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Abstract

In this paper, we propose the multi-domain space-time spectral method in time for the

fifth-order partial differential equation. Legendre-Petrov-Galerkin method is applied

in space direction, and multi-domain Legendre-tau method is applied in time direction,

that is: dividing the time interval into multiple domains and Legendre-tau method is

applied in each domain. At the same time, the error analysis of the method on linear

problems is given in this paper, and we choose proper basis functions to make the

coefficient matrix sparse, the nonlinear term for the nonlinear equation is computed

by interpolation through Chebyshev-Gauss-Lobatto points. Finally, some numerical

examples are given to verify the effectiveness of the algorithm.
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1. có

3¢S¯K¥,Ê� �©�§kX2��A^,ù
�§Ñy3Ôn!åÆ!1Æ!9D�!

�Ä!6N$Ä!��±9)ÔXÚ��¡,~X:2Â Korteweg-de Vries(KdV)�§ [1–8].3d

�c,IS	��
�ïó�ö®²éÊ� �©�§?1
�þ�ïÄ,3 [9]¥ XuÚ ShuJÑ


 Local-Discontious-Galerkin(LDG)�{5¦)Ê�ÅÄ�§,¿�Ñ
T�{�­½5©Û±9

ÏL�
ê��~`²
T�{�°Ý.3 [10]¥ ChengÚ ShuJÑ
 Discontious-Galerkin(DG)

k���{5¦)�m�6�p��§,Ó��Ñ
­½5©ÛÚØ��O;ê�(JL²,�©¡

õ�ª�gê� kg�,T�ª�°Ýò¬�� k+1�.3 [11]¥ë�ùÚo�)�é�a|Ü�

Ê��§��Ü¯KJÑ
�«wª��©�ª,¿�y²
T�ª3÷v�½^��´­½�.

òXeÊ� �©�§���.�§?1ïÄ:
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
∂tU + ∂5

xU = f(x, t), x ∈ Ix, t ∈ It;

U(±1, t) = ∂xU(±1, t) = ∂2
xU(1, t) = 0, t ∈ It;

U(x,−1) = U0(x), x ∈ Ix.

(1.1)

Ù¥Ix = (−1, 1), It = (−1, 1), U = U(x, t).

éu¦)�m�6� �©�§,��§�°()3�mÚ�m��þv
1w�,XJ3�

m��þæ^�©�ª,¬N´��Ì°Ý¿�.Ó�,���õ�ªgê�½�,æ^�mü«�

��Ì�{?1¦)¤���Ø���.Ïd�©�éÊ� �©�§JÑ
�mõ«���Ì�

{,±B~�Ø�.

�©�Ñ
�§(1.1)��mõ«���Ì�ª.�m��þæ^ Legendre-Petrov-Galerkin�

{,�m��þæ^õ«�� Legendre-tau�{,=:r�m«m©¤õ�«�,¿3z�«�þæ

^ Legendre-tau�{.

�©�e5�SN�): 1)0�
�©�{�ª9nØ©Û¥I�^���
ÎÒPÒÚÚn;

2)�Ñ
Ê� �©�§'u�mõ«���Ì�{��lÑ�ª,¿£ã
�{�¢�; 3)éÊ

��5 �©�§��lÑ�ª?1
Ø�©Û; 4)ÏL�
ê��~�y
�©�{�k�5.

2. ý��£9PÒ

�!Ì�0��©�{�ª9nØ©Û¥I�^���
ÎÒPÒÚÚn.

2.1. ÎÒPÒ

- Ω = It ⊗ Ix.� σ��K�ê,P Hσ(Ix)���½Â� Sobolev�m,��ê���ê©O

P� ‖ · ‖Ix,σ Ú | · |Ix,σ .�Ä�àg>.^�,é s ≥ 1,½Â [12]:

Hs
0(Ix) = {v ∈ Hs(Ix) | v(±1) = v′(±) = · · · = v(s−1)(±1) = 0}.

�m���lÑ:

éu?¿��ê N, PN (Ix)L««m Ixþ¤kgêØ�L N gõ�ª�¤��m.

½Â:

H2,3
0 (Ix) = {v ∈ H2

0 (Ix) ∩H3(Ix) | ∂2
x(1) = 0}, H2,2

0 (Ix) = H2
0 (Ix) ∩H2(Ix).

du�m��"�é¡5,·�À�Á&¼ê�mØÓuu�¼ê�m:

VN = PN (Ix) ∩H2,3
0 (Ix), V ∗N = PN (Ix) ∩H2,2

0 (Ix).

� Lj(x)�gêØ�L j � Legendreõ�ª,é 0 ≤ j ≤ N − 5,½Â [12]:
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γj(x) = Lj(x) + a
(j)
1 Lj+1(x) + a

(j)
2 Lj+2(x) + a

(j)
3 Lj+3(x) + a

(j)
4 Lj+4(x) + a

(j)
5 Lj+5(x),

Ù¥

a
(j)
1 = −2j + 3

2j + 7
, a

(j)
2 = −2(2j + 5)

2j + 7
, a

(j)
3 =

2(2j + 3)

2j + 9
, a

(j)
4 =

2j + 3

2j + 7
, a

(j)
5 = −(2j + 3)(2j + 5)

(2j + 7)(2j + 9)
.

3ùp·�- γj(x)� VN þ�Ä¼ê,Ké N ≥ 5,k

VN = span{γ0(x), γ1(x), · · · , γN−5(x)}.

� Ln(x)�gêØ�L n� Legendreõ�ª,é 0 ≤ n ≤ N − 5,½Â:

ψn(x) = cn+1(Ln(x)− Ln+2(x))− cn+3(Ln+2(x)− Ln+4(x)).

Ù¥ cn = 1
2n+1

,3ùp·�- ψn(x)� V ∗N−1þ�Ä¼ê,Ké N ≥ 5,k

V ∗N−1 = span{ψ0(x), ψ1(x), · · · , ψN−5(x)}.

½Â��ÝK�f Pα,βN : L2
ω̃α,β

(Ix)→ PN (Ix),P PN : = P0,0
N ,�÷v

(Pα,βN u− u, v)Ix,ω̃α,β = 0, ∀v ∈ PN (Ix).

�
;�3nØ©Û¥ÑyÊ��ê,·�I�Ú\Xe��ÝK�f.½Â P∗N : H2,3
0 → VN

÷v

(∂3
x(P∗Nu− u), ∂2

xv)Ix = 0, ∀v ∈ V ∗N−1. (2.1)

�� P∗Nu�3���,¦�

P∗Nu = P̃Nu : = ∂
−3

x PN−3∂
3
xu, (2.2)

Ù¥ ∂
−1

x v(x) = −
∫ 1

x

v(y)dy, ∂
−m
x v(x) = (∂

−1

x )m.

d½Â�, P̃Nu(1) = ∂xP̃Nu(1) = ∂2
xP̃Nu(1) = 0,�k

P̃Nu(−1) = −(x+ 1)∂
−2

x PN−3∂
3
xu(x) |1−1 +

∫ 1

−1

(x+ 1)∂2
xu(x)dx

= (x+ 1)∂xu(x) |1−1 −
∫ 1

−1

∂xu(x)dx = 0.

∂xP̃Nu(−1) = −(x+ 1)∂
−1

x PN−3∂
3
xu(x) |1−1 +

∫ 1

−1

(x+ 1)∂3
xu(x)dx

= (x+ 1)∂2
xu(x) |1−1 −

∫ 1

−1

∂2
xu(x)dx = 0.
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� P̃Nu ∈ VN ,� ∀v ∈ V ∗N−1,k

(∂3
x(P̃Nu− u), ∂2

xv)Ix = (PN−3∂
3
xu− ∂3

xu, ∂
2
xv)Ix = 0,

Ó�,�f P∗N �÷v

(∂2
xP∗Nu(x))(−1) = ∂

−1

x PN−3∂
3
xu(−1) = ∂2

xu(−1). (2.3)

�e5`²�m���lÑ:

éu�½���ê K, ·�ò«m It = (−1, 1) ©)¤ K �f«m: Ik = (bk−1, bk], hk =

bk − bk−1, k = 1, 2, · · · ,K,
−1 = b0 < b1 < · · · < bK = 1.

- Ω = Ik ⊗ Ix, ωkα,β = (bk − t)α(t− bk−1)β |Ik , ω̃α,β = (1− x)α(1 + x)β � Ωk þ��¼ê.P

(·, ·)Ωk,ωk,ω̃ Ú ‖ · ‖Ωk,ωk,ω̃ ©O� L2
ωk,ω̃(Ωk)�SÈÚ�ê.� ϕ��K�ê,P Hϕ(Ik)���½Â

� Sobolev�m,��ê���ê©OP� ‖ · ‖Ik,ϕÚ | · |Ik,ϕ .Ú\©¡ Sobolev�m:

H̃ϕ(It) = {v : vk ≡ v |Ik∈ Hϕ(Ik), 1 ≤ k ≤ K},

Ùþ���ê½Â�:

| v |H̃ϕ(It)
= (

K∑
k=1

| vk |2ϕ,Ik)
1
2 .

éu?¿��êMk,·�À� H̃1(It)���f�m XMk

K ���m��þ�Á&¼ê�m,§

d Ik þ¤kgêØ�LMk �©¡õ�ª|¤.À��m YMk−1
K ���m��þ�u�¼ê�m,

=

XMk

K = YMk

K ∩ H̃1(It), YMk

K = {v : v|Ik ∈ PMk
(Ik), 1 ≤ k ≤ K},

Ù¥ PMk
(Ik)L««m Ik þ¤kgêØ�LMk gõ�ª�¤��m.

Ó�Ú\��N�:

v(t) = v̄(t̄), t =
1

2
(hk t̄+ bk−1 + bk), t ∈ Ik, t̄ ∈ It.

dþª��, ∂st̄ v = (
hk
2

)s∂st v, s = 1, 2, · · · .

� Li(t̄)�gêØ�L i� Legendreõ�ª, ci = 1
2i+1

,é 1 ≤ k ≤ K,½Â:
ϕMk

0 (t) = c0(L0(t̄) + L1(t̄));

ϕMk

i (t) = ci(Li−1(t̄)− Li+1(t̄)), 1 ≤ i ≤Mk − 1;

ϕ̃Mk

i (t) = Li(t̄), 0 ≤ i ≤Mk − 1.
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é 0 ≤ i ≤Mk − 1,©O- ϕMk

i (t), ϕ̃Mk

i (t)� XMk

K , YMk−1
K þ�Ä¼ê,KéMk ≥ 1, 1 ≤ k ≤

K,k 
XMk

K = span{ϕMk
0 (t), ϕMk

1 (t), · · · , ϕMk

Mk−1(t)},

YMk−1
K = span{ϕ̃Mk

0 (t), ϕ̃Mk
1 (t), · · · , ϕ̃Mk

Mk−1(t)}.

½Â��ÝK�f PLMk
: L2(Ik)→ PMk(Ik)÷v

(PLMk
u− u, v)Ik = 0, ∀v ∈ PMk(Ik).

½ÂÝK�f P1
Mk

: H1(Ik)→ PMk(Ik)÷v

P1
Mk
u = u(bk−1) +

∫ t

bk−1

PLMk−1∂tu(s)ds.

½ÂÝK�f P1
M:d Pk1,Mk

: H1(Ik)→ PMk
(Ik))¤,P u(t) |Ik= uk(t),�÷v

P1
Mu(t) |Ik≡ Pk1,Mk

uk(t) : = P1
Mk
ūk(t̄). (2.4)

½Â Chebyshev-Gauss���f:

ΠC
N : C(Īx)→ PN ,

ΠC
N,Mk

: C(Ω̄k)→ PN × PMk
,

÷v

ΠC
Nu(xj) = u(xj), ΠC

N,Mk
u(xj , tk) = u(xj , tk),

Ù¥ xj � Ixþ� Chebyshev-Gauss-Lobatto(CGL):, (xj , tk)� Ωk þ� CGL:.

P:

Wk = VN ⊗XMk

K ,

W̃k = V ∗N−1 ⊗ Y
Mk−1
K .

2.2. nØ©Û¥I�^��Ún

Ún1. (� [13]: Lemma 3.3) e u ∈ Hϕ(Ik),� ϕ ≥ 1,é 1 ≤ k ≤ K,Kk

‖ Pk1,Mk
u− u ‖Ik≤ ChkM

−ϕ
k ‖ ∂ϕt u ‖Ik,ωkϕ−1,ϕ−1

. (2.5)

Ún2. (� [14]: Lemma 3.1) e α!β > −1,� u ∈ Hr(Ix),Kk
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‖ ∂sx(Pα,βN u− u) ‖Ix,ω̃α+s,β+s
≤ CN s−r ‖ ∂rx(Pα,βN u− u) ‖Ix,ω̃α+r,β+r

≤ CN s−r ‖ ∂rxu ‖Ix,ω̃α+r,β+r
, 0 ≤ s ≤ r.

(2.6)

Ún3. e u ∈ H2,3
0 (Ix) ∩Hσ(Ix),� σ ≥ 3,Kk

‖ ∂lx(P∗Nu− u) ‖Ix,ω̃l−3,l−3
≤ CN l−σ ‖ ∂σxu ‖Ix,ω̃σ−3,σ−3

, 0 ≤ l ≤ 3. (2.7)

y: (1)� l = 3�,P I�ð��f,d(2.2)ªÚ(2.6)ª�±á=��

‖ ∂3
x(P∗Nu− u) ‖Ix

=‖ (PN−3 − I)∂3
xu ‖Ix≤ CN3−σ ‖ ∂σ−3

x (PN−3 − I)∂3
xu ‖Ix,ω̃σ−3,σ−3

= CN3−σ ‖ ∂σx (P∗N − I)u ‖Ix,ω̃σ−3,σ−3
≤ CN3−σ ‖ ∂rxu ‖Ix,ω̃σ−3,σ−3

.

(2)� l = 2�,- g = ∂2
x(P∗Nu− u),d(2.3)ª�,� g ∈ H1

0 (Ix).ÏLe� Hardy’sØ�ª [14],

k gω̃−1,−1 ∈ L2(Ix):∫ 1

−1

v2(x)(1− x2)β−2dx ≤ sup{ 1

1− β
,

1

(1− β)2
}
∫ 1

−1

(∂xv)2(x)(1− x2)βdx,

Ù¥ v ∈ H1
0 (Ix), β < 1,d(2.6)ª�

‖ ∂2
x(P∗Nu− u) ‖2ω̃−1,−1

= (∂2
x(P∗Nu− u), ∂x∂

−1

x [gω̃−1,−1])

=| ((PN−3 − I)∂3
xu, ∂

−1

x [gω̃−1,−1]) |

=| ((PN−3 − I)∂3
xu, (I− PN−3)∂

−1

x [gω̃−1,−1]) |

≤‖ (PN−3 − I)∂3
xu ‖‖ (I− PN−3)∂

−1

x [gω̃−1,−1] ‖

≤ CN3−σ ‖ ∂σ−3
x (PN−3 − I)∂3

xu ‖ω̃σ−3,σ−3
N−1 ‖ gω̃−1,−1 ‖ω̃1,1

= CN2−σ ‖ ∂σx (P∗N − I)u ‖ω̃σ−3,σ−3
‖ g ‖ω̃−1,−1

≤ CN2−σ ‖ ∂σxu ‖ω̃σ−3,σ−3
‖ g ‖ω̃−1,−1

,

Ïd,� l = 2�, (2.7)ª�¤á.

(3)� l = 1�,Ón�- g = ∂x(P∗Nu − u),� g ∈ H2
0 (Ix).2g$^þã Hardy’sØ�ª,k

gω̃−2,−2 ∈ L2(Ix),d(2.6)ª�
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‖ ∂x(P∗Nu− u) ‖2ω̃−2,−2
= (∂x(P∗Nu− u), ∂2

x∂
−2

x [gω̃−2,−2])

=| ((PN−3 − I)∂3
xu, ∂

−2

x [gω̃−2,−2]) |

=| ((PN−3 − I)∂3
xu, (I− PN−3)∂

−2

x [gω̃−2,−2]) |

≤‖ (PN−3 − I)∂3
xu ‖‖ (I− PN−3)∂

−2

x [gω̃−2,−2] ‖

≤ CN3−σ ‖ ∂σ−3
x (PN−3 − I)∂3

xu ‖ω̃σ−3,σ−3
N−2 ‖ gω̃−2,−2 ‖ω̃2,2

= CN1−σ ‖ ∂σx (P∗N − I)u ‖ω̃σ−3,σ−3
‖ g ‖ω̃−2,−2

≤ CN1−σ ‖ ∂σxu ‖ω̃σ−3,σ−3
‖ g ‖ω̃−2,−2

,

Ïd,� l = 1�, (2.7)ª�¤á.

(4) � l = 0 �, Ón�- g = P∗Nu − u, � g ∈ H3
0 (Ix). 2g$^þã Hardy’s Ø�ª, k

gω̃−3,−3 ∈ L2(Ix),d(2.6) ª�

‖ P∗Nu− u ‖2ω̃−3,−3
= (P∗Nu− u, ∂3

x∂
−3

x [gω̃−1,−1])

=| ((PN−3 − I)∂3
xu, (I− PN−3)∂

−3

x [gω̃−3,−3]) |

≤ CN3−σ ‖ ∂σ−3
x (PN−3 − 5thbfI)∂3

xu ‖ω̃σ−3,σ−3
N−3 ‖ gω̃−3,−3 ‖ω̃3,3

= CN−σ ‖ ∂σx (P∗N − I)u ‖ω̃σ−3,σ−3
‖ g ‖ω̃−3,−3

≤ CN−σ ‖ ∂σxu ‖ω̃σ−3,σ−3
‖ g ‖ω̃−3,−3

,

Ïd,� l = 0�, (2.7)ªE¤á.d	,� l���ê�,�d�m��¼�(Ø.nþ,é(2.7)ª�y

²�d�Ü�¤.

3. Ê� �©�§��lÑ�ª

�!Ì�QãÊ� �©�§'u�mõ«���Ì�{��lÑ�ª. �m��æ^

Legendre-Petrov-Galerkin�{,�m��æ^õ«�� Legendre-tau�{.À�·��Ä¼ê¦�

XêÝ
DÕ,Jp¦)�Ý.

é 1 ≤ k ≤ K,e¡�Ä�§(1.1)3 Ωk þ���Ì�ª:�3 Uk
L = Uk

L(x, t) ∈ Wk,¦�
(∂tU

k
L, v)Ωk + (∂3

xU
k
L, ∂

2
xv)Ωk = (f, v)Ωk , ∀v ∈ W̃k,

Uk
L(x,−1) = P∗NU0(x).

(3.1)

�W k
L = Uk

L − P∗NU0,K(3.1)ª��¤:�3W k
L ∈ Wk,¦�

(∂tW
k
L , v)Ωk + (∂3

xW
k
L , ∂

2
xv)Ωk = (f − ∂5

xP∗NU0(x), v)Ωk , ∀v ∈ W̃k,

W k
L(x,−1) = 0.

(3.2)
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-W k
L =

Mk−1∑
i=0

N−5∑
j=0

w̃kijϕ
Mk

i γj , v = ϕ̃Mk
m ψn, m = 0, 1, · · · ,Mk − 1, n = 0, 1, · · · , N − 5. (3.3)

òW k
L , v�\(3.2)ª,PWk = (w̃kij)Mk×(N−4),k

AkWkF1 + BkWkF2 = Fk
3 , (3.4)

Ù¥

Ak = (akim)Mk×Mk
, akim = (ϕMk

i

′
, ϕ̃Mk

m )Ik ,

Bk = (bkim)Mk×Mk
, bkim = (ϕMk

i , ϕ̃Mk
m )Ik ,

F1 = (f1
jn)(N−4)×(N−4), f

1
jn = (γj , ψn)Ix ,

F2 = (f2
jn)(N−4)×(N−4), f

2
jn = (γ′′′j , ψ

′′
n)Ix ,

Fk
3 = (fkmn)Mk×(N−4), f

k
mn = (f − ∂5

xP∗NU0(x), ϕ̃Mk
m ψn)Ωk .

�
�BO�,�©�Ä�m��þõ«��¹�õ�ªgêþ�ü«��¹�õ�ªgê�

Ó,�«m�åy©,=: Mk = M, hk = 2
K
, k = 1, · · · ,K.

qÏ� 
akim =

∫ bk
bk−1

ϕMk

i

′
(t)ϕ̃Mk

m (t)dt =
∫ 1

−1
ϕMk

i

′
(t̄)ϕ̃Mk

m (t̄)dt̄,

bkim =
∫ bk
bk−1

ϕMk

i (t)ϕ̃Mk
m (t)dt = 1

K

∫ 1

−1
ϕMk

i (t̄)ϕ̃Mk
m (t̄)dt̄.

(3.5)

�k 
Ak = A, A = (aim)M×M , aim = (ϕMk

i

′
, ϕ̃Mk

m )It ,

Bk = 1
K

B, B = (bim)M×M , bim = (ϕMk

i , ϕ̃Mk
m )It ,

Fk
3 = 1

K
F3, F3 = (fmn)M×(N−4), fmn = (f − ∂5

xP∗NU0(x), ϕ̃Mk
m ψn)Ω.

(3.6)

ò(3.6)ª�\(3.4)ª,Kk

AWkF1 +
1

K
BWkF2 =

1

K
F3. (3.7)

e¡�Ä k = 1 (1��«m)�¦)�ª,Kk

AW1F1 +
1

K
BW1F2 =

1

K
F3. (3.8)

|^ÜþÈÎÒ⊗, (3.8)ª�U�¤

(FT
1 ⊗A +

1

K
FT

2 ⊗B)w1 =
1

K
f3, (3.9)
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Ù¥ w1, f3©O�W1, F3���þ/ª.

d(3.9)ª�±���§(1.1)31��«mþ�ê�): U1
L(x, t) = W 1

L(x, t) + P∗NU0(x), �X

� U1
L(x,−1)��1��«m�Ð�,�\(3.7) ª�±���§(1.1)31��«mþ�ê�), · · · ,

Xd?1e�·��±���§(1.1)3z�«mþ�ê�).

4. Ø�©Û

�!Ì�é�lÑ�ª(3.1)?1Ø�©Û.

- U!Uk
L ©O��§(1.1)!�§(3.1)�), du°() U é�§(1.1)�f/ªE¤á, é

1 ≤ k ≤ K,�ke�Ø��§¤á:

(∂t(U − Uk
L), v)Ωk + (∂3

x(U − Uk
L), ∂2

xv)Ωk = 0, ∀v ∈ W̃k. (4.1)

P ûk = P∗NPk1,Mk
U, ũk = Uk

L − ûk, ´�ũk(x,−1) = 0. (4.2)

ò(4.2)ª�\(4.1)ª,�

(∂tũ
k, v)Ωk + (∂3

xũ
k, ∂2

xv)Ωk = (∂t(U − ûk), v)Ωk + (∂3
x(U − ûk), ∂2

xv)Ωk . (4.3)

du(2.1)ª!(2.4)ª,þªmà�±{z¤

(∂t(U − ûk), v)Ωk + (∂3
x(U − ûk), ∂2

xv)Ωk = (∂t(U − P∗NPk1,Mk
U), v)Ωk + (∂3

x(U − P∗NPk1,Mk
U), ∂2

xv)Ωk

= (∂t(U − P∗NU), v)Ωk + (∂3
x(U − Pk1,Mk

U), ∂2
xv)Ωk .

(4.4)

- v = ωk0,−1ω̃0,−1ũ
k,�\(4.3)ª�à,�d(3.5)ª�,k

(∂tũ
k, v)Ωk =

1

K
(∂tũ

k, ũk)Ω,ω0,−1,ω̃0,−1
=

1

2K
‖ ũk ‖2Ω,ω0,−2,ω̃0,−1

+
1

4K
‖ ũk(x, 1) ‖2Ix,ω̃0,−1

. (4.5)

(∂3
xũ

k, ∂2
xv)Ωk =

1

K2
(3∂2

xv + (1 + x)∂3
xv, ∂

2
xv)Ω,ω0,1

=
5

2K2
‖ ∂2

xv ‖2Ω,ω0,1
+

1

K2
‖ ∂2

xv(1, t) ‖2It,ω0,1
.

(4.6)

ò v = ωk0,−1ω̃0,−1ũ
k �\(4.3)ªmà,�d(3.5)ªÚd��]Ø�ª�

| (∂t(U − P∗NU), v)Ωk |≤
1

K
‖ ∂t(U − P∗NU) ‖Ω,ω0,−1,ω̃0,−1

‖ ũk ‖Ω,ω0,−1,ω̃0,−1
. (4.7)

| (∂3
x(U − Pk1,Mk

U), ∂2
xv)Ωk |≤

5

K2
‖ ∂3

x(U − Pk1,Mk
U) ‖Ω,ω0,−1,ω̃0,−1

‖ ũk ‖Ω,ω0,−1,ω̃0,−1
. (4.8)

ò(4.4)ª!(4.5)ª!(4.6ª)!(4.7)ª!(4.8)ª�\(4.3)ª,k
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1

2
‖ ũk ‖2Ω,ω0,−2,ω̃0,−1

+
1

4
‖ ũk(x, 1) ‖2Ix,ω̃0,−1

+
5

2K
‖ ∂2

xv ‖2Ω,ω0,1
+

1

K
‖ ∂2

xv(1, t) ‖2It,ω0,1

≤‖ ∂t(U − P∗NU) ‖Ω,ω0,−1,ω̃0,−1
‖ ũk ‖Ω,ω0,−1,ω̃0,−1

+
5

K
‖ ∂3

x(U − Pk1,Mk
U) ‖Ω,ω0,−1,ω̃0,−1

‖ ũk ‖Ω,ω0,−1,ω̃0,−1
. (4.9)

|^½È©�Ä�5�, (4.9)ª��n¤

‖ ũk ‖Ω,ω0,−2,ω̃0,−1
≤ 4 ‖ ∂t(U − P∗NU) ‖Ω,ω0,−1,ω̃0,−1

+
20

K
‖ ∂3

x(U − Pk1,Mk
U) ‖Ω,ω0,−1,ω̃0,−1

. (4.10)

qdÚn1!Ún3Ú(3.5)ª�, (4.10)ª�z¤

‖ ũk ‖Ω,ω0,−2,ω̃0,−1
≤ CN−σ ‖ ∂σx∂tU ‖Ω,ω0,−1,ω̃σ−3,σ−3

+ C
M−ϕ

K
1
2

‖ ∂ϕt ∂3
xU ‖Ω,ωϕ−1,ϕ−1,ω̃0,−1

. (4.11)

Ïd,d L2(Ω)�ê�n�Ø�ª5��á=��Xe'u�lÑ�ª(3.1)�Ø�©Û½n.

½n1. �U!Uk
L©O��§(1.1)!�§(3.1)�), σ ≥ 3, ϕ ≥ 1, U ∈ L2(Ix;Hϕ(It))∩L2(It;H

σ(Ix)∩
H2,3

0 (Ix)), Ké 1 ≤ k ≤ K,�3�~ê C,¦�

‖ U − Uk
L ‖Ω,ω0,−2,ω̃0,−1

≤ CN−σ ‖ U ‖Aσ,ϕ1 (Ω) +C
M−ϕ

K
1
2

‖ U ‖Bϕ1 (Ω) . (4.12)

Ù¥

‖ U ‖Aσ,ϕ1 (Ω)= ‖ ∂σxU ‖Ω,ω0,−2,ω̃σ−3,σ−3
+ ‖ ∂σx∂tU ‖Ω,ω0,−1,ω̃σ−3,σ−3

+
M−ϕ

K
1
2

‖ ∂σx∂
ϕ
t U ‖Ω,ωϕ−1,ϕ−1,ω̃σ−3,σ−3

,

‖ U ‖Bϕ1 (Ω)=‖ ∂ϕt U ‖Ω,ωϕ−1,ϕ−1,ω̃0,−1
+ ‖ ∂ϕt ∂3

xU ‖Ω,ωϕ−1,ϕ−1,ω̃0,−1
.

y:

‖ U − Uk
L ‖Ω,ω0,−2,ω̃0,−1

=‖ U − (ûk + ũk) ‖Ω,ω0,−2,ω̃0,−1

≤‖ U − ûk ‖Ω,ω0,−2,ω̃0,−1
+ ‖ ũk ‖Ω,ω0,−2,ω̃0,−1

=‖ U − P∗NPk1,Mk
U ‖Ω,ω0,−2,ω̃0,−1

+ ‖ ũk ‖Ω,ω0,−2,ω̃0,−1
. (4.13)
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q

‖ U − P∗NPk1,Mk
U ‖Ω,ω0,−2,ω̃0,−1

=‖ (I− P∗N )U − (I− P∗N )(I− Pk1,Mk
)U + (I− Pk1,Mk

)U ‖Ω,ω0,−2,ω̃0,−1

≤‖ (I− P∗N )U ‖Ω,ω0,−2,ω̃0,−1
+ ‖ (I− P∗N )(I− Pk1,Mk

)U ‖Ω,ω0,−2,ω̃0,−1

+ ‖ (I− Pk1,Mk
)U ‖Ω,ω0,−2,ω̃0,−1

. (4.14)

dÚn1!Ún3Ú(3.5)ª�, (4.14)ª��n¤

‖ U − P∗NPk1,Mk
U ‖Ω,ω0,−2,ω̃0,−1

≤ CN−σ ‖ ∂σxU ‖Ω,ω0,−2,ω̃σ−3,σ−3
+CN−σ

M−ϕ

K
1
2

‖ ∂σx∂
ϕ
t U ‖Ω,ωϕ−1,ϕ−1,ω̃σ−3,σ−3

+ C
M−ϕ

K
1
2

‖ ∂ϕt U ‖Ω,ωϕ−1,ϕ−1,ω̃0,−1
. (4.15)

(Ü(4.11)ªÚ(4.15)ª, (4.13)ª��n¤

‖ U − Uk
L ‖Ω,ω0,−2,ω̃0,−1

≤ CN−σ ‖ U ‖Aσ,ϕ1 (Ω) +C
M−ϕ

K
1
2

‖ U ‖Bϕ1 (Ω) .

nþ,�½n1�(Ø¤á.

5. ê�(J

�!Ì�ÏL�
ê��~5�y�mõ«���Ì�{é¦)Ê� �©�§�k�5,ê

��~�mà�Ú��5�æ^ CGL��?n,¿¦^¯�Fp�C�(FFT)?1O�.

~1. �ÄXeÊ��§:
∂tU + ∂3

xU + ∂5
xU = f(x, t), x ∈ Ix, t ∈ It;

U(±1, t) = ∂xU(±1, t) = ∂2
xU(1, t) = 0, t ∈ It;

U(x,−1) = U0(x), x ∈ Ix.

(5.1)

Ù¥ Ix = (−1, 1), It = (−1, 1), U = U(x, t).

-

U(x, t) = (x− 1)t cos2(
πx

2
), x ∈ (−1, 1), t ∈ (−1, 1]

��§(5.1)�°(),K�§Ð� U0(x),mà� f ©O�:

U0(x) = −(x− 1) cos2(
πx

2
),

DOI: 10.12677/pm.2021.116117 1042 nØêÆ

https://doi.org/10.12677/pm.2021.116117


{J�

f =
x− 1

2
+ (

x− 1

2
+

5

2
π4t− 3

2
π2t)cos(πx) +

x− 1

2
π3t(1− π2) sin(πx).

dê��~�¢�(Jdã 1-ã 3�Ñ.

ã¥ L∞-error½ÂXe:

‖ U − UL ‖L∞= max
i,j
| U(xj , ti)− UL(xj , ti) |,

‖ U − Uk
L ‖L∞= max

i,k
| U(xj , tk)− UL(xj , tk) |,

Ù¥ (xj , ti)!(xj , tk)©O� ΩÚ Ωk þ� CGL:, i = 0, 1, · · · ,M − 1, k = 0, 1, · · · ,Mk − 1, j =

0, 1, · · · , N − 5. M L«�m��ü«��õ�ªgê, Mk L«�m��f«��õ�ªgê, N

L«�m���õ�ªgê.

Figure 1. Example 1 Convergence of single domain in time

ã 1. ~ 1�mü«��Âñ5

Figure 2. Example 1 Convergence of four domains in time

ã 2. ~ 1�mo«��Âñ5

~2. �ÄXeÊ��§:
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Figure 3. Example 1 Convergence of six domains in time

ã 3. ~ 1�m8«��Âñ5


∂tU + ∂2

xU + ∂5
xU + UUx = f(x, t), x ∈ Ix, t ∈ It;

U(±1, t) = ∂xU(±1, t) = ∂2
xU(1, t) = 0, t ∈ It;

U(x,−1) = U0(x), x ∈ Ix.

(5.2)

Ù¥ Ix = (−1, 1), It = (−1, 1), U = U(x, t).

´��§(5.2)��mõ«���Ì�ª'�3u?n��5� UUx,d��æ^��5�3

CGL:þ���éÙ?1O�,T�{(Ü
 Chebyshev��{¯�C�O��`:� Legendre

�{�ûÐ­½5.�§(5.2)Ù¦��?n�ª��§(1.1)�Ó.

3é�§(5.2)��mõ«���Ì�ª?1ê�O��,·�æ^S�{?1¦),=:�S�

gê� l,S�Ø�� ε,�gé�§(5.2)��mõ«���Ì�ª?1S�,�c�ügS�Ø�

���5��u ε�,ª�S�.

Figure 4. Example 2 Convergence of single domain in time

ã 4. ~ 2�mü«��Âñ5

-
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U(x, t) = (x− 1) sin2(πx)e−t, x ∈ (−1, 1), t ∈ (−1, 1]

��§(5.2)�°(),K�§Ð� U0(x),mà� f ©O�:

U0(x) = (x− 1) sin2(πx)e,

f =2π2(x− 20π2 − 1)e−t cos(2πx) + (x− 1)e−t sin2(πx)(e−t sin2(πx) + π(x− 1)e−t sin(2πx)− 1)

+ 2π(8π3x− 8π + 1)e−t sin(2πx).

�S�#NØ�� ε = 10−12,S�gê� l = 40.dê��~�¢�(Jdã 4-ã 6�Ñ.

Figure 5. Example 2 Convergence of four domains in time

ã 5. ~ 2�mo«��Âñ5

Figure 6. Example 2 Convergence of six domains in time

ã 6. ~ 2�m8«��Âñ5

ã 1!ã 4©OL«~ 1!~ 2æ^�mü«���Ì�{?1O��¢�(J.ã 2!ã 3!ã

5!ã 6 ©OL«~ 1!~ 2æ^�mõ«���Ì�{?1O��¢�(J,ØJuy~ 1!~ 2

�mõ«���Ì�ª3�m��mþþ÷vÌÂñ.d	�M = 8, N = 64, K = 6�,~ 1!~
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2�m8«��Ø�þ'�mü«���,ÙØ�Ñ��
 10−14 þ?.�8��±æ^�mõ«�

��Ì�{5¦)da�§,~�Ø�.

6. (å�

�©JÑ
Ê� �©�§��mõ«���Ì�{. T�{3�m��þæ^ Legendre-

Petrov-Galerkin�{,3�m��þæ^õ«�� Legendre-tau�{.Ó�,�©�Ñ
T�{3

�5¯Kþ�Ø�©Û,é��5�§¥���5�æ^3 Chebyshev-Gauss-Lobatto:þ���

?1O�.��,©Ù"��Ñ
�
ê��~,ê��~�O�(JL²�©�{é¦)Ê��5

 �©�§!�
Ê���5¯KÑ´k��.

Ä7�8
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