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Abstract

Let f be a transcendental meromorphic function of finite order. In this paper, we stud-

ied the analogues of Milloux Inequality of meromorphic functions concerning products

of shifts and differences and obtained the analogues of Milloux Inequality of mero-

morphic functions concerning products of shifts and differences. For the analogues of

Miloux inequality concerning products of shifts, we improved the result of Wu and

Xu.
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1. Úó9Ì�(J

�©¥§æX¼ê��´3��E²¡þ�æX¼ê"±eò¦^�©ÙØ¥�IOP

ÒT (r, f)§m(r, f)§N(r, f)§S(r, f), · · · ë� [1–4]§Ù¥S(r, f) L«?�¼êf ÷vS(r, f) =

o{T (r, f)}§r →∞§r 6∈ E§E ´��éêÿÝk¡�r �8"

�f ´��E²¡þ�~êæX¼ê§�©^σ(f(z)) L«f(z) �?½Â�

σ(f(z)) = lim
r→∞

log+ T (r, f)

log r
,

�f ´��E²¡þ�~êæX¼ê§c ´���"k¡Eê§f ��©�∆cf(z) = f(z +

c)− f(z), n ��©�∆n
c f(z) = ∆c(∆

n−1
c f(z)), n ∈ N, n > 2"

Nevanlinnaïá
Í¶�NevanlinnanØ¼�
XeNevanlinna1�Ä�½nÚ1�Ä�½

nµ

½nA (1�Ä�½n) �f ´E²¡þ�æX¼ê§a ´?¿Eê§Kk
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T (r,
1

f − a
) = T (r, f) +O(1).

½nB (1�Ä�½n) �f ´E²¡þ��~êæX¼ê§ai(1 6 i 6 q) ´*¿E²¡þ

�q(q > 3) ��OEê§Kk

(q − 2)T (r, f) ≤
q∑

i=1

N(r,
1

f − ai
) + S(r, f).

1940c§Milloux��eã(J§

½nC (MillouxØ�ª) �n ´��ê§b ��"k¡Eê§f ´E²¡þ�æX¼ê÷

vf (n+1) 6≡ 0 §Kk

T (r, f) ≤ N(r, f) +N(r,
1

f
) +N(r,

1

f (n) − b
)−N(r,

1

f (n+1)
) + S(r, f).

1989c§Yi [5]y²
eãMilloux.Ø�ª���5�©ü�ªf ′f (J"

½nD �f ´E²¡þ��~êæX¼ê§b ´���"k¡Eê§Kk

2T (r, f) ≤ N(r, f) + 2N(r,
1

f
) +N(r,

1

ff ′ − b
) + S(r, f).

�C§�þØ©ïÄNevanlinnanØ�²£9�©�["2020c§WuÚXu [6]y�
eã'

uMillouxØ�ª�²£¦È�["

½nE �f ´k¡?���æX¼ê§m �����ê§c1, c2, · · · , cm ��O�k¡Eê"

Φ(z) = fd1(z + c1)f
d2(z + c2) · · · fdm(z + cm),

Ù¥d1, d2, · · · , dm ´��ê§d = d1 + d2 + · · ·+ dm§b ´�"k¡Eê"eΦ′(z) 6≡ 0§Kk

dT (r, f) ≤ 2dN(r, f) + dN(r,
1

f
) +N(r,

1

Φ(z)− b
) + S(r, f).

�©òU?½nEXe§

½n1 �f ´k¡?���æX¼ê§m ���ê§c1, c2, · · · , cm ��O�k¡Eê"

Φ(z) = fd1(z + c1)f
d2(z + c2) · · · fdm(z + cm),

Ù¥d1, d2, · · · , dm ´��ê, d = d1 + d2 + · · ·+ dm§b ´�"k¡Eê"eΦ′(z) 6≡ 0, Kk

dT (r, f) ≤ dN(r, f) + dN(r,
1

f
) +N(r,

1

Φ(z)− b
) + S(r, f).

d½n1=�

íØ1 �f ´k¡?��æX¼ê§b, c ��"k¡Eê§Kk
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T (r, f) ≤ N(r, f) +N(r,
1

f
) +N(r,

1

f(z + c)− b
) + S(r, f).

íØ2 �f ´k¡?��æX¼ê§b, c ��"k¡Eê§Kk

2T (r, f) ≤ 2N(r, f) + 2N(r,
1

f
) +N(r,

1

f(z)f(z + c)− b
) + S(r, f).

�©¥§·��¼�
½nC�½nD��©�["

½n2 �n �����ê§b, c ��"k¡Eê§f ´k¡?���æX¼ê÷v∆n+1
c f 6≡ 0§

Kk

T (r, f) ≤ (n+ 1)N(r, f) +N(r,
1

f
) +N(r,

1

∆n
c f − b

)−N(r,
1

∆n+1
c f

) + S(r, f).

íØ3 �f ´�����¼ê§n �����ê§c ����"k¡Eê§Kéu?¿k¡E

êa Úb( 6= 0) ½öf(z)− a kÃê�":½ö∆n
c f − b kÃê�":"

½n3 �b, c ´ü��"k¡Eê§f ´E²¡þ÷v(f∆cf)′ 6≡ 0 �æX¼ê§Kk

2T (r, f) ≤ 2N(r, f) + 2N(r,
1

f
) +N(r,

1

f∆cf − b
) + S(r, f).

2. �
Ún

�
y²�©�(J§I�XeA�Ún"

Ún1 [7–10] �f ´k¡?���æX¼ê§c ´���"k¡Eê§Kk

m(r,
f(z + c)

f(z)
) = S(r, f).

Ún2 [11,12] �f ´k¡?���æX¼ê§c ´���"k¡Eê§Kk

N(r, f(z + c)) = N(r, f) + S(r, f),

N(r, f(z + c)) = N(r, f) + S(r, f),

T (r, f(z + c)) = T (r, f) + S(r, f).

Ún3 [8, 11] �f ´k¡?���æX¼ê§Ké?¿��ên§k

m(r,
∆n

c f

f
) = S(r, f).

Ún4 [3, 4] �f ´��æX¼ê§a0( 6= 0), a1, · · · , an ´k¡Eê§Kk
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T (r, a0f
n + a1f

n−1 + · · ·+ an−1f + an) = nT (r, f) + S(r, f).

Ún5 [1–4] �f ´��æX¼ê§Kk

lim
r→∞

T (r, f)

log r
=∞.

3. ½n�y²

½n1�y²µ dÚn1§Ún2ÚNevanlinna1�Ä�½n�

m(r,
1

f
) +m(r,

1

Φ− b
)

≤m(r,
1

fd
) +m(r,

1

Φ− b
)

≤m(r,
1

Φ
) +m(r,

1

Φ− b
) +m(r,

Φ

fd
)

≤m(r,
Φ′

Φ
+

Φ′

Φ− b
) +m(r,

1

Φ′
) + S(r, f)

≤T (r,Φ′)−N(r,
1

Φ′
) + S(r, f)

=m(r,Φ′) +N(r,Φ′)−N(r,
1

Φ′
) + S(r, f)

≤m(r,Φ) +m(r,
Φ′

Φ
) +N(r,Φ) +N(r,Φ)−N(r,

1

Φ′
) + S(r, f)

=T (r,Φ) + dN(r, f)−N(r,
1

Φ′
) + S(r, f).

u´k

m(r,
1

f
) +m(r,

1

Φ− b
) ≤T (r,Φ) + dN(r, f)−N(r,

1

Φ′
) + S(r, f).

Ïd§dNevanlinna1�Ä�½n�

T (r, fd)−N(r,
1

fd
) + T (r,Φ)−N(r,

1

Φ− b
)

≤ T (r,Φ) + dN(r, f)−N(r,
1

Φ′
) + S(r, f).
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u´k

dT (r, f) ≤dN(r, f) +N(r,
1

fd
) +N(r,

1

Φ− b
)−N(r,

1

Φ′
) + S(r, f)

≤dN(r, f) + dN(r,
1

f
) +N(r,

1

Φ− b
) + S(r, f).

½n1�y"

½n2�y²µ dÚn1§Ún2ÚNevanlinna1�Ä�½n�

m(r,
1

f
) +m(r,

1

∆n
c f − b

) ≤ m(r,
1

∆n
c f

) +m(r,
1

∆n
c f − b

) +m(r,
∆n

c f

f
)

≤m(r,
1

∆n
c f

+
1

∆n
c f − b

) + S(r, f) ≤ m(r,
1

∆n+1
c f

) +m(r,
∆n+1

c f

∆n
c f

+
∆n+1

c f

∆n
c f − b

) + S(r, f)

=m(r,
1

∆n+1
c f

) + S(r, f) ≤ T (r,∆n+1
c f)−N(r,

1

∆n+1
c f

) + S(r, f)

≤m(r,∆n+1
c f) +N(r,∆n+1

c f)−N(r,
1

∆n+1
c f

) + S(r, f)

≤m(r,∆n
c f) +N(r,∆n

c f(z + c)) +N(r,∆n
c f(z))−N(r,

1

∆n+1
c f

) +m(r,
∆n+1

c f

∆n
c f

) + S(r, f)

=T (r,∆n
c f) + (n+ 1)N(r, f)−N(r,

1

∆n+1
c f

) + S(r, f).

u´k

m(r,
1

f
) +m(r,

1

∆n
c f − b

) ≤ T (r,∆n
c f) + (n+ 1)N(r, f)−N(r,

1

∆n+1
c f

) + S(r, f).

Ïd§dNevanlinna1�Ä�½n�

T (r, f)−N(r,
1

f
) + T (r,∆n

c f)−N(r,
1

∆n
c f − b

)

≤ T (r,∆n
c f) + (n+ 1)N(r, f)−N(r,

1

∆n+1
c f

) + S(r, f).

u´k

T (r, f) ≤ (n+ 1)N(r, f) +N(r,
1

f
) +N(r,

1

∆n
c f − b

)−N(r,
1

∆n+1
c f

) + S(r, f).

½n2�y"

íØ3�y²µ bXíØ3�(ØØé§K�3k¡EêaÚb( 6= 0)¦�f(z)− aÚ∆n
c f − bþ�
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kk��":"u´d½n2�

T (r, f) ≤ (n+ 1)N(r, f) +N(r,
1

f − a
) +N(r,

1

∆n
c f − b

)−N(r,
1

∆n+1
c f

) + S(r, f)

≤ O(log r) + S(r, f).

u´k

T (r, f) ≤ O(log r), r 6∈ E,

Ù¥E´��éêÿÝk¡�r�8"dÚn5� lim
r→∞

T (r,f)
log r

=∞§gñ"

½n3�y²µ dÚn1§Ún2ÚNevanlinna1�Ä�½n�

m(r,
1

f2
) +m(r,

1

f∆cf − b
)

≤m(r,
1

f∆cf
) +m(r,

1

f∆cf − b
) +m(r,

∆cf

f
)

≤m(r,
1

f∆cf
+

1

f∆cf − b
) + S(r, f)

≤m(r,
1

(f∆cf)′
) +m(r,

(f∆cf)′

f∆cf
+

(f∆cf)′

f∆cf − b
) + S(r, f)

=m(r,
1

(f∆cf)′
) + S(r, f)

≤T (r, (f∆cf)′)−N(r,
1

(f∆cf)′
) + S(r, f)

≤m(r, (f∆cf)′) +N(r, (f∆cf)′)−N(r,
1

f∆cf)′
) + S(r, f)

≤m(r, f∆cf) +N(r, f∆cf) +N(r, f∆cf)−N(r,
1

(f∆cf)′
) +m(r,

(f∆cf)′

f∆cf
) + S(r, f)

=T (r, f∆cf) + 2N(r, f)−N(r,
1

(f∆cf)′
) + S(r, f).

u´k

m(r,
1

f2
) +m(r,

1

f∆cf − b
) ≤ T (r, f∆cf) + 2N(r, f)−N(r,

1

(f∆cf)′
) + S(r, f).

Ïd§dNevanlinna1�Ä�½n�

T (r, f2)−N(r,
1

f2
) + T (r, f∆cf)−N(r,

1

f∆cf − b
) ≤ T (r,∆cf)

+ 2N(r, f)−N(r,
1

f(∆cf)′
) + S(r, f).
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�k

2T (r, f) ≤ 2N(r, f) + 2N(r,
1

f
) +N(r,

1

f∆cf − b
)−N(r,

1

(f∆cf)′
) + S(r, f).

u´=�

2T (r, f) ≤ 2N(r, f) + 2N(r,
1

f
) +N(r,

1

f∆cf − b
) + S(r, f).

½n3�y"

� �

�öé"v<JÑ��BïÆL«©%�a��

Ä7�8
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