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Abstract

In this paper, we propose the multi-domain space-time spectral method in time for the
fifth-order partial differential equation. Legendre-Petrov-Galerkin method is applied
in space direction, and multi-domain Legendre-tau method is applied in time direction,
that is: dividing the time interval into multiple domains and Legendre-tau method is
applied in each domain. At the same time, the error analysis of the method on linear
problems is given in this paper, and we choose proper basis functions to make the
coefficient matrix sparse, the nonlinear term for the nonlinear equation is computed
by interpolation through Chebyshev-Gauss-Lobatto points. Finally, some numerical

examples are given to verify the effectiveness of the algorithm.
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1. GBI

FESLPRIF R, TLB R0 T AR A R R, XS R B, i et Uk E
IRBh. Witkizsh. 6 DL AV RS 4ETTH, 1 ] Korteweg-de Vries(KdV) 7712 [1-8]. £E 1
Z A, AN — LR AR gt TR i 5 R REAT T ORERIBEIT, £E (9] H Xu M Shu 42 H
T Local-Discontious-Galerkin(LDG) 77K K il TLB I 30 7 12, FH4h th 75 AR e M i b &
I — e HUE FAIUL B %OV IRS FE. £ [10] 1 Cheng #1 Shu #2H T Discontious-Galerkin(DG)
A IR TCIT AR AR T U ) = i T R, RIS 28 H T A g P A AR Z2 il s BB S5 KRR, 40 Fr
Z B AIRBON k IREE, Z8% 2 B 2208 3 k+1 B, 78 [11] SR /NZDRIZR 4 AR 0 — 282 & (1
LB 75 RE B UG TRt — A 3 CR 22 0 4% 2, I HAE B 1 2k XA A2 — 8 SR 1IN R AR 2 1.

R o T TP sk o 5 R VR ARy REREAT 0 I
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U + U = f(x,t), x € I, t € I
U(£1,t) = 0,U(£1,t) = d2U(1,t) = 0, t € I; (1.1)
U(z,—1) =Uy(z), x € I,.

HAr, =(-1,1), I, = (-1,1), U = U(x, t).

X SRR ST TR AL 4 O s 73 7 2, =24 0 R ERRE Tl A P T M 45 8] 077 1) B 2 W DI I, S R AE
6] 75 1) R 2 oA 2, 28 5 BOEHS BE 5. RN, i 2 2 TR E— 5E I, SR AN (] 54 [X 35
I 23 1 5 R REAT SRAR TS B AR 22 BOK. PR AR SCET XS Tl sl o T RS 17 I Th) 25 [X i 23 3 5
1%, DMERA IR ZE.

AL T TR (L) I TE] 22 X3 25 ik 4% X 25100 5 W) R H Legendre-Petrov-Galerkin 77
2, IR 5 1) B R 2 X480 Legendre-tau 7772, BRIz #EE (8] X (7] 43 1l 2 AN X 35k, FEAEREAS X 4 %
H Legendre-tau J77%.

ASCHE R RN EEE: 1) N T A SR A IR o M A 75 B B 1) — S5 -510 5 F 5| B
2) g5 T T A o) 5 FE DG T 8] 22 X S 25 0 5 v I A B RS 2, R IR T SRR SL i 3) X
B 2R A D 20 7 R ) 4 B ok SOHAT TR 22 0 A; 4) JE st — S UE BB B0 UE T AR SR B R
2. MEIMELIES

AT FE BN AR SCEIEAG XS /A b 75 B B — S R 50 5 A 5| #E.
2.1. fFEics

4 Q=1 ® L. § o HIESEE I H (1,) F—HE XA Sobolev %1, BT -3 504 )
A (o BT - 1o - HREEIFE AL RAME, X s > 1, 5 X [12]:

H(IL) = {ve H(I,) | v(£l) =/ (£) = --- = 07D (£1) = 0}.

2% [8) 77 a) P 25
W FAERZIEBE N, Py(1,) FBonXiE) I, LG REAEDT N )2 5000 6 2 6.
D

Hy?(I;) = {v € Hy(L,) N H*(L,) | 92(1) = 0}, Hg* (L) = Hy (L) N H*(L,).
FR T2 17 1 R, A T R o 50 )R ) K 5 )

Vv =Pn(L) N HY (L), Vi =Py(L) N HY?(I,).

W Lj(z) NIRECR#BEE § 1) Legendre 2, %t 0 < j < N — 5, & X [12]:

DOI: 10.12677/pm.2021.116117 1033 HibH


https://doi.org/10.12677/pm.2021.116117

’YJ(.’E) = Lj(l') + agj)Lj+1(.’E) + agj)Lj+2(.’L‘) + agj)Lj+3(x) + aflj)Lj+4(.T) + a(sj)Lj+5($),
/\l:lj

W 2E8 o 22545 6 220+3) o) 2%+3 o) (25 +3)2+5)
W) = 24T 24T

2+ 7 2 +7 8 2j+9 7t 25+7 7 (25+7)(25+9)

FEIXBIRATA v;(x) A Vi EREERE, WX N > 5,6
Vi = span{yo(z), v1(2), -, yv—s(2)}.
W L (z) RIRBCRHEE n () Legendre 21, %} 0 <n < N -5, € X:
Un (@) = cny1(Ln(2) = Liga(2)) — cnps(Lnsa(®) — Liga(z)).
b e, = 5 Lo, FEXHIATA o, (2) A Vi, RRSEEEL WX N > 5,4
Vi1 = span{do(z), i (z), -+, ¥n-s(x)}.

ESERBHET Py’ L2, (L) — Pn(L,), 18 Py : = Py°, Hifi

Wa, B
(Pt =, 0) 1, 50 = 0, V0 € Py(L,)
N T GAE T AT UL R, A EEIN T IE AT X Py HY® — Vy

i 2
(O3(Phu—u),0%2v);, =0, YveVy_,. (2.1)

FIH Pru A7 7E HME—, {45
Pyu = Pyu:= 5;3PN,38§U, (2.2)

b 3 o) = - / o(y)dy, 3, "v(z) = (@,

HIE A1 Pyu(l) = 0,Pyu(l) = 02Pyu(l) =0, A

1

Pyu(—1) = —(z + 1)5;2131\;_38311(@ 1L, +/ (z + 1)02u(x)dz

-1

— (z+1)du(@) |1, — /_ Do)t =

1
0,.Pyu(—1) = —(x + 1)5;1PN,38§U($) It —I—/ (x 4+ 1)0%u(z)dz

= (z +1)0u(x / O2u(
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W Pyue Vy, BV e Vi, B
(83(@]\;11 —u), 8§v)lm = (PN_38§U - aiu, 831})11 =0,
[R5 Py, e
(02Pru(x))(~1) = 8, Py_sd%u(~1) = 0%u(~1). (2.3)

P2 SR IR 1) 7 18] 4

R 4 TE R K, BATEK I L = (—1,1) SRR K N F K Iy = (beor, b, he —
bk:_bkflv k= 1727"' 7K7

V=101, wh 3= (bx —)*(t —br—1)° |1, @ap = (1 —2)*(1+2)° 7y Q LHIBEREL iC
(5 Venwra M - [logwr o B4 L2, o () KIRBIFNEEL ¥ o JAEREBEL, i He (1) e X
ff] Sobolev % [8], HYEH G HIEH N || - 10,0 M| - |1 - FIATT T Sobolev Z3h]:

H?(IL) ={v:v*=v|,e H(I;), 1 <k < K},
H Emeiadoe SO B
|v |ﬁv(1t): (Z | v QZO,IIC)%'
k=1
N FAT R IR B My, BATEI H (1) 74818 A it 1) 77 1 _E AR ok 302 ), &
B Iy BRI REOANER L My, (05 B 2 ARk, B 18] s~ 1 st 1) J 1) b (A 56 ok %2 I,

A
X = Yl 0 HY (L), Y = {v o, € Pa (1), 1 < k < K},

Horp Py, (1) Fon X 18] I, ERTARECANERRE M, k2 T R 23]
ELNEIPN R TS

1 _ _
o(t) =0(t), t = §(hkt+ b_1+0bg), t €1y, t €.
s hy s9s
i B XA, 970 = (?) Ojv, s=1,2,---.
W Li(t) AR i 1 Legendre 25, ¢; = Ti—l’ S1<k<K, &L

eo™ (t) = co(Lo(?) + L1 (8));
oM (t) = ci(Li1(f) — Lia(F), 1 <i < My, — 1;

G (t) = Li(t), 0 <i < My, — 1.
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X0 <i < My —1, 35% Me(t), oM () N Xp, Vet LRIFERE WX My > 1, 1<k <
K. A

X = span{eg™ (1), 01 (1), o (D)},
y;‘(/[k_l = span{(ﬁéwlC (t), (,Z)iwk (t), e 795%1,:—1(15)}'
ESUERBHHT Pl o L2(Ik) — Pagyr,) W2

(PAL4ku —u,v)5, =0, Yv € P (r,)-
& SET Pl : HY (1) — Pag, ) W2
t
Pisu = u(bp—1) + / Py _10yu(s)ds.
br—1

MBS T Phe Py, o HY (1) = Pag, (Ie) 228 18 u(t) |1,= u”(t), Hi2
Pru(t) [1,= PL g, ub(t) = Py, a¥ (). (2.4)
%€ X Chebyshev-Gauss ff{EH T
1§ : C(I,) — Py,

0§ 0, 0 C(Q) = Py x Py,

Wi
NRu(a;) = u(zy), TF v, uleg, tr) = uz;, ty),
Hrh ;4 I, BB Chebyshev-Gauss-Lobatto(CGL) s, (z;,t,) A Q. ER CGL A
e

WE =Vy @ X",

Wh =V, @ YM,

2.2. B REREIRISITE
51381, (W [15]: Lemma 8.3) Fue H?(I},), Lo > 1,3 1<k < K, WA
I Pranu = u < ChadM 7 || 0Fw g, o : (2.5)

—lp—1

31382, (R [14]: Lemma 3.1) % o B> -1, B ue H'(I,), NA
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1 03(PR 1 =) 1, @0 e < ON*T | OL(PR 1 =) Il1, @i

(2.6)
SON" | Opu |1, 6asrpens 0S8
5133, #ue H*(I,)NH(I,), Lo >3, NA
104 (Pru—u) o 50 s < CN"7 [ 00U llr6y 50 0<1<3. (2.7)

(1) 24 1= 306, 8 TSR T, th(2.2)201(2.6) R T BA 32 B 42 51
| 02 (Pyu —u) |1,
=[| (Pv—s = Du [|r,< ON°77 | 07 *(Py—3 = D)0t 1,00 .0 s
=CON"7 [ 07(Py —Du 1,6, 5, s < CN*7 | w1, 6, 5., s -

(2) 1 =21, % g=0%Pyu—u), H(2.3)H, i g € H}(I,). @it ] Hardy’s A5 [14],
ﬁgw,l,,l (S L (Ia:)

/11 ( )(1—:E)5 dx<sup{ }/ 81)) 1—x2)ﬂdx,
Hh v e HN(TLL), B <1, H1(2.6):\75
12 (Phu — ) |12, = (2(Phyu—u), 0,0, [go-1,1])
=| (Py—s —D)P%u,8, [gi_1 1)) |
=| (Py—s — )0%u, (1 - Py_3)d, [gio_1 1)) |
<|| (Py—s —D&u ||| A~ Py—5)d, [g@-1,-1] |
SCN*7 07 (Pn-s = DOqu o, 0 s N7' [ g0-1,-1 [l s
= ON* (| 2By ~ Du o, o, ol 9 loos
<ON* || 07t oy asall 9 los s

R, 241 =21, (2.7) Stk
(3) M1 =10, AHEL g=0,(Pyu—u), ge HL,). FRIZH LA Hardy’'s A5, A
ga)72’*2 € L2<Ia:>7 <26)ﬁ{%‘
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2, = (0.(Pru—u), 029, [gio_s )
—| (Py_3 — )&, 8, " [96»,_3]) |
—| (Py—3 — D)d%u, (1 — Px_3)d, 995, 5)) |

<[ (Py—s — )&% [[[| (T = Px—3)d, "[96-2, 5] |

|0 (Pyu —u)

<SCON* 7073 (Py-s =D o,y N2 9022 [las,
=CON"7 | 97(Py —Du oy 5, 5l 9 lls s .
SONY 1 07u oy 5, sl 9 llo s s

R, 20 =10, (2.7) BT

(4) 41 =0/, FAEATL g =Pyu—u, g € H(I,). FkKiz H L& Hardy’s A5, H
9@73,73 € L2(Im)7 EE(26) ﬁ?%

-3
IPyu—wl, = Pyu—u 0,9, [96-1-1])

=| (Py-s — 1)d%u, (1 - Py_3)3, l95_5_3]) |
< ON*7 || 0773 (Py-s — Sthbf D)% lla, o N7° | 9553 llaa.s
=CON~ | 02 (Px — D lla, ool 9 llas s
<SON" [ 00 oy asall 9 llaa s,
B, 250 = 08, (2.7) AR e Ak, 24 1 AAER AR, 7T it 2 [AE(E IR1R 4518 . 28 b, X (2.7) XHHIE
HH 2] 1 4= 30 5 k.

3. Al RN D FIE 2 E AR
AT 2 5 R T R 4 77 P TN ) 25 (X BN 4 8 07 5 6 4 8 R 3. %2 1 97 1 SRR

Legendre-Petrov-Galerkin 7%, I [8] /5 7] K H 2 X 481 Legendre-tau J77%. P HUE 24 102 B8 B 1S
FREE PR, 52 K AR IE L

1<k <K, NHEEFEQDE Q, LR 20 477 UF = UF(x,t) € WF, i3

(atU£7’U)Qk + (8§U£78§U)Qk = (f7U)Qk7 Vv € Wk?

(3.1)
Uk(x,—1) = P4 Uy(z).
WWE =UF —PyUp, W(3.1) NS B fEE W) e WrH15
(OWE, v)a, + (2WE,020)q, = (f — BPRUs(2),v)q,, Yo € WF,
(3.2)

WE(z,—1) = 0.
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Mp—1N-5

ZZ fj@yk,ijU:()Z%kwnvmzovla"'7Mk_17n:0717'”7N_5' (33)

=0 j=0
’[ﬂ‘ Wf, U'ft)\(?) Q)ﬁ IE Wk ( Zj)j\/[kX(N 4),ﬁ

A"W*F, + B¥"W'F, = F}, (3.4)

=

Ar = (afm)MkXMk7 a?m = (301‘ 7¢%k)1k7

B" = (b)) M atis by = (007 G0 )1
Fi=(fl)v-oxv-1)> fin =V ¥n)L,
Fo = (fl)v-ax(n-a)s 1= )1,
Fi = (fmn)Mux(N-2)s Jonn = (F = O3PNUo(), §1" ¥n) -
T TS, AR SO RN TR) 7 ) 22 DXCI1G 00 1) 22 0 Ok B ) 5 B XA 1O ) 22 T T S AH
[, HLIX RS o, B My = M, hy = 2, k=1,-- K.

NEAH
k 4 ~ o/ ~ n
ak, = [ oM (pM ()dt = [, oM (@M (D), s
b k e . k '
b, = [, ol ()M (t)dt = £ [1) oM (D)pM (B)dE.

[V&E]
Ak - A7 A = (aim)MXMa Aim = (So'fwk,’@ﬂl\i{k)h’

B* = 1B, B = (bin)arxars bim = (", Me) (3.6)
Fj = %F:ﬁ Fs = (fin) Mx(N—1)s [mn = (f — 03P Up(x), MRy, )q.
H#(3.6) AN (3.4) X, WA

1 1
AWFF, + EBW’“FQ = = Fs. (3.7)

THEE k=1 (X)) Bk ks L, A

1 1

1 1

W —BW = —Fs. .8
A F1+KB F, Es (3.8)

A KBRS, (3.8) A5 K

1
(Fl @ A+ —F; @ Byw! =
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':P w! f3 %Ujj VV1 F3 E’Jﬁjmiﬁ/ﬁ

H1(3.9) 20 AT AR 207 B (L) RS — AN XA BRI BUEME: UL (x,t) = Wi(z,t) + PyUs(x), #E
B U} (z, 1) 1ERE A X IARIPIE, 1N (3.7) sUAT LA 215 F2 (1.1) 78 55 AN X ) _E i B e R,
I REAT R L BATAT AT 252 (1.1) FE A X TA) L e .

4. IZREDR
24 R 4 B R 38 (3. 1) HEAT IR 25 40T

AU UF a7 R1)s RGO, BT R U X7 F2(1.1) 19 55 7 X471 5 or, Xt
1<k <K, H FHREETREKL:

(0(U — UY),v)a, + (03U —UY),0%v)q, =0, Yo € W*. (4.1)

i ab =PyPy U, @ =Uf —aF, Bt (z,—1) = 0. (4.2)
¥ (4.2) XA (4.1, 75
(0", v)q, + (030", Ov)a, = (0,(U — @*),v)q, + (03(U — @*),0;v)q,. (4.3)
BT (2.0 (2.4)2, XA 0 nT AR AL
(0(U — "), v)q, + (02U — "), 050)0, = (0:(U — PyPy 3, U), ), + (03U = PR PL 4, U), 920)a,
= (0:(U = PRU),v)0, + (93(U = Py, U), B0)a,

(4.4)
B v =wh _ oo _1a*, RN(4.3)\ e, H i (3.5)= 050, A

N 1 L 1 5 1 5
(00", v)q, = K(atukauk)ﬂm,_l,mo,_l = 3K (K - P — Y | a* (2, 1) 17, 5, - (4.5)

5

~k
(agu 7832:U) Qe 2K2

38211 + ( + :L")@fva aiv)g,wo,l =

1020 10,0 5z I O20(18) 117

”It,wo’l *

(4.6)

KQ(

v =wh w0, —1aP RN (4.3) 2045, H H1(3.5) 20 H it FL A S5 A5

| (at(U _PTVU) )Qk |< H at(U P* ) ||Q7w0,71,®0,71|| ﬂk ||Q,w0.717@0,71 . (47>

| (8§(U_Pf,MkU)762 )Qk |< ” 83(U Pl M;CU) ”Q wo,—1,00,— 1” u ||Q wo,—1,00,—1 * (48)

B4R, 45 4.6:0). @7 4.8)XMRANU43)X, &
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1, . 1, . ) 1
5 H uk ||?2,wa_2,(:)0,_1 +Z || uk<./1:71) ||§I,&)0,_1 +ﬁ || ai’u ||?2,wa1 +? H 85U(17t) ||§t,UJ0Yl

S” at(U - IPJ*N[]) ”Q,wo,fl@o.le ak ||Q7w0,717@0,71

5 -
+ E || 82<U - ,Pf,Mk U) ||Q,w0,71,¢7-’0,71|| uk ||Q,w0,717510,71 . (49>
FIH R A T, (4.9) 2XAT BE 2 g
H ﬂk ||Q,Wo,727030,71 <4 ” at<U - ]Py]kVU> ||Q7W0,717510,71
+ ? || 8:6(U - Pl,]\/IkU> ||Q,w0,71,<710,71 . (410)
N5, 5 H3F1(3.5)R A1, (4.10) R AT Hb K
H ak ||Q7WO,—27‘DO,—1 < CN™° ” agan ||QaWO,—17‘DU—3,0—3
_ (4.11)

M ®
+ CE | OF 03U |l wyros.c0 1 -

R, 1 L2 () Yo = A AN S QUM i n] SZ RIS 200 R 58 T4 B o 3K (3.1) AR 22 70 e 3.
EIL. RU. UF sl AZ42(1.1). ZREBDN®, 0 >3, 0> 1,U € L*(I,; H¢(1,))NL*(I; HO (1)
H?(1,)), M 1<k <K, FEEHHC, %73

., M~
11U =Uf low, 200 1< CN"7 | U |l age(y +O— 1 U g0y - (4.12)

Hrp
11U lage @)= 1 07U llawo, —a.00-s.0s + | 070U llawo —1.00—s.0s
T A T
1 U lp@)=ll 07U llaw,—1 pr.50—1 + | 705U low,_ror.d0 s -
E:
11U = Uf Nlow, 201 =1 U = (@" +3°) lo.wo, 200,

S|| U— 0" ||Q7w0,727@0,71 + ” ,ak ||Q7w0,727510,71

:H U - P?VP{C,M;CU ||Q7w0,727@0,71 + || ak ”97“’0,—27@0,—1 . (413>
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H U - P?V’Pf,MkU ||Q,w0,72,£:70,71
= @ =P3)U = (T =PI =Py )U + (L= PEar)U llowo 2.0 s
SH (I - IP)*N)Uv ”Q,wo,fz,@o,fl + ” (I - P?V)(I - Pf,]\/lk)U ||Q7w0,727‘:}0‘71

+ H (I - ,Pf,Mk)U ||Q,w0,727030,71 . (414)

FGIEEL, F13E3F(3.5) 20, (4.14) AT BB A

H U — ]P}kVP{C’MkU ||Q,wo,72,¢:}0,—1

M*‘P
<CN~ 7| oJU IIQ,W,,Q,cdc,,e,’a,S +CN~° 7 || 0207 U ||Q,wwl,wha,073,gf3
M*%’
+C I ” an ||Qyw¢71,ap711a]0,71 . (415)
SE4(4.11)30A1(4.15) 3, (4.13) 2 rT HEHE
k o M=%
| U=Uz llaw a0 < CN"7 | U [[aze () +Cﬁ U llBg) -

g b, WUE B 251 AL

5. HEL
AT B R — R B A S BRI P 1) 22 DX 2 7 R SRR T i 2 T R A R, B
B B A iy R AR B 1t K CGL i AL B, FFAE F PRt (B AR e (FFT) AT 5
1. & & T AN AL
0.U + 03U + 02U = f(x,t), x € I, t € I
U(£1,t) = 8,U(£1,t) = d2U(1,t) = 0, t € I; (5.1)
U(z,—1) =Uy(x), x € 1.
I, =(-1,1), I, = (-1,1), U = U(x,1).
/%\
U(z,t) = (v — 1)150082(%), ze(—1,1), te(—1,1]

P TAL(5.1)89 KRR, W FALIME Uy (), & 5% f 25 :

Un(w) = ~(x = 1) cos” (%),
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Figure 1. Example 1 Convergence of single domain in time
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Figure 2. Example 1 Convergence of four domains in time
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Figure 3. Example 1 Convergence of six domains in time
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U + 02U + 02U + UU, = f(x,t), v € I, t € Iy;
U(£1,t) = 8,U(£1,t) = d2U(1,t) = 0, t € I; (5.2)
U(z,—1) =Uy(x), x € I,.

Job L= (~L,1), L = (~1,1), U = Ulx,1).
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Figure 4. Example 2 Convergence of single domain in time
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U(z,t) = (x — 1)sin’*(rz)e™", x € (=1,1), t € (—1,1]

K AL (5.2) 9 H AR, N FTALIA Up(), B350 [ H A

Uo(z) = (x — 1) sin’*(mz)e,

f =27%(x — 207% — 1)e~ " cos(2mz) + (z — 1)e " sin®(7x) (e *sin®(7z) + 7(x — 1)e ' sin(27x) — 1)
+ 27 (8732 — 87 + 1)e ' sin(27x).
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Figure 5. Example 2 Convergence of four domains in time
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Figure 6. Example 2 Convergence of six domains in time

6. il 2 I () /N XA LS

K1 B 400 I Zos B 1. 451 2 SR R I ) 58 Xy 25 1% O i kAT T S SR ae 45 R I 20 18] 30 1A
5. K6 23R aB 1. ] 2 SR A 22 DXy 25 3 D7 ik AT TE SR SRR AR ANHER G 1. 1] 2

I 1] 2 X Jkimf

i

& FAE I 18] 5 2% 8] _E X3 VISR, BbAh 2 M =8, N =64, K =6 i}, % 1. %

DOI: 10.12677/pm.2021.116117

1045

PR B


https://doi.org/10.12677/pm.2021.116117

2 I 8] 7 X451 1R 22 42 LI [) B X3 /s, HARZ AR T 10~ B4 #4045 Ja AT ISR A 1) 22 [X 35
I 2 BT VEAROR AR IR TT 2, PR 2

6. ZARIB

ASCHR T T W G535 FE R B (] 22 X3 7S 1 T v i VAAE AR 18 )7 1) _F SR A Legendre-
Petrov-Galerkin J77%, fEI [8] 77 [A] % FH 2 X 38 Legendre-tau J77%. [FII, AL H 71 T7154E
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