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Abstract

In this paper, we study the asymptotic limit of the solution of the Cauchy problem

for one-dimensional quasilinear viscous equation with two non-interacting shock lay-

ers. The aim is to understand the evolution and construction of the non-interaction

viscous shock layer and the interaction between the external inviscid hyperbolic flow,

and to prove that the viscous solution converges uniformly to the piecewise smooth

inviscid solution in the region far from the shock layer. This is based on the method of

matched asymptotic expansions and energy estimates. Firstly, the approximate solu-

tion of the viscous equation is constructed by using the method of matched asymptotic

expansions, and then the error between the approximate solution and the real solution

of the viscous equation is estimated by the method of energy estimates, and the error

estimate of H1 is obtained by using Sobolev embedding to obtain L∞ estimate, thus

proving the asymptotic equivalence of the two kinds of equations.
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1. Úó

d�Ø 6NnØ, ·���: �½^�e, Ê5�Ô�§ÚéA�ÃÊV�§�m�3ì

C�d5, ~X�Ø �N-S �§ [1] [2] Ú�Ø �î.�§, §��m�ìC�d53�ÑÑ�

�eé)ºNõÔny�Úê�O� [3] k�¿Â.�6N�3-Åmä��¹e, =¦Ê5é�,

�C-Åmä�6NLyÑéõÛÉ5. ù«ìC�d5�î�êÆy², 3Nõ���¹e�
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�
�y [4–9]. �©&?3äkü�-Å�^�e��Ü¯K)�ìC4�, 8�´n)Ê5-Å

��üz��E±9SÜÃÊV6�m��p�^, ¿y²Ê5)3�l-Å�«�¥��Âñ

u©¡1w�ÃÊ), ·��ÄXe�§:

∂tu
ε(x, t) + ∂xf(uε(x, t)) = ε∂2

xu
ε(x, t), x ∈ R, t > 0, ε > 0. (1.1)

�V�§

∂tu(x, t) + ∂xf(u(x, t)) = 0, x ∈ R, t > 0, (1.2)

)�ìC'X. Ù¥ f ´1w�, ÷v ∂2
uf(x, t) > 0.

·�F"Ê5�§�ý¢) uε �ÃÊ�§�) u ´v
�C�, y²L§Ì�©�ü�Ü©.

Äk, du uε )�ý¢/�´éJ����, ÏdF"|^��ìC©Û�nØ5�E�Ê5�

§ (1.1) �Cq) ūa, ^k��°Ý� ε �1wÊ5-Å5�OØëY-Å. 3�ECq)�L§

¥·�¬uy3�l-Å«�� ε → 0 � uε �C u, �I�é u ?1p�?�. ·��±ÏLõ

ºÝÐm�E?¿°Ý��Cq), �¤é��«S	)��O, ùé�e5E,�Ê5-Å½

5nØ�'�Uþ�O´�~'��.

y²�Ì�Ü©´Uþ�O, ��Ñ�3��°() uε �C�E�Cq) u. y²L§¥¬¦

^Ê5-Å�½5nØ5;� O( 1
ε
) �(J, ��5��Ê5�§�Cq)�ÃÊ�§�ý¢)

�ìC�d5. T�{�6u (1.1) 'uCq) ūa �5�V(�, ©z [10] éd�Ñ
��(

Ø.

y3é·��½n�Ñ��°(�Lã. u(x, t) ´�§ (1.2) 3 [0, T ](T > 0) þ���-Å),

XJ÷vXe^�:

(i) u(x, t) �§ (1.2) 3 R× [0, T ] 1w©¡);

(ii)kü�-Å� x = s1(t) Ú x = s2(t) , Ù¥ 0 ≤ t ≤ T , ¦� u(x, t)3?Û: x 6= s1(t)

Ú x 6= s2(t) ?Ñv
1w;

(iii)4��3 i = 1, 2 k:

∂kxu(si(t)− 0, t) = lim
x→si(t)−

∂kx(u(x, t)),

∂kxu(si(t) + 0, t) = lim
x→si(t)+

∂kx(u(x, t)), (1.3)

(iv) Lax �^� [2] 3 x = si(t), i = 1, 2, k

∂uf(u(si(t)− 0, t)) >
d

dt
si(t) > ∂uf(u(si(t) + 0, t)), (1.4)

½n1: b�ÃÊ�§ (1.2) ´î�V�, e u0(x, t) ∈ C2([0, T ];H8(R)) ´ÃÊ�§ (1.1) �),

é ∀t ∈ [0, T ], i = 1, 2, ÷v:

u0(si(t) + 0, t)− u0(si(t)− 0, t) < 0. (1.5)
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Kéz�� ε > 0, ¦��§ (1.1) �3����1w) uε(x, t) ∈ C1([0, T ];H2(R)) ÷v:

sup
0≤t≤T

∫
R
|uε(·, t)− u0(·, t)|2dx ≤ Cεσ, (1.6)

sup
0≤t≤T

|x−si(t)|≥εγ

|uε(·, t)− u0(·, t)| ≤ Cε, i = 1, 2, (1.7)

Ù¥ γ ∈ ( 6
7
, 1), σ > 0.

2. Cq)��E

3�!¥, ·�|^��ìC©ÛnØ�E�§ (1.1) �Cq) uε(x, t). Äk, ·�k�	Ü

Ðm.

2.1. 	ÜÐm

3�l-Å� {x = s1(t)} Ú {x = s2(t)} �«�p, �§ (1.1) �)�±�XeÐm:

uε(x, t) ∼ u0(x, t) + εu1(x, t) + ε2u2(x, t) + ε3u3(x, t) · · · . (2.1)

òCq)�\ (1.1) ¿�âXê ε �?ê?1©a, � x 6= si(t) (i = 1, 2), �±��:

O(1) : ∂tu
0 + ∂xf(u0) = 0, (2.2)

O(ε) : ∂tu
1 + ∂x(f ′(u0)u1) = ∂2

xu
0, (2.3)

O(ε2) : ∂tu
2 + ∂x(f ′(u0)u2) = ∂2

xu
1 − 1

2
∂x(f ′′(u0)(u1)2), (2.4)

O(ε3) : ∂tu
3 + ∂x(f ′(u0)u3) = ∂2

xu
2 − ∂x(f ′′(u0)(u1 · u2))− 1

6
∂x(f ′′′(u0)(u1)3). (2.5)

Ù¥, 	Ü¼ê u0, u1...3-Å x = s(t) ?��´ØëY�, �3-ÅNC´1w�.

2.2. -Å� x = s1(t) NCÐm

3-Å� {x = s1(t)} NC, ·���Cq):

uε(x, t) ∼ u0
s(ξ, t) + εu1

s(ξ, t) + ε2u2
s(ξ, t) + ε3u3

s(ξ, t) · · · , (2.10)

Ù¥

ξ =
x− s1(t)

ε
+ δ1(t, ε), (2.11)
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δ1 ´-Å�6Ä, �½. ·�b� δ1(t, ε) Ðmª�:

δ1(t, ε) = δ0
1(t) + εδ1

1(t) + ε2δ2
1(t) + ε3δ3

1(t) · · · . (2.12)

òCq)�\�§ (1.1) ��:

O(
1

ε
) :∂2

ξu
0
s + ṡ1(t)∂ξu

0
s − ∂ξf(u0

s) = 0, (2.13)

O(1) :∂2
ξu

1
s + ṡ1(t)∂ξu

1
s − ∂ξ(f ′(u0

s)u
1
s) = δ̇0

1∂ξu
0
s + ∂tu

0
s, (2.14)

O(ε) :∂2
ξu

2
s + ṡ1(t)∂ξu

2
s − ∂ξ(f ′(u0

s)u
2
s) = δ̇0

1∂ξu
1
s + δ̇1

1∂ξu
0
s + ∂tu

1
s +

1

2
∂ξ(f

′′(u0
s)(u

1
s)

2), (2.15)

O(ε2) :∂2
ξu

3
s + ṡ1(t)∂ξu

3
s − ∂ξ(f ′(u0

s)u
3
s)

= δ̇2
1∂ξu

0
s + δ̇1

1∂ξu
1
s + δ̇0

1∂ξu
2
s + ∂tu

2
s + ∂ξ(f

′′(u0
s)(u

1
1 · u2

s)) +
1

6
∂ξ(f

′′′(u0
s)(u

1
s)

3), (2.16)

Ù¥ ṡ1(t) = ds1
dt
, δ̇1 = dδ1

dt
.3��«�¥, éu ξ → ±∞, -Å�NCÐmÚ	ÜÐmÓ�¤á, K

÷vXe�§:

u0
s(ξ, t) =u0(s1(t)± 0, t) + o(1), (2.17)

u1
s(ξ, t) =u1(s1(t)± 0, t) + (ξ − δ0

1)∂xu
0(s1(t)± 0, t) + o(1), (2.18)

u2
s(ξ, t) =u2(s1(t)± 0, t) + (ξ − δ0

1)∂xu
1(s1(t)± 0, t)− δ1

1∂xu
0(s1(t)± 0, t)

+
1

2
(ξ − δ0

1)2∂2
xu

0(s1(t)± 0, t) + o(1), (2.19)

u3
s(ξ, t) =u3(s1(t)± 0, t) + (ξ − δ0

1)∂xu
2(s1(t)± 0, t)− δ1

1∂xu
1(s1(t)± 0, t)

+
1

2
(ξ − δ0

1)2∂2
xu

1(s1(t)± 0, t)− δ2
1∂xu

0(s1(t)± 0, t)− (ξ − δ0
1)δ1

1∂
2
xu

0(s1(t)± 0, t)

+
1

6
(ξ − δ0

1)3∂3
xu

0(s1(t)± 0, t) + o(1). (2.20)

2.3. -Å� x = s2(t) NCÐm

3-Å� {x = s2(t)} NC, ·���Cq):

uε(x, t) ∼ ū0
s(η, t) + εū1

s(η, t) + ε2ū2
s(η, t) + ε3ū3

s(η, t) + · · · , (2.21)

Ù¥

η =
x− s2(t)

ε
+ δ2(t, ε), (2.22)
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δ2 ´-Å�6Ä, �½. ·�b� δ2(t, ε) Ðmª�:

δ2(t, ε) = δ0
2(t) + εδ1

2(t) + ε2δ2
2(t) + ε3δ3

2(t) + · · · . (2.23)

òCq)�\�§ (1.1) ��:

O(
1

ε
) :∂2

η ū
0
s + ṡ2(t)∂ηū

0
s − ∂ηf(ū0

s) = 0, (2.24)

O(1) :∂2
η ū

1
s + ṡ2(t)∂ηū

1
s − ∂η(f ′(ū0

s)ū
1
s) = δ̇0

2∂ηū
0
s + ∂tū

0
s, (2.25)

O(ε) :∂2
η ū

2
s + ṡ2(t)∂ηū

2
s − ∂η(f ′(ū0

s)ū
2
s) = δ̇0

2∂ηū
1
s + δ̇1

2∂ηū
0
s + ∂tū

1
s +

1

2
∂η(f

′′(ū0
s)(ū

1
s)

2), (2.26)

O(ε2) :∂2
η ū

3
s + ṡ2(t)∂ηū

3
s − ∂η(f ′(ū0

s)ū
3
s)

= δ̇2
2∂ηū

0
s + δ̇1

2∂ηū
1
s + δ̇0

2∂ηū
2
s + ∂tū

2
s + ∂η(f

′′(ū0
s)(ū

1
1 · ū2

s)) +
1

6
∂η(f

′′′(ū0
s)(ū

1
s)

3), (2.27)

Ù¥ ṡ2(t) = ds2
dt
, δ̇2 = dδ2

dt
. 3��«�¥, éu η → ±∞, -Å�NCÐmÚ	ÜÐm´Ó�¤á

�, K÷vXe�§:

ū0
s(η, t) =u0(s2(t)± 0, t) + o(1), (2.28)

ū1
s(η, t) =u1(s2(t)± 0, t) + (η − δ0

2)∂xu
0(s2(t)± 0, t) + o(1), (2.29)

ū2
s(η, t) =u2(s2(t)± 0, t) + (η − δ0

2)∂xu
1(s2(t)± 0, t)− δ1

2∂xu
0(s2(t)± 0, t)+

1

2
(η − δ0

2)2∂2
xu

2(s2(t)± 0, t) + o(1), (2.30)

ū3
s(η, t) =u3(s2(t)± 0, t) + (η − δ0

2)∂xū
2(s2(t)± 0, t)− δ1

2∂xū
1(s2(t)± 0, t)+

1

2
(η − δ0

2)2∂2
xū

1(s2(t)± 0, t)− δ2
2∂xū

0(s2(t)± 0, t)− (η − δ0
2)δ1

2∂
2
xū

0(s2(t)± 0, t)

+
1

6
(η − δ0

2)3∂3
xū

0(s2(t)± 0, t) + o(1). (2.31)

3 x = s1(t), �3~�©�§,9Ù>.^��:

∂ξf(u0
s)−ṡ1∂ξu

0
s = ∂2

ξu
0
s, (2.32)

u0
s(ξ, t)→ ul = u0(s1 − 0, t), ξ → −∞, (2.33)

u0
s(ξ, t)→ ur = u0(s1 + 0, t), ξ → +∞. (2.34)

3 x = s2(t), �3~�©�§,9Ù>.^��:

∂ηf(ū0
s)−ṡ2∂ηū

0
s = ∂2

η ū
0
s, (2.35)

ū0
s(η, t)→ ūl = u0(s2 − 0, t), η → −∞, (2.36)

ū0
s(η, t)→ ūr = u0(s2 + 0, t), η → +∞. (2.37)

Ún2.1: �§| (2.32), (2.33), (2.34) é>�¯K�3��1w) u0
s(ξ, t). ,	,
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∃α0 > 0, ÷v:

|∂ξu0
s(ξ, t)| ≤ Ce−α0|ξ|. (2.38)

aq/, �§| (2.35), (2.36), (2.37) é>�¯K�3��1w) ū0
s(ξ, t). ,	,

∃ᾱ0 > 0, ÷v:

|∂ηū0
s(η, t)| ≤ Ce−ᾱ0|η|. (2.39)

y²: ·�Äk�Ä¯K (2.32), (2.33), (2.34), �W = ∂ξu
0
s, ò�§ (2.32) C/�

∂ξW = W (∂uf(u0
s)− ṡ1).

é�ª3 [0, ξ] «mþÈ©��:

ln
W (ξ)

W (0)
=

∫ ξ

0

(∂uf(u0
s(y, t))− ṡ1)dy.

W (ξ) = W (0)exp{
∫ ξ

0

(∂uf(u0
s(y, t))− ṡ1)dy},

∂ξu
0
s(ξ, t) = ∂ξu

0
s(0, t)exp{

∫ ξ

0

(∂uf(u0
s(y, t))− ṡ1)dy}.

23«m (−∞,+∞) È©��:

u0(s1(t) + 0, t)− u0(s1(t)− 0, t) = ∂ξu
0
s(0, t)

∫ +∞

−∞
exp{

∫ ξ

0

(∂uf(u0
s(y, t))− ṡ1)dy}dξ.

∂ξu
0
s =

[u0(s1(t) + 0, t)− u0(s1(t)− 0, t)]exp{
∫ ξ

0
(∂uf(u0

s(y, t))− ṡ1)dy}∫ +∞
−∞ exp{

∫ ξ
0

(∂uf(u0
s(y, t))− ṡ1)dy}dξ

.

ù�·�Ò�Ñ
 ∂ξu
0
s �/ª§Ón��:

∂ηū
0
s =

[u0(s2 + 0, t)− u0(s2 − 0, t)]exp{
∫ η

0
(∂uf(ū0

s(y, t))− ṡ2)dy}∫ +∞
−∞ exp{

∫ η
0

(∂uf(ū0
s(y, t))− ṡ2)dy}dη

.

·�F" u1
s ÷v [3] :

u1
s = ξ · ∂xu0(s1(t)± 0, t) +O(1), ξ → ±∞.

¤±�

u1
s(ξ, t) = V1(ξ, t) +D1(ξ, t), (2.40)

Ù¥ D1(ξ, t) ´1w¼ê, ÷v:

D1(ξ, t) =

ξ · ∂xu0(s1(t)− 0, t), ξ < −1,

ξ · ∂xu0(s1(t) + 0, t), ξ > 1,
(2.41)

d

dt
u0(s1(t)± 0, t) = (ṡ1(t)− f ′(u0(s1(t)± 0, t)))∂xu

0(s1(t)± 0, t).
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ò (2.40) ª�\ (2.14) ª§O���:

∂2
ξV1(ξ, t) + ṡ1(t)∂ξV1(ξ, t)− ∂ξ(f ′(u0

s(ξ, t))V1(ξ, t)) = δ̇0
1∂ξu

0
s(ξ, t) + g(ξ, t),

g(ξ, t) = (f ′(u0
s(ξ, t)− ṡ1(t)))∂xu

0(s1(t)± 0, t) + f ′′(u0
s(ξ, t))∂ξu

0
s(ξ, t)ξ∂xu

0(s1(t)± 0, t) + ∂tu
0
s(ξ, t)

= − d

dt

∫ ξ

0

∂ξu
0
s(y, t)dy + f ′′(u0

s(ξ, t))∂ξu
0
s(ξ, t)ξ∂xu

0(s1(t)± 0, t) + ∂t

∫ ξ

0

∂ξu
0
s(y, t)dy,

ÏLO�·��Ñ�O:

|g(ξ, t)| ≤ Ce−α0|ξ|.

½Â G(ξ, t) =
∫ ξ

0
g(y, t)dy, ·�k

∂ξV1(ξ, t) = (f ′(u0
s(ξ, t)− ṡ1(t)))V1(ξ, t) + δ̇0

1u
0
s(ξ, t) +G(ξ, t) + c(t), (2.42)

∂ξV1(ξ, t) + (ṡ1(t)− f ′(u0
s(ξ, t)))V1(ξ, t) = δ̇0

1u
0
s(ξ, t) +G(ξ, t) + c(t). (2.43)

Ù¥ c(t) ´�
~ê�È©, �½.

Ún2.2: �§ (2.43) �3��1w) V1(ξ, t), ÷v:

V1(ξ, t) =

(ṡ1(t)− f ′(ul))−1[c(t) + ulδ̇
0
1 +G−] +O(1)exp{−α1|ξ|}, ξ → −∞,

(ṡ1(t)− f ′(ur))−1[c(t) + ur δ̇
0
1 +G+] +O(1)exp{−α1|ξ|}, ξ → +∞,

(2.44)

Ù¥ G± = lim
ξ→±∞

G(ξ, t), α1 > 0.

y²: dO���:

V1(ξ, t) =

∫ ξ

0

[δ̇0
1u

0
s(z, t) +G(z, t) + c(t)]exp{−

∫ ξ

z

(ṡ1(t)− f ′(u0
s(y, t)))dy}dz (2.45)

+ V1(0, t)exp{−
∫ ξ

0

(ṡ1(t)− f ′(u0
s(z, t)))dz}.

d Lax �^� (1.4) ���:

lim
ξ→±∞

∂ξV1(ξ, t) ∼ O(1)exp{−α1|ξ|}, α1 > 0.

qd (2.18), ��:

[c(t)+ur δ̇
0
1 +G+] = [u1(s1(t) + 0, t)− δ0

1∂xu
0(s1(t) + 0, t)](ṡ1(t)− f ′(ur)), (2.46)

[c(t)+ulδ̇
0
1 +G−] = [u1(s1(t)− 0, t)− δ0

1∂xu
0(s1(t)− 0, t)](ṡ1(t)− f ′(ul)). (2.47)

δ̇0
1(ul − ur) = (ṡ1(t)− f ′(ul))u1(s1(t)− 0, t)− (ṡ1(t)− f ′(ur))u1(s1(t) + 0, t)

+ δ0
1 [(ṡ1(t)− f ′(ur))∂xu0(s1(t) + 0, t)− (ṡ1(t)− f ′(ul))∂xu0(s1(t)− 0, t)]

+G+ −G−. (2.48)
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(2.46)�(2.47)üª�~��(2.18)ª§¤± δ0
1 ÷v���5~�©�§

δ̇0
1 + E1(t)δ0

1 = E2(t) +G1(t), (2.49)

E1(t) =[(ṡ1(t)− f ′(ur))∂xu0(s1(t) + 0, t)− (ṡ1(t)− f ′(ul))∂xu0(s1(t)− 0, t)](ul − ur)−1,

E2(t) =[(ṡ1(t)− f ′(ul))u1(s1(t)− 0, t)− (ṡ1(t)− f ′(ur))u1(s1(t) + 0, t)](ul − ur)−1,

G1(t) =(G+ −G−)(ul − ur)−1,

Ù¥E1(t)!E2(t)ÚG1(t)Ñ´®�1w¼ê. ¤±�±¦� δ0
1 ´1w¼ê. ò δ0

1 �£ (2.46)

½ (2.47) �)� c(t). 2ò δ0
1 Ú c(t) �\ (2.44), ÷v¤F"� V1(ξ, t).

·K2.3: u1
s Ú δ0

1 ´1w¼ê, ��3 α1 > 0 Ú��k.¼ê O(1) ¦�:

u1
s = u1(s1(t)± 0, t) + (ξ − δ0

1)∂xu
0(s1(t)± 0, t) +O(1) exp {−α1|ξ|}, ξ → ±∞. (2.50)

ū1
s Ú δ0

2 ´1w¼ê, ��3 ᾱ1 > 0 Ú��k.¼ê O(1) ¦�:

ū1
s = u1(s2(t)± 0, t) + (η − δ0

2)∂xu
0(s2(t)± 0, t) +O(1) exp {−ᾱ1|η|}, η → ±∞. (2.51)

aq/, ·��±½Â u2
s, ū

1
s, δ

1
1 , δ1

2 , u3
s, ū

3
s, δ

2
1 , δ2

2 , ùp·�Ø��[Øã.

Ún:2.4 é?¿ t ∈ [0, T ], dà5^� ∂2
uf(x, t) ¤á, K

∂ξ∂uf(u0
s(ξ, t)) < 0, (2.52)

∂η∂uf(u0
s(η, t)) < 0, (2.53)

y²:Ï�

∂ξu
0
s =

[u0(s1(t) + 0, t)− u0(s1(t)− 0, t)] exp{
∫ ξ

0
(∂uf(u0

s(y, t))− ṡ1)dy}∫ +∞
−∞ exp{

∫ ξ
0

(∂uf(u0
s(y, t))− ṡ1)dy}dξ

,

∂ηū
0
s =

[u0(s2(t) + 0, t)− u0(s2(t)− 0, t)] exp{
∫ η

0
(∂uf(ū0

s(y, t))− ṡ2)dy}∫ +∞
−∞ exp{

∫ η
0

(∂uf(ū0
s(y, t))− ṡ2)dy}dη

,

|^ (1.5) �� ∂ξu
0
s < 0 Ú ∂ηū

0
s < 0. 5¿�

∂ξ∂uf(u0
s(ξ, t)) = ∂2

uf(u0
s(ξ, t))∂ξu

0
s(ξ, t).

∂η∂uf(ū0
s(η, t)) = ∂2

uf(ū0
s(η, t))∂ηū

0
s(η, t).

2.4. Cq)

ÏLc¡é-Å±9S	)�nØ©Û, ·��±|^�ä¼ê�E�§ (1.3) �Cq). �

g½Â-Å�S	Ü)�:
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O(x, t) = u0(x, t) + εu1(x, t) + ε2u2(x, t) + ε3u3(x, t), x 6= si(t), i = 1, 2, (2.54)

I1(x, t) = u0
s(
x− s1(t)

ε
+ δ0

1 + εδ1
1 + ε2δ2

1 , t) + εu1
s(
x− s1(t)

ε
+ δ0

1 + εδ1
1 + ε2δ2

1 , t)

+ ε2u2
s(
x− s1(t)

ε
+ δ0

1 + εδ1
1 + ε2δ2

1 , t) + ε3u3
s(
x− s1(t)

ε
+ δ0

1 + εδ1
1 + ε2δ2

1 , t), (2.55)

I2(x, t) = ū0
s(
x− s2(t)

ε
+ δ0

2 + εδ1
2 + ε2δ2

2 , t) + εū1
s(
x− s2(t)

ε
+ δ0

2 + εδ1
2 + ε2δ2

2 , t)

+ ε2ū2
s(
x− s2(t)

ε
+ δ0

2 + εδ1
2 + ε2δ2

2 , t) + ε3ū3
s(
x− s2(t)

ε
+ δ0

2 + εδ1
2 + ε2δ2

2 , t), (2.56)

��ä¼ê m(x) ∈ C∞0 (R) ÷v 0 ≤ m(x) ≤ 1:

m(x) =


1, | x |≤ 1,

0, | x |≥ 2,

h(x), 1 <| x |< 2,

(2.57)

ùp, h(x) ´��1w¼ê¿÷v 0 ≤ h(x) ≤ 1. �e5, ·�½Â�§ (1.1) �Cq):

ua(x, t) = m1I1 +m2I2 +m3I3 + (1−m1 −m2)O + d(x, t), (2.58)

Ù¥, m1 = m(x−s1(t)
εγ

), m2 = m(x−s2(t)
εγ

), d(x, t) �p�?��, Ù¥ 6
7
< γ < 1. |^-Å�S

	)��E�n, Cq) ua(x, t) ´�§∂tua + ∂xf(ua)− ε∂2
xu

a =
∑5

i=1 qi(x, t),

ua(x, 0) = u0

(2.59)

�). Ù¥

q1(x, t) = (1−m1 −m2){(f(O)− f(u0)− εf
′
(u0)u1 − ε2f

′
(u0)u2 − ε3f

′
(u0)u3

−ε
2

2
f
′′′

(u0)(u1)2 − ε3f
′′
(u0)(u1, u2)−−ε

2

6
f
′′
(u0)(u1)3)x − ε4∂2

xu
3},

q2(x, t) = m1{(f(I1)− f(u0
s)− εf

′
(u0
s)u

1
s − ε2f

′
(u0
s)u

2
s − ε3f

′
(u0
s)u

3
s −

ε2

2
f
′
(u0
s)(u

1
s)

2

−ε3f
′′
(u0
s)(u

1
1, u

2
s) + ε2∂tu

2
b} −

ε2

6
f
′′
(u0
s)(u

1
s)

3)x + ε3∂tu
3
s + ε4(δ̇1

1u
2
s + δ̇2

1u
1
s + εδ̇2

1u
2
s)x},

q3(x, t) = m2{(f(I2)− f(ū0
s)− εf

′
(ū0
s)ū

1
s − ε2f

′
(ū0
s)ū

2
s − ε3f

′
(ū0
s)ū

3
s −

ε2

2
f
′
(ū0
s)(ū

1
s)

2

−ε3f
′′
(ū0
s)(ū

1
1, ū

2
s) + ε2∂tū

2
b} −

ε2

6
f
′′
(ū0
s)(ū

1
s)

3)x + ε3∂tū
3
s + ε4(δ̇1

2ū
2
s + δ̇2

2ū
1
s + εδ̇2

2ū
2
s)x},
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q4(x, t) = ∂tm1(I1 −O)− ∂tm2(I2 −O)− ε∂2
xm1(I1 −O)

−2ε∂xm1(I1 −O)x − ε∂2
xm2(I2 −O)− 2ε∂xm2(I2 −O)x

+∂xm1(f(I1)− f(O)) + ∂xm2(f(I2)− f(O))

+f(m1I1 +m2I2 + (1−m1 −m2)O)x − (m1f(I1) +m2f(I2) + (1−m1 −m2)f(O))x,

q5(x, t) = dt − εdxx + (f(ua)− f(ua − d))x,

suppm1 ⊆ {x : |x− s1(t)| ≤ 2εγ},

suppm2 ⊆ {x : |x− s2(t)| ≤ 2εγ},

�â·���EL§§�g��:

suppq1 ⊆ {(x, t) : |x− si(t)| ≥ εγ , 0 ≤ t ≤ T, i = 1, 2},

∂lxq1(x, t) = O(1)ε4−lγ , (

∫ T

0

‖∂lxq1(·, t)‖2dt) 1
2 ≤ O(1)ε4−(l− 1

2 )γ, l = 0, 1, 2, (2.60)

suppq2 ⊆ {(x, t) : |x− s1(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq2(x, t) = O(1)ε(3−l)γ , l = 0, 1, 2, (2.61)

suppq3 ⊆{(x, t) : |x− s2(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq3(x, t) = O(1)ε(3−l)γ , l = 0, 1, 2, (2.62)

suppq4 ⊆{(x, t) : εγ ≤ |x− si(t)| ≤ 2εγ , 0 ≤ t ≤ T},

∂lxq4(x, t) = O(1)ε(3−l)γ , l = 0, 1, 2, (2.63)

þãO�·�^�
Xe(Ø:

∂lx(I1 −O) = O(1)ε(4−l)γ , on{(x, t) : εγ ≤ |x− s1(t)| ≤ 2εγ , t ∈ [0, T ], (2.64)

∂lx(I2 −O) = O(1)ε(4−l)γ , on{(x, t) : εγ ≤ |x− s2(t)| ≤ 2εγ , t ∈ [0, T ], (2.65)

- Rε =
∑4

i=1 qi(x, t), K Rε = O(1)ε3γ , y3- d(x, t) ´e�*Ñ¯K�)dt = εdxx −
∑4

i=1 qi(x, t),

d(x, t) = 0
(2.66)

Ïd ua ÷vµ

∂tu
a + ∂xf(ua)− ε∂2

xu
a = (f(ua)− f(ua − d))x, (2.67)

ùpI��O d(x, t), |^IOUþ�O��e�Ún:
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Ún: 2.5 :- d(x, t) ´�§ (2.66) �)§K ∀t ∈ [0, T ] ke��O:

sup
0≤t≤T

∫
R
|d(x, t)|2dx+ ε

∫ T

0

∫
R
|∂xd(x, t)|2 dxdt ≤ Cε7γ , (2.68)

sup
0≤t≤T

∫
R
|∂xd(x, t)|2dx+ ε

∫ T

0

∫
R

∣∣∂2
xd(x, t)

∣∣2 dxdt ≤ Cε5γ , (2.69)

sup
0≤t≤T

∫
R

∣∣∂2
xd(x, t)

∣∣2dx+ ε

∫ T

0

∫
R

∣∣∂3
xd(x, t)

∣∣2 dxdt ≤ Cε3γ , (2.70)

sup
0≤t≤T

‖ d(x, t) ‖L∞(R)≤ Cε3γ , (2.71)

sup
0≤t≤T

‖ ∂xd(x, t) ‖L∞(R)≤ Cε2γ , (2.72)

y²:3�§ (2.66) ü>¦± d, 23 R þÈ©, ¿|^©ÜÈ©��:

1

2

d

dt

∫
R
d2dx+ ε

∫
R
|∂xd|2dx+

∫
R
d ·Rεdx = 0. (2.73)

1

2

d

dt

∫
R
d2dx+ ε

∫
R
|∂xd|2dx ≤ Cε7γ + C

∫
R
d2dx. (2.74)

2|^ Gronwall Ø�ª��:

sup
0≤t≤T

∫
R
|d(x, t)|2 dx+ ε

∫ T

0

∫
R
|∂xd(x, t)|2 dxdt ≤ Cε7γ ,

- D = ∂xd, K D ÷v: Dt = εDxx − ∂xRε,

D(x, 0) = 0
(2.75)

Ó��O��:

sup
0≤t≤T

∫
R
|∂xd(x, t)|2 dx+ ε

∫ T

0

∫
R

∣∣∂2
xd(x, t)

∣∣2 dxdt ≤ Cε5γ , (2.76)

d (2.68)§(2.69) Ú Sobolev Ø�ª, �:

sup
0≤t≤T

‖ d(x, t) ‖L∞(R)≤
√

2 ‖ d(x, t) ‖
1
2

L2
R
‖ ∂xd(x, t) ‖

1
2

L2
R
≤ Cε3γ .

- D̄ = ∂xD, K D̄ ÷v: 
D̄t = εD̄xx − ∂2

xR
ε,

D̄(x, 0) = 0
(2.77)

Ó��O��:

sup
0≤t≤T

∫
R

∣∣∂2
xd(x, t)

∣∣2 dx+ ε

∫ T

0

∫
R

∣∣∂3
xd(x, t)

∣∣2 dxdt ≤ Cε3γ , (2.78)
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d (2.69)§(2.70) Ú Sobolev Ø�ª, �:

sup
0≤t≤T

‖ ∂xd(x, t) ‖L∞(R)

≤
√

2 ‖ ∂xd(x, t) ‖
1
2

L2
R
‖ ∂2

xd(x, t) ‖
1
2

L2
R
≤ Cε2γ .

Ún2.6:� ua(xt) ´ (2.58) ½Â�, K

ua(x, t) =



u0(x, t) +O(1)ε, |x− si(t)| ≥ εγ , i = 1, 2

u0
s(ξ, t) +O(1)εγ , |x− s1(t)| ≤ 2εγ

u0
s(η, t) +O(1)εγ , |x− s2(t)| ≤ 2εγ .

(2.79)

y²:d�E��:

ua(x, t) =



I1 + d, |x− s1(t)| ≤ εγ ,

O +m1(I1 −O) + d, εγ ≤ |x− s1(t)| ≤ 2εγ ,

O + d, |x− si(t)| ≥ 2εγ , i = 1, 2

O +m2(I2 −O) + d, εγ ≤ |x− s2(t)| ≤ 2εγ ,

I2 + d, |x− s2(t)| ≤ εγ .

�3 |x − si(t)| > εγ , i = 1, 2 þ, O(x, t) = u0(x, t) + O(1)ε, 3 |x − s1(t)| ≤ εγ þ, I1(x, t) =

u0
s(ξ, t) + O(1)εγ , 3 |x − s2(t)| ≤ εγ þ, I2(x, t) = u0

s(η, t) + O(1)εγ . Ïd, (Ü (2.57), (2.58) Ú

Ún 2.5, (2.79) �y.

3. ½5©Û

b� uε(x, t) ´�§ (1.2) �ý¢), -

uε(x, t) = ua(x, t) + ε1/2+δv(x, t), δ ∈ (0,
1

2
), x ∈ R, t ∈ [0, T ]. (3.1)

Ï� ua(x, t) ÷v (2.67), O���:

∂tv − ε∂2
xv + ε−(1/2+δ)∂x(f(ua + ε1/2+δv)− f(ua − d)) = 0, (3.2)

v(x, 0) = 0. (3.3)
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- ϕ(x, t) =
∫ x
−∞ v(z, t)dz, ∀x ∈ R, l (3.2) ��e�È©Ø��§

∂tϕ− ε∂2
xϕ+ ε−(1/2+δ)(f(ua + ε1/2+δv)− f(ua − d)) = 0. (3.4)

ϕ(x, 0) = 0. (3.5)

Ïdé¯K (3.4), (3.5) �) ϕ(x, t) kXe(Ø.

·K3.1: ∀ε > 0, ¯K (3.4), (3.5) k��) ϕ(x, t) ∈ C1([0, T ];H2(R)), ¿÷v:

sup
0≤t≤T

‖∂xϕ‖L∞(R) ≤ Cε7γ/2−δ−2. (3.6)

K�Ü¯K (1.2) k��) uε ∈ C1([0, T ];H2(R)) ÷v:

sup
0≤t≤T

‖uε(·, t)− ua(·, t)‖L∞(R) ≤ Cε7γ/2−3/2, (3.7)

Ù¥ C ´�~ê, 6
7
< γ < 1.

é¯K (3.4), (3.5) �)�k��OÚ\±eA�Ún.

Ún3.2: - ϕ ∈ C1([0, T ];H2(R)) ´¯K (3.4), (3.5) �), K�3~ê C ¦�:

sup
0≤t≤T

∫
R
ϕ2dx+ ε

∫ T

0

∫
R
|∂xϕ|2dxdt ≤ Cε7γ−2δ−1. (3.8)

ùpb�

sup
0≤t≤T

‖∂xϕ‖L∞(R) ≤ C (3.9)

y²: ò�§ (3.4) �ü>¦± ϕ, ¿3 R þÈ©, ¿|^©ÜÈ©��:

1

2

d

dt

∫
R
ϕ2dx+ ε

∫
R
|∂xϕ|2dx+ ε−(1/2+δ)

∫
R
(f(ua + ε1/2+δv)− f(ua − d))ϕdx = 0.

þª�§�>1n��C�

ε−(1/2+δ)

∫
R
(∂uf(ua)(ε1/2+δϕx + d) +O(1)(ε1/2+δϕx + d)2)ϕdx

=ε−(1/2+δ)

∫
R
∂uf(ua)d · ϕdx+

∫
R
∂uf(ua)ϕx · ϕdx+O(1)ε−(1/2+δ)

∫
R
(ε1/2+δϕx + d)2 · ϕdx

=

3∑
i=1

Ai.

Äk|^
 (2.68),·��Ñ�O

|A1| ≤ Cε−1−2δ

∫
R
d2dx+ C

∫
R
ϕ2dx ≤ C

∫
R
ϕ2dx+ Cε7γ−2δ−1,

DOI: 10.12677/pm.2021.112039 304 A^êÆ?Ð

https://doi.org/10.12677/pm.2021.112039


¾s�

A2 =

∫
R
∂uf(ua)ϕ · ∂xϕdx =

1

2

∫
R
∂uf(ua)∂xϕ

2dx = −1

2

∫
R
∂x∂uf(ua)ϕ2dx

=− 1

2

∫ s1(t)−2εγ

−∞
∂x∂uf(ua)ϕ2dx− 1

2

∫ s1(t)−εγ

s1(t)−2εγ
∂x∂uf(ua)ϕ2dx− 1

2

∫ s1(t)+εγ

s1(t)−εγ
∂x∂uf(ua)ϕ2dx

− 1

2

∫ s1(t)+2εγ

s1(t)+εγ
∂x∂uf(ua)ϕ2dx− 1

2

∫ s2(t)−2εγ

s1(t)+2εγ
∂x∂uf(ua)ϕ2dx− 1

2

∫ s2(t)−εγ

s2(t)−2εγ
∂x∂uf(ua)ϕ2dx

− 1

2

∫ s2(t)+εγ

s2(t)−εγ
∂x∂uf(ua)ϕ2dx− 1

2

∫ s2(t)+2εγ

s2(t)+εγ
∂x∂uf(ua)ϕ2dx− 1

2

∫ +∞

s2(t)+2εγ
∂x∂uf(ua)ϕ2dx

=
9∑
i=1

Ji.

,��O Ji, i = 1, 2, 3, . . . , 9, Xe:

J1 = −1

2

∫ s1(t)−2εγ

−∞
∂2
uf(ua)(∂xO + ∂xd)ϕ2dx = O(1)

∫ s1(t)−2εγ

−∞
ϕ2dx,

ùp·�|^
 (2.69).

J2 = −1

2

∫ s1(t)−εγ

s1(t)−2εγ
∂2
uf(ua)(∂xO + ∂xm1(I1 −O) +m1∂x(I1 −O) + ∂xd)ϕ2dx

= O(1)

∫ s1(t)−εγ

s1(t)−2εγ
ϕ2dx+O(1)ε2γ

∫ s1(t)−εγ

s1(t)−2εγ
ϕ2dx

= O(1)

∫ s1(t)−εγ

s1(t)−2εγ
ϕ2dx,

ùp·�|^
3��«�Sk∂lx(I1 −O) = O(1)ε(4−l)γ .

J3 = −1

2

∫ s1(t)+εγ

s1(t)−εγ

1

ε
∂ξ∂uf(I1 + d)ϕ2dx =

1

2ε

∫ s1(t)+εγ

s1(t)−εγ
|∂ξ∂uf(u0

s)ϕ
2|dx+O(1)

∫ s1(t)+εγ

s1(t)−εγ
ϕ2dx,

ùp·�|^
 ∂ξ∂uf(u0
s) < 0. aq/

9∑
i=4

Ji =O(1)

∫ s1(t)+2εγ

s1(t)+εγ
ϕ2dx+O(1)

∫ s2(t)−2εγ

s1(t)+2εγ
ϕ2dx,

+O(1)

∫ s2(t)−εγ

s2(t)−2εγ
ϕ2dx,+

1

2ε

∫ s2(t)+εγ

s2(t)−εγ
|∂η∂uf(ū0

s)ϕ
2|dx+O(1)

∫ s2(t)+εγ

s2(t)−εγ
ϕ2dx,

+O(1)

∫ s2(t)+2εγ

s2(t)+εγ
ϕ2dx,+O(1)

∫ +∞

s2(t)+2εγ
ϕ2dx.
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���Ñ�O

|A3| ≤ Cε−(1/2+δ)

∫
R
|d2 · ϕ|dx+ ε1/2+δ|(ϕx)2ϕ|dx

≤ Cε4γ−1−2δ

∫
R
d2dx+ C

∫
R
ϕ2dx+ Cε1+2δ−1 · ε

∫
R
(ϕx)2dx

≤ Cε11γ−2δ−1 + βε

∫
R
(ϕx)2dx+ C

∫
R
ϕ2dx,

ùp, é,� β > 0, k,·�ùp|^
 (2.71) Ú (3.9). nÜ±þ¤k��O��:

1

2

d

dt

∫
R
ϕ2dx+ (1− β)ε

∫
R
|∂xϕ|dx+

1

2ε

∫ s1(t)+εγ

s1(t)−εγ
|∂ξ∂uf(u0

s(x, t))ϕ
2|dx (3.10)

+
1

2ε

∫ s2(t)+εγ

s2(t)−εγ
|∂η∂uf(ū0

s)ϕ
2|dx ≤ Cε7γ−2δ−1 + C

∫
R
ϕ2dx.

ÀJ·� β, ¦� 1− β > 0, �|^ Gronwall Ø�ª, k

sup
0≤t≤T

∫
R
ϕ2dx+ ε

∫ T

0

∫
R
|∂xϕ|2dxdt ≤ Cε7γ−2δ−1.

Ún3.3: �Ún 3.2 Ó��b�^�, K�3�~ê C, ¦�:

sup
0≤t≤T

∫
R
|∂xϕ|2dx+ ε

∫ T

0

∫
R
|∂2
xϕ|2dxdt ≤ Cε7γ−2δ−3. (3.11)

y²: ò (3.2) ü>Ó¦± v, ¿3 R þÈ©, ¿|^©ÜÈ©��:

1

2

d

dt

∫
R
v2dx+ ε

∫
R
|∂xv|2dx− ε−(1/2+δ)

∫
R
(f(ua + ε1/2+δv)− f(ua − d)∂xvdx = 0.

�§�>1n��C�

ε−(1/2+δ)|
∫
R
(∂uf(ua)(ε1/2+δv + d))∂xvdx|

≤O(1)ε−1−δ−1

∫
R
d2dx+ βε

∫
R
|∂xv|2dx+O(1)ε−1

∫
R
v2dx+ βε

∫
R
|∂xv|2dx

≤Cε7γ−2δ−2 + 2βε

∫
R
|∂xv|2dx+ Cε7γ−2δ−3,

ùp·�|^
 (2.68) ÚÚn 3.2. ¤±

1

2

d

dt

∫
R
|∂xϕ|2dx+ (1− 2β)ε

∫
R
|∂2
xϕ|2dx ≤ Cε7γ−2δ−3. (3.12)
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ÏLÀJ·� β, ¦� 1− 2β > 0 �|^ Gronwall Ø�ª, ��:

sup
0≤t≤T

‖∂xϕ‖2L2(R) + ε

∫ T

0

‖∂2
xϕ‖2L2(R)dt ≤ Cε7γ−2δ−3.

��, ·�é ϕ ����ê?1�O.

Ún3.4: �Ún 3.2 Ó��b�^�, K�3�~ê C, ¦�:

sup
0≤t≤T

∫
R
|∂xv|2dx+ ε

∫ T

0

∫
R
|∂2
xv|2dxdt ≤ Cε7γ−2δ−5. (3.13)

y²: - θ(x, t) = ∂xv(x, t) = ∂2
xϕ(x, t), K θ ÷v:

∂tθ − ε∂2
xθ + ε−(1/2+δ)∂2

x(f(ua + ε1/2+δv)− f(ua − d)) = 0. (3.14)

θ(x, 0) = 0. (3.15)

ò�§ (3.14) �ü>¦± θ, ,�3 R þÈ©¿|^©ÜÈ©��:

1

2

d

dt

∫
R
θ2dx+ ε

∫
R
|∂xθ|2dx = ε−(1/2+δ)

∫
R
∂x(f(ua + ε1/2+δv)− f(ua − d))θxdx.

þ¡�§m>�´k.�, Ï�

ε−(1/2+δ)|
∫
R
∂x(f(ua + ε1/2+δv)− f(ua − d))θxdx|

=ε−(1/2+δ)|
∫
R
∂x(∂uf(ua)(ε1/2+δv + d))∂xθdx|

≤O(1)ε−(1/2+δ)

∫
R
|(ε1/2+δv + d)∂xθ|dx+ ε−(1/2+δ)

∫
R
|∂uf(ua)(ε−(1/2+δ)∂xv + ∂xd)∂xθ|dx

≤O(1)ε−1

∫
R
v2dx+ βε

∫
R
|∂xθ|2dx+O(1)ε−2−2δ

∫
R
d2dx+ βε

∫
R
|∂xθ|2dx

+O(1)ε−2−2δ

∫
R
|∂xd|2dx+ βε

∫
R
|∂xθ|2dx+O(1)ε−1

∫
R
|∂xv|2dx+ βε

∫
R
|∂xθ|2dx

≤Cε7γ−2δ−4 + 4βε

∫
R
|∂xθ|2dx+ Cε7γ−2δ−2 + Cε5γ−2δ−2 + Cε7γ−2δ−5,

ùp|^
 (2.68), (2.69)ÚÚn 3.3. Ïd

1

2

d

dt

∫
R
θ2dx+ (1− 4β)ε

∫
R
|∂xθ|2dx ≤ Cε7γ−2δ−5. (3.16)

ÀJ·�� β, ¦� 1− 4β > 0 ¿|^ Gronwall Ø�ª��:

sup
0≤t≤T

∫
R
θ2dx+ ε

∫ T

0

∫
R
|∂xθ|2dxdt ≤ Cε7γ−2δ−5.
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·K 3.1 �y²: �y²¯K (3.4), (3.5) �) ϕ ∈ C1([0, T ];H2(R)) ��35, ·�I�y²b

� (3.9) ¤á, d (3.11), (3.13) Ú SobolevØ�ª, �:

sup
0≤t≤T

‖∂xϕ(x, t)‖L∞(R) ≤
√

2 sup
0≤t≤T

‖∂xϕ(x, t)‖1/2L2(R) · sup
0≤t≤T

‖∂2
xϕ(x, t)‖1/2L2(R) (3.17)

≤ Cε7γ/2−δ−2.

(3.17) L²¯K (1.2) �3��) uε ∈ C1([0, T ];H2(R)), �

sup
0≤t≤T

‖uε(·, t)− ua(·, t)‖L∞(R) = sup
0≤t≤T

‖ε1/2+δ∂xϕ(x, t)‖L∞(R)

≤ Cε7γ/2−3/2.

dd (3.7) ¤á, K·K 3.1 �y. e¡y²½n 1. dÚn 3.3, ��:

sup
0≤t≤T

‖uε(·, t)− ua(·, t)‖L2(R) = sup
0≤t≤T

‖ε1/2+δ∂xϕ(x, t)‖L2(R)

≤ Cε7γ/2−1.

ù��� (1.6). �e5y² (1.7), |^ (3.7) ÚÚn 2.5, é |x− si(t)| ≥ εγ , i = 1, 2, γ ∈ ( 6
7
, 1),

sup
0≤t≤T

|x−si(t)|≥εγ

|uε(·, t)− u0(·, t)| ≤ sup
0≤t≤T

|uε(·, t)− ua(·, t)|+ sup
0≤t≤T

|x−si(t)|≥εγ

|ua(·, t)− u0(·, t)|

≤ Cε7γ/2−3/2 + Cε

≤ Cε.

Ïd��Ñ(Ø.
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