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−u′′ = f(t, u(t), v(t)), t ∈ (0, 1),

−v′′ = g(t, u(t), v(t)),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

�)��3��5,Ù¥ f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY.
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Abstract

In this paper, by using Leray-Schauder’s alternative and contraction mapping principle

to study the positive solutions for a system of second-order boundary value problems

−u′′ = f(t, u(t), v(t)), t ∈ (0, 1),

−v′′ = g(t, u(t), v(t)),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0,

where f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞) are continuous.
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1. Úó

��5~�©�§>�¯K�)��35¯K,´CA�c5;[Æö¤ïÄ���K.c

Ù´��~�©�§>�¯K,§3ÔnÆ,)ÔÆ�+�kX2��A^.ÏL��©z·���,

éu����5~�©�§|�ïÄ�é�� [1–4].3©z [5]¥,êX�|^IþØÄ:nØïÄ


Xe���©XÚ 

x′′(t) + λf1(t, x(t), y(t)) = 0, t ∈ (0, 1),

y′′(t) + λf2(t, x(t), y(t)) = 0, t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0
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�

õ)��35¯K,Ù¥ λ > 0�ëê, f1, f2 : [0, 1]×R+ ×R+ → R+ëY.

3©z [6]¥,���|^Williams-LeggettØÄ:½n,?Ø
�©XÚ

−u′′(t) = f1(t, u(t), v(t)), t ∈ (0, 1),

−v′′(t) = f2(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

n��)��35,Ù¥ f1, f2 : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY.

3©z [7]¥,��,�²k|^ÿÀÝ�{ïÄ
��~�©�§|>�¯K

−u′′ = f(x, v), t ∈ (0, 1),

−v′′ = g(x, u), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

�)��35Ú�)�°(�ê,Ù¥ g, f : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY.

3©z [8]¥,���<|^ØÄ:�êïÄ
��[�5�©XÚ

−((u′)p−1)′ = f(t, u(t), v(t)), t ∈ (0, 1),

−((v′)q−1)′ = g(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

�)��35,Ù¥ f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY.

Éþã©z�éu,�©Äk|^ Leray-SchauderöJy²¯K

−u′′ = f(t, u(t), v(t)), t ∈ (0, 1),

−v′′ = g(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u′(1) = 0,

v(0) = v′(1) = 0

(1.1)

�)��35,2ÏL BanachØ N��n��¯K (1.1)�)���5.
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2. ý��£

�©�Ì�óä´Xe½n:

Ún 2.1. [9] (BanachØ N��n)� (x, ρ)´���Ýþ�m, T : X → X �Ø N�,@

oN� T 3 X Sk��k��ØÄ:.

Ún 2.2. [9] (Arzela-Ascoli½n)8ÜM ⊂ C(J,R1)�é�;�¿©7�^�´µ

(i)8Ü M ¥�¼ê��k., =�3~ê K > 0, ¦�é�� u = u(t) ∈ M Ñk |u(t)| ≤ K,

∀t ∈ J ;

(ii)8ÜM ¥�¼ê�ÝëY, =é?� ε > 0,�3 δ = δ(ε),¦�� t1 ∈ J, t2 ∈ J, |t1 − t2| < δ

�,é?� u = u(t) ∈M ,Ñk |u(t1)− u(t2)| < ε.

Ún 2.3. [10] (Leray-SchauderöJ)� F : E → E ´��ëY�f.Kf8 e(F )�oÃ.,�

o F ��k��ØÄ:,Ù¥ e(F ) = {x ∈ E : x = ΘF (x), 0 < Θ < 1}.

3. Ì�(J9Ùy²

�©�ó��m´¢ Banach �m E = C[0, 1], �ê� ||u|| = max{|u(t)| : t ∈ [0, 1]}, PI
P = {u ∈ C[0, 1] : u(t) ≥ 0, t ∈ [0, 1]},K P ⊂ E.

½Â

||(u, v)|| = ||u||+ ||v||, (u, v) ∈ E2,

Ù¥ E2 = E × E ´½Â3þã�êe�¢ Banach�m� P 2 ⊂ E2.

àg¯K {
−u′′ = 0,

u(0) = u′(1) = 0

� Green¼ê�

G(t, s) =

 s, 0 ≤ s ≤ t ≤ 1,

t, 0 ≤ t ≤ s ≤ 1,

Ù¥ G(t, s) ≥ 0,�´� ∀t, s ∈ [0, 1],k G(t, s) ≤ G(s, s)¤á.

�©XÚ (1.1)k)��=�È©�§|
u(t) =

∫ 1

0
G(t, s)f(s, u(s), v(s))ds,

v(t) =
∫ 1

0
G(t, s)g(s, u(s), v(s))ds

(3.1)

k).
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Xe½Â�f A1, A2, Aµ

A1(u, v)(t) =

∫ 1

0

G(t, s)f(s, u(s), v(s))ds,

A2(u, v)(t) =

∫ 1

0

G(t, s)g(s, u(s), v(s))ds,

A(u, v)(t) = (A1(u, v)(t), A2(u, v)(t)). (3.2)

K A1, A2 : P 2 → P Ú A : P 2 → P 2.w,�©XÚ (1.1)��)5�du�f�§ AkØÄ:.

�©�Ì�(J´

½n 3.1.� f, g : [0, 1]× [0,+∞)× [0,+∞)→ [0,+∞)ëY,��3~ê αi, γi > 0(i = 1, 2)

� α0, γ0 > 0, ∀ui, vi ∈ [0,∞), i = 1, 2¦�

|f(t, u1, v2)| ≤ α0 + α1|u1|+ α2|u2|,

|g(t, u1, v2)| ≤ γ0 + γ1|u1|+ γ2|u2|.

K�

max{ω1, ω2} < 1,

Ù¥ ω1 = 1
2
(α1 + γ1), ω2 = 1

2
(α2 + γ2), ω0 = 1

2
(α0 + γ0).XÚ (1.1)��k���).

y² Äky�f A´ P 2 → P 2�ëY�f.du f, g´ëY¼ê,l A1, A2´ëY�f,K

A´ëY�f.� Ω´ P × P ¥�k.8,K ∃M3 > 0,¦�é ∀(u, v) ∈ Ω, |f | ≤M3.

||A1(u, v)(t)|| = |
∫ 1

0

G(t, s)f(s, u(s), v(s))ds|

≤
∫ 1

0

G(s, s)M3ds

≤ M3

2
.

� A1(Ω)��k..Ón��

||A2(u, v)(t)|| =
∣∣∣ ∫ 1

0

G(t, s)g(s, u(s), v(s))ds
∣∣∣

≤
∫ 1

0

G(s, s)N3ds

≤ N3

2
,

Ù¥ N3 > 0, |g| ≤ N3.� A2(Ω)��k..
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dd�� ∃M3, N3 > 0,¦�

||A(u, v)(t)|| = ||(A1(u, v)(t)||+ ||A2(u, v)(t))|| ≤ M3

2
+
N3

2
,

� A(Ω)��k..

Ï� Green¼ê3 0 ≤ t, s ≤ 1þëY,d4«mþëY¼ê���ëY5��, Green¼ê3

«m [0, 1]þ��ëY,=é∀ε > 0, ∃δ¦�é ∀t1, t2 ∈ [0, 1],�� |t1 − t1| < δ, ∀s ∈ [0, 1],k

|G(t2, s)−G(t1, s)| <
ε

M3

,

é ∀u, v ∈ Ω,� |t1 − t1| < δ1�,k

||A1(u, v)(t2)−A1(u, v)(t1)|| =
∣∣∣ ∫ 1

0

G(t2, s)f(s, u(s), v(s))ds−
∫ 1

0

G(t1, s)f(s, u(s), v(s))ds
∣∣∣

≤
∫ 1

0

M3

∣∣∣G(t2, s)−G(t1, s)
∣∣∣ds

≤ ε,

� A1(Ω)�ÝëY.

Ón ∀u, v ∈ Ω ,� |t1 − t1| < δ2�,k

||A2(u, v)(t2)−A2(u, v)(t1)|| =
∣∣∣ ∫ 1

0

G(t2, s)g(s, u(s), v(s))ds−
∫ 1

0

G(t1, s)g(s, u(s), v(s))ds
∣∣∣

≤
∫ 1

0

N3

∣∣∣G(t2, s)−G(t1, s)
∣∣∣ds

≤ ε,

� A2(Ω)�ÝëY.

é ∀u, v ∈ Ω,� δ = min(δ1, δ2),� |t1 − t1| < δ,k

||A(u, v)(t2)−A(u, v)(t1)|| =
∣∣∣(A1(u, v)(t2), A2(u, v)(t2))− (A1(u, v)(t1), A2(u, v)(t1)

∣∣∣
=
∣∣∣(A1(u, v)(t2)−A1(u, v)(t1))

∣∣∣+
∣∣∣(A2(u, v)(t2)−A2(u, v)(t1))

∣∣∣
≤ 2ε,

� A(Ω)�ÝëY.Ïdd Arzela-Ascoli’s½n� A´�ëY�f.

½Â Θ(A) = {(u, v) ∈ P × P : (u, v) = ϑA(u, v); 0 ≤ ϑ ≤ 1}. é (u, v) ∈ ΘA. k (u, v) =

ϑA(u, v).é ∀t ∈ [0, 1],k u(t) = ϑA1(u, v)(t), v(t) = ϑA2(u, v)(t)
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�

|u(t)| = |ϑA1(u, v)(t)|

≤ |A1(u, v)(t)|

≤ |
∫ 1

0

G(s, s)f(s, u(s), v(s))ds|

≤ 1

2
(α0 + α1|u1|+ α2|u2|),

�â�ê�½Âk

||u(t)|| ≤ 1

2
(α0 + α1||u1||+ α2||u2||).

Ó��·�k

||v(t)|| ≤ 1

2
(γ0 + γ1||u1||+ γ2||u2||).

d�ê ||(u, v)|| = ||u||+ ||v||,�

||u||+ ||v|| = 1

2
(α0 + α1||u1||+ α2||u2||) +

1

2
(γ0 + γ1||u1||+ γ2||u2||)

≤ 1

2
(α0 + γ0) + max{1

2
(α1 + γ1),

1

2
(α2 + γ2)}(||u||+ ||v||)

Ké ∀t ∈ [0, 1]

||(u, v)|| ≤ ω0

1−max{ω1, ω2}

l8Ü Θ(A)k..dÚn (3.2)��f A��k��ØÄ:,=¯K (1.1)k).

½n 3.2 � f, g : [0, 1] × [0,+∞) × [0,+∞) → [0,+∞) ëY, ¿��3 Ki, Li > 0, é ∀t ∈
[0, 1], ui, vi ∈ [0,∞), i = 1, 2,÷v Lipschitz^�

|f(t, u1, v1)− f(t, u2, v2) ≤ K1|u1 − u2|+ L1|v1 − v2|,

|g(t, u1, v1)− g(t, u2, v2) ≤ K2|u1 − u2|+ L2|v1 − v2|.

XJ
M

2
+
N

2
< 1, (3.3)

Ù¥M = max{K1, L1}, N = max{K2, L2}.KXÚ (1.1)3 Br þk��).

y² PM1 = sup
t∈[0,1]

|f(t, 0, 0)|, M2 = sup
t∈[0,1]

|g(t, 0, 0)|,� Br = {(u, v) ∈ P × P : ||(u, v)|| ≤ r},

Ù¥

r ≥
M1

2
+ M2

2

1− M
2
− N

2

.
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Äky² ABr ⊂ Br,é?¿� (u, v) ∈ Br, t ∈ [0, 1],k

|f(t, u(t), v(t))| ≤ |f(t, u(t), v(t))− f(t, 0, 0) + f(t, 0, 0)|

≤ K1|u(t)|+ L1|v(t)|+M1

≤M(||u(t)||+ ||v(t)||) +M1

≤M ||(u, v)||+M1

≤Mr +M1.

(3.4)

Ón�y

|g(t, u(t), v(t))| ≤ Nr +M2. (3.5)

d (3.4)Ú (3.5)�

||A1(u, v)|| = max
t∈[0,1]

|A1(u, v)(t)|

≤
∫ 1

0

G(s, s)|f(s, u(s), v(s))|ds

≤
∫ 1

0

G(s, s)(Mr +M1)ds

≤ 1

2
(Mr +M1).

(3.6)

Ó����

||A2(u, v)|| ≤ 1

2
(Nr +M2). (3.7)

d (3.6)Ú (3.7)�

||A(u, v)|| = ||A1(u, v)||+ ||A2(u, v)|| ≤ r,

= ABr ⊂ Br.

y3y² A´Ø �f,é?¿� (u1, v1), (u2, v2) ∈ Br, t ∈ [0, 1],k

||A1(u2, v2)(t)−A1(u1, v1)(t)|| =
∣∣∣ ∫ 1

0

G(t, s)f(s, u2(s), v2(s))ds−
∫ 1

0

G(t, s)f(s, u1(s), v1(s))ds
∣∣∣

≤
∫ 1

0

G(s, s)
∣∣∣f(s, u2(s), v2(s))− f(s, u1(s), v1(s))

∣∣∣ds
≤
∫ 1

0

G(s, s)(K1|u2(s)− u1(s)|+ L1|v2(s)− v1(s)|)ds

≤
∫ 1

0

G(s, s)(K1||u2 − u1||+ L1||v2 − v1||)ds

≤M
∫ 1

0

G(s, s)(||u2 − u1||+ ||v2 − v1||)ds

=
M

2
(||u2 − u1||+ ||v2 − v1||).
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Ón

||A2(u2, v2(t))−A2(u1, v1(t))|| =
∣∣∣ ∫ 1

0

G(t, s)g(s, u2(s), v2(s))ds−
∫ 1

0

G(t, s)g(s, u1(s), v1(s))ds
∣∣∣

≤
∫ 1

0

G(s, s)
∣∣∣g(s, u2(s), v2(s))− g(s, u1(s), v1(s))

∣∣∣ds
≤
∫ 1

0

G(s, s)(K2|u2(s)− u1(s)|+ L2|v2(s)− v1(s)|ds

≤
∫ 1

0

G(s, s)(K2||u2 − u1||+ L2||v2 − v1||)ds

≤ N
∫ 1

0

G(s, s)(||u2 − u1||+ ||v2 − v1||)ds

=
N

2
(||u2 − u1||+ ||v2 − v1||).

Ïd

||A(u2, v2)(t)−A(u1, v1)(t)|| =
∣∣∣(A1(u2, v2)(t), A2(u2, v2)(t))− (A1(u1, v1)(t), A2(u1, v1)(t))

∣∣∣
=
∣∣∣(A1(u2, v2)(t)−A1(u1, v1)(t)), (A2(u2, v2)(t)−A2(u1, v1)(t))

∣∣∣
≤ (

M

2
+
N

2
)(||u2 − u1||+ ||v2 − v1||).

d (3.3)�, A(u, v)(t)� Br → Br �Ø �f.Ïdd BanachØ N��n��f�§ (3.2)k�

��ØÄ: (u, v),=¯K (1.1)k���) (u, v),¦� A(u, v) = (u, v).

Ä7�8

I[g,�ÆÄ7(11561063).
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