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Abstract

In this paper, we study the a priori error analysis of linear parabolic interface prob-

lems with spatial measure data. For the spatial discretization, we use finite element

discretization to obtain its semi-discrete problem; because the measure regularity is

low, so the solution of the problem has very low regularity in the whole domain. We

derive a prior error estimate in the L2 norm of the spatial discrete finite element

approximation under minimum regularity, using the L2 projection operator and the

duality parameter.
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1. Úó

�©ïÄ
äk�mÿþêâ��5�Ô¡.¡¯K��mlÑk��%C�k�Ø�©Û§

= 

ut −∇ · (β∇u) = µ (x, t) ∈ ΩT

u = 0 (x, t) ∈ ΓT

u(·, 0) = u0 x ∈ Ω,

(1.1)

3 ΓT1 = Γ1 × [0, T ] þ÷ve¡�.¡a=^�

[u] = 0, [β
∂u

∂n
] = 0. (1.2)

Ù¥§Ω´ R2¥�k.�àõ>/«�§ΩT = Ω× (0, T ] §ΓT = Γ× (0, T ]§ùp�>. Γ = ∂Ω

´|ÊF]>."� Ω1 ´ Ω �f«�§�>. ∂Ω1 = Γ1 äk C2 �1w5" Ω1 ò«� Ω
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y©�ü�f«� Ω1,Ω2§÷v Ω1 ∪ Ω2 = ΓÚ | Ω1 ∩ Ω2 = Γ |=0" ÎÒ [u]L« u3.¡ Γ1

þ�a�§=§[u](x) = u1(x)−u2(x), x ∈ Γ1, ui(x) = u(x) |Ωi
"*ÑXê β´©ã~�¼ê§=§

β(x) = βi, x ∈ Ωi, i = 1, 2.

ùp�Ð©¼ê u0(x) ∈ L2(Ω),mà� µ ≡ fσ,ùp f ∈ L2(0, T ;C(Ω̄)), σ ∈ M(Ω)§Ù¥

M(Ω)L«��3«� Ωþ¢�§�K�ÆX��ÿ�m§·�½Â§��m C(Ω̄)��Ý�m§

¿½ÂT�m�Xe�ê

‖σ‖M(Ω) = sup{
∫

Ω

vdσ : v ∈ C(Ω) , ‖v‖C(Ω) ≤ 1} (1.3)

'u�ÿÝêâ� �©�§�ïÄ´21­V'�9���K��§ùa¯K3)¹¥�'�Ê

H§~X�[äk>Ö©Ù(µ)�>|�>³ [1]§(Æü4f�ï� [2]§3ÀY?nXÚ��O

Ú+n¥§)ûlÀY?nXÚü��À/ÀY [3]"

2006 cAraya ÚBhrens éäk).�
��ý�¯K���Ø��O [2]"2013 c÷�ïÄ


�kÿÝ��Ô�§k��%C�Ø��O [3]"2014 cCasas �<ïÄ
�ÿÝ���5ý�

�§��`�� [4]"2019 cShakya ÚSinha ïÄ
�ÿÝ��Ô�§�`��¯K�k��%

C [5]"2021 cGupta ïÄ
�mþ´ÿÝ��Ô.¡¯K�kk�Ø��O. 'u�Ô..¡¯

K�k���{®²�Nõ�ö2�ïÄ, ·��±ë�©z [6] [7]"éu�kÿÝêâ��Ô�

§�.¡¯K�ïÄ¥�kéõ�ó�I��¤§~X�m¥�kÿÝêâ��Ô.¡¯K��

lÑ�Ø��O§�kÿÝêâ��Ô.¡¯K���lÑ�Ø��O§'u�kÿÝêâ��

Ô.¡¯K��`����"

éu�©�
ó§·�òí�Ñäk�mÿþêâ��Ô.¡¯K�k�Ø�."duXê

3.¡ Γ1 þ�ØëY±9mà��kÿÝêâ§��·�¯K�)��K5é$, Ïd·�Ú\

éó5ëê§Ú�
IO��O�±í�Ñ�kÿÝêâ��Ô.¡¯KL2 ��lÑØ��O"

2. ý��£

2.1. �
�mÚÎÒ�`L«

�e5·�0��
~���mÚ�
ÎÒL«"�m Lp(Ω)L«¤k3 Ωþ pg�V��

�È�¼ê�N§¿½Âe¡��ê

‖u‖Lp(Ω) =

∫
Ω

|u|pdx.

1 ≤ p ≤ ∞§ AO�� p = 2,T�m� L2(Ω)§·�^Wm,p(Ω) L««� Ω þ�Sobolev�m§

ùpm≥ 0, 1 ≤ p ≤ ∞ éA��ê^ÎÒ ‖ · ‖wm,p(Ω)L«"AO�§p=2, Wm,2(Ω)=Hm(Ω) ÷

v‖ · ‖wm,2(Ω) = ‖ · ‖Hm(Ω)§H
0(Ω) = L2(Ω), H1

0 (Ω) = {v ∈ H1(Ω); v = 0 ,∀x ∈ ∂Ω}"H−1(Ω)L
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« H1
0 (Ω)��Ý�m§Ó�3d�m½ÂXe��ê¶

‖v‖H−1(Ω) = sup
w∈H1

0 (Ω),w 6=0

(v, w)

‖w‖H1(Ω)

.

·�^ Ln(0, T ;Wm,p(Ω))L«¤k v : [0, T ] −→Wm,p(Ω)�r�ÿ¼ê|¤��N"

‖v‖Ln(0,T ;Wm,p(Ω)) = (

∫ T

0

‖v‖nWm,p(Ω)dt)
1
n 0 ≤ n <∞.

·�^ D(ΩT )L«3 ΩT þäk;|8� C∞(ΩT ) ¼ê�8Ü§·�5½�
ÎÒ"

W (Ω) := H1
0 (Ω) ∩H2(Ω1) ∩H2(Ω2),

X(0, T ) := L2(0, T ;W (Ω)) ∩H1(0, T ;L2(Ω)),

Y (0, T ) := L2(0, T ;H1
0 (Ω)) ∩H1(0, T ;H−1(Ω)),

L2(ΩT ) = L2(0, T ;L2(Ω)).

·�N´�� X(0, T ) ↪→ C([0, T ];H1
0 )§Ó�·�3W �m½ÂXe��ê

‖u‖W (Ω) := ‖u‖H1
0 (Ω) + ‖u‖H2(Ω1) + ‖u‖H2(Ω2),

e¡5·�½ÂV�5�f a(·, ·) ©O3 ΩÚ ΩTþ�L/ª"

a(u, v) =

∫
Ω

β∇u∇vdx, ∀u, v ∈ H1
0 (Ω),

a(u, v)ΩT
=

∫
ΩT

β∇u∇wdxdt ∀u, v ∈ L2(0, T ;H1
0 (Ω)).

2.2. �Ô¡.¡¯K�­½5(J

�
�B�¡�Ø��O§·��I�Ú\e¡�IO�.¡¯K�)��K5�­½5(

J"·��Ä
±e/ª�c��m�Ô���¯Kµ·�� φ´e¡¯K�)"
φt(x, t) +∇ · (β∇φ) = g (x, t) ∈ ΩT

φ(x, 0) = 0 x ∈ Ω

φ = 0 (x, t) ∈ ΓT ,

(2.1)

Ó�3 ΓT = Γ× [0, T ]þ÷ve¡�.¡a=^�

[φ] = 0, [β
∂φ

∂n
] = 0. (2.2)
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·�Ú\,��¯K§� ψ´Xe¯K�)"
−ψt(x, t) +∇ · (β∇ψ) = g (x, t) ∈ ΩT

ψ(x, T ) = 0 x ∈ Ω

ψ = 0 (x, t) ∈ ΓT .

(2.3)

÷v ΓT = Γ× [0, T ]þ÷ve¡�.¡a=^�

[ψ] = 0, [β
∂ψ

∂n
] = 0, (2.4)

þ¡� g ∈ H1(0, T ;L2(Ω))§e¡��Ún·���þ¡ü�.¡¯K�­½5(J [6] [7]"

Ún2.1. � g ∈ H1(0, T ;L2(Ω))§K¯K(2.1)-(2.2) Ú¯K(2.3)-(2.4) k���)υ (υ = φ, υ =

ψ),υ ∈ L2(0, T ;W (Ω))∩H1(0, T ;L2(Ω))§
�§υ ∈ L2(0, T ;W (Ω))∩H1(0, T ;L2(Ω)) ↪→ C([0, T ];H1(Ω))§

÷ve¡�­½�O"

‖v‖L2(0,T ;W (Ω)) + ‖vt‖L2(0,T ;L2(Ω)) ≤ c‖g‖L2(0,T ;L2(Ω)), (2.5)

‖φ(T )‖H1(Ω) ≤ c‖g‖L2(ΩT ), ‖ψ(0)‖H1((Ω) ≤ c‖g‖L2(ΩT ). (2.6)

2.3. �kÿÝêâ��Ô.¡¯Kf)��3��5

·�ò?Øäk�mÿþêâ��Ô�.¡¯K£1.1¤-£1.2¤�)��3��5"·�ÏL

ë� [3] [8]§$^= Eâ�±y²Ta¯Käk���f)"

Ún2.2. � f ∈ L2(0, T ;C(Ω̄)) Ú σ ∈ M(Ω),K¯K(1.1)-(1.2) 3e�¯K¿Âek���)

u ∈ L2(0, T ;L2(Ω))

− (u, vt)ΩT
+ a(u, v)ΩT

= 〈µ, v〉ΩT
+ (u0, v(x, 0)) ∀v ∈ X(0, T ), (2.7)

ùp� v(x, T ) = 0

〈µ, υ〉ΩT
=

∫
Ω̄T

υdµ =

∫
Ω

(

∫ T

0

f(x, t)υ(x, t)dt)dσ(x) ∀υ ∈ L2(0, T ;C(Ω̄)),

÷v

‖y‖L2(ΩT ) ≤ C(‖g‖L2(0,T ;L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(ΩT )), (2.8)


�

y ∈ L1(0, T ;W 1,p(Ω)) ∩ C([0, T ];W 1,q(Ω)′), ∂ty ∈ L1(0, T ;W 1,q(Ω)′),

k

‖y‖L1(0,T ;W 1,p(Ω)) ≤ C (‖g‖L2(0,T ;L∞(Ω))‖ω‖M(Ω) + ‖y0‖L2(Ω) + ‖q‖L2(Ω)), (2.9)

ùp p ∈ [1, d
d−1

)§ p §q÷v 1
p

+ 1
q

= 1.
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2.4. «�Ω�k��lÑ

�
½Â«� Ω�k��Cq§·�3«� Ω̄þ¿©�ÎÜ5K�n�¿© Th = {K}§·�
^��>.� Γp �õ>/ PΩ1

5Cq� Ω1§¦õ>/�¤kº:Ñ u.¡þ"Ïd§Γp ò�

Ωy©�ü�f«� PΩ1
Ú PΩ2

§Ù¥ PΩ2
´��Cqu� Ω2 �õ>/«�"�e5·�én�

¿© Th = {K}�Ñ±eb�§·�ë�©z[6]"

A1. XJ K1§K2 ∈ Th � K1 6= K2§÷v K1 ∩K2 = ∅ ½ö K1 ∩K2 �����Ó�>½��

�Ó�º:"z�n�/�U´´3 PΩ1
½ö´3 PΩ2

þ§§�.¡�õ��u�^>"

A2. éuz��� K ∈ Th§·�b�ü�ëê dk§σk§ùp dk L«�� K ��»§σk L« K

¥¤kS����»����§h = maxK∈Th dk"Ó�·�b�÷v±e�K5b�§�3��

�~ê C§¦
dK
σk
≤ C, h

dK
≤ C.

� Th�'é�k���f�m

Vh := {v ∈ H1
0 (Ω)|v|K ∈ P1(K), ∀K ∈ T ))h},

Ù¥ P1(K)´n�ü�Kþ�õ� 1g�õ�ª�m"·��I�Ú\Xe���O§υh ∈ Vh [9]

‖υh‖Hs,2(Ω) ≤ Chl−s‖υh‖Hl,2(Ω), 0 ≤ l ≤ s ≤ 1, (2.10)

‖υh‖L∞(Ω) ≤ Ch−
d
2 ‖υh‖L2(Ω). (2.11)

ùp� d = dim(Ω)§�©�Y^�� cL«Ø�6u h�~ê"

2.5. ���O

e¡����O·��±ë�©z [6] [10]"

Ún2.3. � Πh : C(Ω̄)→ Vh ´IO�.�KF���f§Kke¡����O"

‖v −Πhv‖+ h‖∇(v −Πhv)‖ ≤ ch2 | log h | 12 ‖v‖W (Ω), ∀v ∈W (Ω). (2.12)

3. k�Ø��O

3.1. �mlÑ/ªÚ�
ÝK�f

�
���¡�k�Ø��O§·�Ú\¯K (1.1)-(1.2)��mlÑ/ª"

− (uh, vh,t)ΩT
+ a(uh, vh)ΩT

= 〈µ, vh〉ΩT
+ (Π0u0, vh(x, 0)) ∀vh ∈ H1(0, T ;Vh), (3.1)

Ù¥ Π0u0´l L2(Ω)� Vh�ÝK�f"
�
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〈µ, υh〉ΩT
=

∫
Ω̄T

υhdµ =

∫
Ω

(

∫ T

0

f(x, t)υh(x, t)dt)dσ(x) ∀υh ∈ H1(0, T ;Vh),

�e5·�Ú\�
ÝK�f"

� Lh´ L2ÝK�f§÷v§Lh : L2(Ω)→ Vh§¦�éu y ∈ L2(Ω) k

(Lhy, vh) = (y, vh) ∀vh ∈ Vh, (3.2)

� Rh´ RitzÝK�f§÷v§Rh : H1
0 (Ω)→ Vh§¦�éu y ∈ H1

0 (Ω) k

a(Rhy, vh) = a(y, vh) ∀vh ∈ Vh. (3.3)

e¡·�Ú\ L2ÝK�fÚ RitzÝK�f��
5�,·��±ë� [3] [11] [12]"

Ún3.1. � Lh ´£3.2¤½Â L2 ÝK�f§Rh ´£3.3¤½Â Ritz ÝK�f§Kk±e�(J

¤á"

‖y − Lhy‖−1 + h‖y − Lhy‖ ≤ ch2‖y‖1, (3.4)

‖y −Rhy‖+ h|log h| 12 ‖y −Rhy‖1 ≤ ch2|log h|‖y‖W (Ω). (3.5)

3�O¯K£1.1¤-£1.2¤��mlÑ�Ø��O�§·�I�½Â���Ô..¡¯K£2.3¤

-£2.4¤��mlÑk��Cq§Ïd·�k�Ñ
��¯K£2.3¤-£2.4¤�fúª§ùp

ψ(·, T ) = 0"

− (ψt, v)ΩT
+ a(ψ, v)ΩT

= (g, v)ΩT
∀v ∈ H1(0, T ;H1

0 (Ω)), (3.6)

(3.6) ¥� ψ ∈ H1(0, T ;H1
0 (Ω))"

·�3£3.6¤�Ä:�þ§·��Ñ¯K£2.3¤-£2.4¤��mlÑ/ª§ùpψh(·, T ) = 0"

− (ψh,t, vh)ΩT
+ a(ψh, vh)ΩT

= (g, vh)ΩT
∀vh ∈ H1(0, T ;Vh), (3.7)

(3.7) ¥� ψh ∈ H1(0, T ;Vh)§ÏdÏL£3.6¤Ú£3.7¤·���e¡���5�"

− (ψt − ψh,t, vh)ΩT
+ a(ψ − ψh, vh)ΩT

= 0 ∀vh ∈ H1(0, T ;Vh). (3.8)

e¡�Ún�Ñ
���Ô¡.¡¯K£2.3¤-£2.4¤���k�Ø�.,·��±ë

� [13] [14]"

Ún3.2. � ψ ∈ L2(0, T ;W (Ω)) ∩ H1(0, T ;L2(Ω)) ↪→ C([0, T ];H1
0 (Ω)) Ú ψ ©O´¯K£2.3¤-
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£2.4¤Ú£3.7¤�)§ψh(0) = Lhψ(0),K·�k

‖ψ(t)− ψh(t)‖2 +

∫ t

0

‖ψ(s)− ψh(s)‖21ds ≤ ch2(‖∂tψ‖2L2(ΩT ) + |log h|‖ψ‖2L2(0,T ;W (Ω))). (3.9)

y². ·�$^£3.6¤-£3.7¤¼�e¡�£3.9¤"

− (ψt − ψh,t, vh)ΩT
+ a(ψ(t)− ψh(t), vh)ΩT

= 0 ∀vh ∈ H1(0, T ;Vh), (3.10)

� vh(t) = Lhψ(t), t ∈ (0, T ]§$^£3.2¤·�k

1

2

d

dt
‖ψ(t)− ψh(t)‖2 + a(ψ(t)− ψh(t), ψ(t)− ψh(t))

= (ψt(t)− ψh,t(t), ψ(t)− vh(t)) + a(ψ(t)− ψh(t), ψ(t)− vh(t))

= (ψt(t)− Lhψt(t), ψ(t)− Lhψ(t)) + (Lhψt(t)− ψh,t(t), ψ(t)− Lhψ(t))

+ a(ψ(t)− ψh(t), ψ(t)− Lhψ(t))

= (ψt(t)− Lhψt(t), ψ(t)− Lhψ(t)) + a(ψ(t)− ψh(t), ψ(t)− Lhψ(t))

=
1

2

d

dt
‖ψ(t)− Lhψ(t)‖2 + a(ψ(t)− ψh(t), ψ(t)− Lhψ(t)),

ùp ∂t(Lhψ(t)− ψh(t)) ∈ Vh§dþ¡�í�§ü>Ó�30�tþÈ©§(Ü�Ü-��]Ø�ª·

���

‖ψ(t)− ψh(t)‖2 + γ

∫ t

0

‖ψ(s)− ψh(s)‖21ds

≤ c(‖ψ(t)− Lhψ(t)‖2 + ‖ψ(0)− ψh(0)‖2 − ‖ψ(0)− Lhψ(0)‖2 +

∫ t

0

‖ψ(s)− Lhψ(s)‖21ds),

�

·���ψh(0) = Lhψ(0)§Ï� ‖w−Lhw‖1 ≤ c‖w−Rhw‖1 ∀w ∈ H1
0 (Ω)¤±·���e¡�ªf

‖ψ(t)− ψh(t)‖2 + γ

∫ t

0

‖ψ(s)− ψh(s)‖21ds

≤ c(‖ψ(t)− Lhψ(t)‖2 +

∫ t

0

‖ψ(s)−Rhψ(s)‖21ds)

≤ c( max
t∈[0,T ]

‖ψ(t)− Lhψ(t)‖2 +

∫ t

0

‖ψ(s)−Rhψ(s)‖21ds),

(3.11)

DOI: 10.12677/orf.2023.134412 4127 $Ê��
Æ

https://doi.org/10.12677/orf.2023.134412



Ê§ÛpW

qÏ� Y (0, T ) ↪→ C([0, T ];L2(Ω)) ·N´��"

max
t∈[0,T ]

‖w(t)‖ ≤ c(‖w‖L2(0,T ;H1
0 (Ω)) + ‖∂tw‖L2(0,T ;H−1

0 (Ω))), (3.12)

$^Ún3.1§(Ü£3.10¤-£3.11¤·�¼�

‖ψ(t)− ψh(t)‖2 +

∫ t

0

‖ψ(s)− ψh(s)‖21ds ≤ ch2(‖∂tψ‖2L2(ΩT ) + |log h|‖ψ‖2L2(0,T ;W (Ω))). (3.13)

u´·��¤
TÚn�y²§¿��Xe­��Ún"

Ún3.3. � ψ ∈ X(0, T ) ↪→ C([0, T ];H1
0 )§ψh ©O´¯K£2.3¤-£2.4¤Ú£3.7¤�)§e

ψh(0) = Lhψ(0),K·�k

‖ψ − ψh‖L∞(0,T ;L2(Ω)) ≤ ch(‖ψt‖L2(ΩT ) + |log h| 12 ‖ψ‖L2(0,T ;W (Ω)), (3.14)

‖ψ − ψh‖L2(0,T ;L∞(Ω)) ≤ ch(‖ψt‖L2(ΩT ) + ‖ψ‖L2(0,T ;W (Ω)). (3.15)

y². ùp�£3.13¤�y²·��±|^Ún3.2éN´y²§¤±·��Ñ£3.13¤�y²

L§"�e5·�y²£3.14¤§·�Ú^IO.�KF���f Πhψ§K

‖ψ − ψh‖L2(0,T ;L∞(Ω)) ≤ ‖ψ −Πhψ‖L2(0,T ;L∞(Ω)) + ‖Πhψ − ψh‖L2(0,T ;L∞(Ω))

≤ ch2− d
2 ‖ψ‖L2(0,T ;W (Ω)) + ch−

d
2 ‖Πhψ − ψh‖L2(ΩT )

≤ ch2− d
2 ‖ψ‖L2(0,T ;W (Ω)) + ch−

d
2 ‖ψ − ψh‖L2(ΩT ), (3.16)

·�ë� [14]§ØJy²±e�m����Ô.�§�k�Ø��O"

‖ψ(t)− ψh(t)‖L2(ΩT ) ≤ Ch2(‖ψ‖L2(H2(Ω)) + ‖ψt‖L2(ΩT )). (3.17)

ùpd = dim(Ω) = 2§u´|^£3.16¤-£3.17¤·�Òy²
£2.14¤�k�5"

��|^þ¡�5����©�­����½n§

½n3.1. � f ∈ L2(0, T ;C(Ω̄))§σ ∈ M(Ω) Ú u0 ∈ L2(Ω), Ó�� u, uh ©O´¯K£2.7¤Ú

£3.1¤�)§K·�ke¡��O"

‖u− uh‖L2(ΩT ) ≤ ch max{1, |log h|
1
2 }(‖u0‖L2(Ω) + ‖f‖L2(0,T ;L∞(Ω))‖σ‖M(Ω)). (3.18)

ùp�y²g´·�ë� [1] [3] [15]¥½n3.4y²g�"

y². � ψ ´¯K£2.3¤-£2.4¤�)§ùp f ∈ L2(0, T ;C(Ω̄))§·�A^ (2.7), (3.1) Ú
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£3.8¤·���∫
ΩT

(u− uh)gdxdt = (u− uh,−ψt(x, t) +∇ · (β∇ψ))

= (u,−ψt(x, t))ΩT
+ a(u, ψ)ΩT

+ (uh, ψt(x, t))ΩT
− a(uh, ψ)ΩT

= (u,−ψt(x, t))ΩT
+ a(u, ψ)ΩT

+ (uh, ψt(x, t))ΩT
− a(uh, ψ)ΩT

= 〈µ, ψ〉ΩT
+ (u0, ψ(x, 0))− (uh, ψt,h(x, t))ΩT

− a(uh, ψh)ΩT

= 〈µ, ψ〉ΩT
+ (u0, ψ(x, 0))− 〈µ, ψh〉ΩT

+ (Lhu0, ψh(x, 0))

= 〈µ, ψ − ψh〉ΩT
+ (u0, ψ(0)− ψh(0))

=

∫
Ω

(

∫ T

0

f(x, t)(ψ − ψh)dt)dσ(x) + (u0, ψ(0)− ψh(0))

≤ ‖f‖L2(0,T ;L∞(Ω))‖σ‖M(Ω)‖ψ − ψh‖L2(0,T ;L∞(Ω)) + ‖u0‖L2(Ω)‖ψ − ψh‖L∞(0,T ;L2(Ω))

≤ ch‖f‖L2(0,T ;L∞(Ω))‖σ‖M(Ω)(‖ψt‖L2(ΩT ) + ‖ψ‖L2(0,T ;W (Ω)))

+ ch‖u0‖L2(Ω)(‖ψt‖L2(ΩT ) + |log h| 12 ‖ψ‖L2(0,T ;W (Ω))

≤ ch max{1, |log h| 12 }((‖u0‖L2(Ω) + ‖f‖L2(0,T ;L∞(Ω))‖σ‖M(Ω))‖g‖L2(ΩT ),

��A^ L2 �ê�½Â§·�Ò��

‖u− uh‖L2(ΩT ) = sup
g∈L2(ΩT ),g 6=0

(g, u− uh)ΩT

‖g‖L2(ΩT )

≤ ch max{1, |log h| 12 }(‖u0‖L2(Ω) + ‖f‖L2(0,T ;L∞(Ω))‖σ‖M(Ω)).

�

Ïd·��¤
T½n�y²"

4. o(

�©ïÄ
3 R2 þk.à«�þ�kÝþêâ��Ô.¡¯K�k�Ø�©Û§3Ø�©Û

¥��Ä
�mlÑCq"'uØ��O·���±*Ð�äkÿþêâ��Ô�.¡¯K��

�lÑCq¥§�´'uùa�Ô.¡¯K��lÑe�Ø��OØ´��{ü�¯§�Y�ê

�¢��´��ïÄ�¯"

Ä7�8

�Å�`��¯K�p�Monte Carlok��{ÜÓ?Ò:I[g,�ÆÄ7�8(11961008)"
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