌈

(k + 1)q − k + 1 +
√
t

k + 1

⌉
+ 1 ≤ q + 1 +

⌈
−k + 1 +

√
t

k + 1

⌉
= q + 2.

dd�y. �

4. (�

ÏL�E45ã��
 C4 é( K1,n � set RamseyêMs(C4,K1,n)�4�ã,Ï�â®k

�þ.,(½
�
#�°(�. 3�5�ïÄ¥,�±}Á¦^ù��{)û�õ� C4 é( K1,n

� set Ramseyê¯K.?�Ú/,�±�Äòd�{í2� C4 éÙ¦��Üã� set Ramseyê¯

K¥.
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